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MATHEMATICAL  LOGIC  AND  THE  FOUNDATIONS  OF  MATHEMATICS 

/This  is  a  translation  of  an  article  written  by 
S.  A.  Yanovskaya1,  in  Matematik  v  SSSR  za  Sorok  Let 
(Mathematics  in  the  USSR  in  Forty  Years) ,  Vol  1,  Moscow, 

1959,  PP  13—120*7 


Introduction 

The  works  of  Soviet  scientists  on  problems  of  mathe¬ 
matical  logic  and  fundamentals  of  mathematics  during  1917  — 
1947  were  already  covered  in  the  collection  ‘'Mathematics  in 
the  USSR  Luring  Thirty  Years."  It  is  therefore  necessary 
for  us  to  dwell  here  only  on  a  brief  survey  of  the  works 
performed  during  the  past  ten  years.  However,  during  the 
ten  years  elapsed  from  the  time  of  the  publication  of  the 
collection  "Mathematics  in  the  USSR  in  Thirty  Years,"  the 
staffs  of  Soviet  scientists,  working  creatively  on  problems 
of  mathematical  logic,  have  grown  so  much,  that  it  is  hardly 
possible  to  give  in  a  brief  survey  article  enough  informa¬ 
tion  concerning  the  works  performed  and  the  results  obtained. 

1.  The  work  on  mathematical  logic  is  being  carried 
out  in  this  country  in  many  scientific  research  seminars 
and  institutes  of  the  Academy  of  Sciences  USSR,  the  univer¬ 
sities,  and  the  pedagogical  institutes.  The  Mathematical 
Institute  imeni  V.  A.  Steklov  of  the  Academy  of  Sciences, 

USSR  has  included  since  1957  a  special  division  for  mathe¬ 
matical  logic,  headed  by  P,  S.  Novikov. 

In  Moscow  and  in  Leningrad  there  have  grown  large 
schools  of  specialists  on  mathematical  logic,  including  many 
of  the  students  of  P.  S.  Novikov,  A.  A.  Markov,  and 


1.  The  article  was  written  with  the  participation  of  St  I. 
Adyan,  2.  I.  Kozlova,  A.  V.  Kuznetsov,  A.  A.  Lyapunov,  and 
V.  A.  Uspenskiy. 
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A.  N.  Kolmogorov.  But  the  work  on  mathematical  logic  pro¬ 
ceeds  now  in  Riga,  in  Ivanovo,  in  Penza,  in  Gor’kiy,  and  in 
other  cities  of  the  Soviet  Union.  Participating  more  and 
more  in  the  work  on  mathematical  logic  and  its  application 
are  also  representatives  of  other  sciences:  scientific 

workers  in  the  field  of  technical  sciences,  linguists, 
philosophers,  and  others,  papers  onitoathematical  logic 
became  frequent  at  the  sessions  of  the  Moscow  Mathematical 
Society  and  the  Leningrad  All-City  Seminar,  lectures  on 
mathematical  logic  and  associated  disciplines  are  systemati¬ 
cally  delivered  at  many  faculties  of  the  Moscow  and  Leningrad 
Universities.  At  the  Moscow  University  during  recent  years 
there  have  been  carried  out  special  seminars  also  on  indi- 
vidtial  problems  on  mathematical  logic,  such  as  the  theory  of 
computable  functions,  algebraic  logic  and  its  multiple¬ 
valued  generalizations,  technical  applications  of  mathema¬ 
tical  logic,  mathematical  logic,  and  linguistics  and  many 
others.  Special  seminars  on  general-logical  applications  of 
mathematical  logic  have  been  systematically  in  operation  at. 
the  Institute  of  Philosophy  at  the  Academy  of  Sciences  USSR, 
and  on  the  philosophical  faculty  of  the  Moscow  University. 

In  the  Moscow  and  Leningrad  Universities,  P.  S.  Novikov,  A, 

A.  Markov,  and  N.  A.  Shanin  have  read  many  new  courses,  as 
follows;  on  the  fundamentals  of  mathematics  (P.  S.  Novikov 
and  A.  A.  Markov),  on  the  theory  of  algorithms  (A.  A.  Markov), 
on  constructive  mathematical  logic  (P.  S.  Novikov,  A.  A. . 
Markov  and  N.  A.  Shanin),  on  constructive  mathematical  ana¬ 
lysis  (N.  A.  Shanin).  (Certain  results,  first  detailed  in 
these  courses,  will  be  treated  later  on.)  Many  special 
courses  have  been  delivered  also  by  A.  V.  Kuznetsov,  V.  A. 
Uspenskiy,  S.  V.  Yablonskiy,  and  S.  A.  Yanovskaya. 

A  great  role  in  the  matter  of  the  development  of  ma¬ 
thematical  logic  in  the  USSR  and  exchange  of  experience  in 
this  scientific  region  with  other  countries  have  been  played 
also  by  such_factors  as_j_  the  founding  of  the  abstract  journal 
Matematika  /Mathematics/,  which  systematically  reports  on 
work  in  mathematical  logic  both  in  this  country  as  well  as 
abroad;  the  expansion  of  contacts  with  specialists  on  mathe¬ 
matical  logic  abroad,  particularly  in  the  countries  of  the 
Peoples’  Democracies;  the  gathering  of  the  Ihird  All-Union 
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Mathematical  Congress  with  a  section  on  mathematical  logic, 
in  which  approximately  50  papers  were  delivered*  Of  great 
importance  was  the  publication  of  several  original  and  trans¬ 
lated  books  on  mathematical  logics  and  mathematics,  includ¬ 
ing  the  basic  Work  byJU  A.  Markov  "Teoriya  algorifmov" 

/Theory  of  Algorithms/  (1954)  >  the  monographs  by  P.  S. 

Novikov  "Ob  algoritmicheskoy  nerazreshimosti  problemy 
tozhdestva  slov  v  teorii  grupp"  /Oh  the  Algorithmic  Insolu¬ 
bility  of  the  Problem  of  Identity  of  Words  in  Theory  of 
Groups/  (1955) ,  and  N.  A.J3hanin’s  "0  nekotorykh  logicheskikh 
problemakh_arifmeticki"  /On  Certain  Logical  Problems  of 
Arithmetic/  (1955),  the  translation  of  several  known  hand¬ 
books  on  mathematical  logic  and  mathematics  by  D.  Hilbert 
and  W.  Ackerman  ( ‘'Fundamentals  of  Theoretical  Logic, i! 

Moscow.,  Foreign  Literature  Press,  1947),  by  A.  Tarski 
("Introduction  to  Logic  and  Methodology  of  Deductive 
Sciences"),  Moscow,  Foreign  Literature  Press,  1948),  S.  C. 
Kleene  ("Introduction  of  Meta-mathematics,"  Moscow,  Foreign 
Literature  Press,  1957),  and  the  translation  of  the  mono¬ 
graph  by  R.  Peter  ("Recursive  Functions,"  Moscow,  Foreign 
Literature  Press,  1954).  As  a  rule,  the  translations  are 
provided  in  our  country  with  remarks,  commentaries,  supple¬ 
ments,  and  forewords,  which  reflect  the  work  performed  on 
the  book  by  the  editor  and  the  translator.  Thus,  the  fore¬ 
word  to  the  book  by  R.  Peter  was  written  by  the  editor  of 
the  translation,  A.  N.  Kolmogorov. 

2.  Heretofore,  the  basic  interests  of  the  Soviet 
specialists  on  mathematical  logic  are  concentrated  around 
the  difficult  problems  of  mathematics  and  its  foundations; 
our  specialists  are  glad  to  engage  also  in  problems  of  mathe¬ 
matical  logic,  which  arise  in  other  sciences,  above  all  in 
connection  with  the  construction  of  automatic  machines, 
including  complicated  information  machines,  which  propose 
the  development  of  various  problems  not  only  in  engineering, 
but  also  in  mathematical  linguistics. 

In  order  to  solve  a  problem  to  prove  a  theorem,  to 
find  a  general  method  (algorithm)  for  an  effective  solution 
of  an  entire  class  of  homogeneous  problems,  to  reduce  the 
solution  of  one  problem  to  the  solution  of  another  (or  others) , 
the  mathematician  does  not  have  usually  to  think  much  on  what 
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in  general  is  meant  by  ‘'solve  a  problem1'  “prove  a  theorem," 
what  is  a  “mass  problem"  or  the  "algorithm"  that  solves  it, 
what  is  meant  by  "reduction  of  one  problem  to  another  (or 
others)?"  But  all  these  problems  occur  unavoidably  when  the 
problem  refuses  to  be  solved  stubbornly,  when  the  theorem 
can  neither  be  proved  nor  disproved,  when  the  algorithm  can¬ 
not  be  found.  It  is  in  these  problems  that  mathematical 
logic  engages  and  particularly  its  principal  branch,  meta- 
mathematics,  a  science  whose  object  'are  mathematical  theories 
and  problems.  But  in  order  for  us  to- be'  able  to  use  the 
solution  of  these  problems  in  mathematics,  meta-mathematics 
must  be  constructive:  it  should  above  all  bear  itself  an 
exact  mathematical  character.  As  has  been  shown  in  the 
development  of  modern  mathematical  logic,  such  a  statement 
of  the  problem  presupposes  a  special  study  of  constructive 
objects  and  methods  of  mathematics,  their  role  and  signifi¬ 
cances  in  all  of  mathematics,  including  the  mathematics  that 
operates  with  non-constructive  objects  or  using  such  (non¬ 
constructive)  means  as  the  use  of  lav/  of  excluded  third  in 
discussions  of  multiple -sets.  These  types  of  problems  are 
reflected  above  all  in  the  theory  of  algorithms  (absolute 
and  so-called  reducibility  algorithms,  which  solve  each  of 
a  certain  class  of  homogeneous  problems  only  under  the  con¬ 
dition  that  there  exists  additional  information,  the  obtain¬ 
ing  of  which  no  longer  has,  generally  speaking,  an  slogirth- 
mic  character) . 

Also  belonging  to  the  theory  of  algorithms  of  both 
kinds  and  to  the  theory  of  computable  (recursive)  functions 
and  operators,  the  generalizations  of  which  permit  us  to 
cope  already  also  with  the  structure  of  non-constructive 
objects  of  mathematics,  and  enable  us  to  give  a  classifica¬ 
tion  for  broad  classes  of  sets,  functions,  predicates,  and 
other  objects  of  mathematics  and  meta-mathematics,  to  clarify 
the  limits  of  capabilities  of  their  constructivization, 
their  role  in  the  solution  of  problems  of  mathematics,  and 
its  justifications.  The  contribution  of  Soviet  mathemati¬ 
cians  to  this  circle  of  problems  is  treated  in  the  central 
(second)  chapter  of  our  survey,  devoted  to  the  theory  of 
algorithms  and  computable  functions  and  operators. 

The  differences  in  the  points  of  view  on  the  problem 
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of  the  meaning  of  non-constructive  Objects  and  methods  of 
mathematics  of  the  i,Mosco\tf"  School  of  students  and  succes¬ 
sors  of  P.  S.  Novikov  and  A*  N«  Kolmogorov  and  the  "Lenin¬ 
grad  "  School  of  students  of  A.  A.  Harkov  expresses  itself 
already  in  this  chapter  of  "the  survey,  The  authors  have 
tried  to  expound  as  Objectively  as  possible  material  per** 
tainihg  to  problems  still  uhder  discussion.  Naturally, 
however,  the  point  of  view  which  they  consider  the  broadest 
and  most  convincing  and  which  consists  of  including  in  their 
work  not  only  constructive  but  also  classical  methods  in 
mathematics  and  mathematical  logic,  has  found  its  reflec¬ 
tion  in  the  formulation  of  this  article  and  in  the  treatment 
of  the  material. 

3.  She  third  chapter  of  the  survey  is  devoted  to 
applications  of  the  theory  of  algorithms  both  to  proofs  of 
the  insolubility  of  several  central  algorithmic  problems  of 
algebra  and  topology  (the  corresponding  section  9  was  writ¬ 
ten  in  its  entirety  by  S.  I.  Adyan) ,  and  to  problems  of  cons 
tructivization  of  mathematics,  particularly  of  mathematical 
analysis,  which  are  considered  in  themselves  both  from  the 
constructive  (after  A.  A.  Markov)  and  from  the  classical 
point  of  view. 

The  objept  of  the  fourth  chapter  is  logical  and 
logical-mathematical  calculations,  which  are  considered  also 
above  all  in  light  of  theory  of  algoriths.  A  particular 
place  is  occupied  in  this  chapter  by  the  section  devoted  to 
the  algebraic  logic  (Section  13,  written  by  A,  V.  Kuznetsov) 
The  origin  of  the  problematics  discussed  in  this  section  is 
connected  to  a  considerable  extent  with  problems  which  arise 
in  engineering,  with  problems  of  analysis  and  synthesis  of 
relay  systems  and  other  automatic  devices,  with  the  problem 
of  the  minimization  of  the  number  of  contacts  in  the  circuit 
with  the  problem  of  programming,  etc.  It  was  intended  ini¬ 
tially  to  include  in  this  survey  the  entire  general  circle 
of  problems,  connected  with  technical  applications  of  mathe¬ 
matical  logic.  However,  since  the  corresponding  literature 
is  treated  in  the  survey  of  papers  on  cybernetics,  we  have 
resolved  to  forego  its  discussion  in  the  present  survey. 

We  note  merely  that  from  the  point  of  view  of  connection 
with  mathematical  logic  one  must  consider  above  all  the 
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papers  by  M.  A.  Gavrilov,  A.  V.  Kuznetsov,  0.  B.  Lupanov, 

A.  G.  Bunts,  A.  A.  Markov,  G.  N.  Povarov,  V.  N.  Roginskiy, 

B.  N,  Trakhtenbrot.  B.  I.  Shestakov,  and  S.  V.  Yablonskiy, 
on  which  we  shall  dwell  partially  in  Section  15,  devoted 

to  algebraic  logic  and  its  multiple-valued  generalizations. 

Prom  among  the  other  applications  of  mathematical 
logic,  a  particular  place  is  occupied  by  applications  to 
linguistics.  On  these,  and  also  on  certain  other  problems, 
which  are  not  reflected  in  the  principal  part  of  the  survey, 
we  shall  dwell  in  the  small  concluding  section. 

4.  Problems  traditionally  included  in  courses  on 
the  foundations  of  mathematics  and  which  essentially  do  not 
presuppose  as  yet  the  theory  of  algorithms,  have  been  rele¬ 
gated  by  us  to  the  first  section  of  the  survey.  Here  we 
report  on  papers  by  Soviet  authors,  devoted  to  axiomatic 
theory  of  sets  (proofs  of  non- contradict ion  of  certain  hypo¬ 
thesis  of  descriptive  set  theory;  proof  of  the  incompleteness 
of  a  wide  mass  of  axiomatic  theories  of  set,  based  on  the 
existence  in  them  of  unprovable  means  of  premises  concerning 
the  equivalents  of  definitions  of  a  finite  set;  problem  of 
antinomies  of  set  theory,  etc.). 

The  second  section,  written  by  A.  A.  Lyapunov  and 
2.  I.  Kozlova  represents  an  independent  survey,  devoted  to 
problems  on  descriptive  theory  of  sets.  Its  inclusion  in 
the  survey  on  work  on  mathematical  logic  and  fundamentals 
of  mathematics  is  explained  by  the  fact  that  in  the  works  of 
the  representatives  of  the  Moscow  school  of  mathematical 
logic,  the  methods  of  descriptive  theory  of sets  play  a  par¬ 
ticular  role.  The  analogies  of  descriptive  classifications 
of  sets  and  functions  are  used  in  classification  of  "'arith- 
metic"  sets,  functions,  predicates,  transfinites,  and  other 
objects  (Section  8,  written  with  participation  of  A.  V. 
Kuznetsov)*  Topological  properties  of  Baire  space  make  it 
possible  to  cope  with  the  structure  of  constructive  mathema¬ 
tical  analysis  and  constructive  logic  (Sections  10  and  12). 
They  play  a  substantial  role  in  the  solution  of  difficult 
problems,  pertaining  to  the  problems  of  reducibility . 
(Sections  6  and  7). 

5.  We  already  mentioned  the  discussions  between  the 
representative  of  the  constructive  and  classical  trends  among 
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the  Soviet  specialists  in  mathematical  logic*  One  must  note 
however,  that  these  arguments  are  carried  out  age.inst  a  com¬ 
mon  background  of  dialectic  materialism,  So  that  both  the 
“constructivists"  and  the  "classicists"  are  decisively  fight¬ 
ing  against  idealistic  misinterpretations  of  mathematical 
logic.  Por  illustrations,  we  give  hero  two  examples.  The 
first  is  borrowed  from  the  foreword  by  A.  N.  KomogoroV  to 
the  book  by  R.  Peter  "Recursive  functions."  A.  N*  Kolmogo¬ 
rov  comes  out  here  against  the  agnostic  "deductions"  from 
proofs  of  insolubility  of  a  certain  mass  (algorithmic)  prob¬ 
lem.  The  essence  of  the  matter  lies  even  not  only  in  the 
fact  that  one  proves  this  way  only  the  non-existence  of  a 
single  method,  with  which  one  could  solve  any  of  a  certain 
infinite  class  of  problems,  but  above  all  in  that  such 
proofs  have  positive  cognitive  meaning.  Thus,  "it  is  easy 
to  show  that  from  the  algorithmic  unsolvahility  of  the  Permat 
problem  in  the  sense  of  R.  Peter  there  follows  a  negative 
solution  of  the  general  Permat  problem"  (p.  9).  Here  A.  N. 
Kolmogorov  emphasizes  that  although  the  constructive  trend 
in  mathematics  makes  wide  use  of  the  constructive  results 
obtained  in  the  "intuit ionistic"  school  founded  by  Brouwer, 
but  actually  the  positive  accomplishments  of  the  constructive 
trend  have  no  relation  whatever  to  the  philosophy  of  intui¬ 
tionism."  He  therefore  considers  it  necessary  to  note  par¬ 
ticularly  that  the  "use  of  intuit ionism  or  the  terms  "intui- 
tionistic  logic"  and  "intuitionistic  arithmetic"  as  "techni¬ 
cal  terms"  on  the  part  of  many  authors  who  are  far  from  the 
philosophy  of  intuitionism,  leads  to  great  confusion  and 
should  be  recognized  as  being  false  (p.  9). 

N.  A.  Shanin,  the  logical -mathematical  research  of 
whom  are  devoted  to  the  development  of  problems  of  the  cons¬ 
tructive  trend  in  mathematics,  also  writes  on  the  same  sub¬ 
ject.  In  his  paper  "On  Certain  logical  Problems  of  Arithme¬ 
tic"  we  read:  "The  constructive  trend  in  mathematics  began 
to  take  form  at  the  beginning  of  the  present  century  and  at 
the  initial  stages  of  its  development  it  was  connected  with 
the  philosophical  current  in  mathematics,  called  intuition¬ 
ism.  One  must  emphasize  that  the  methodological  premises 
of  intuitionism  are  highly  inconsistent.  It  is  enough  to 
indicate  for  example  that  the  founders  of  intuitionism, 
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Brouwer  and  H.  v/eyle,  consider  the  concept  of  natural  number 
not  as  a  result  of  the  abstracting  work  of  human  thought, 
which  processes  the  rich  social  experience  of  operation  with 
various  groups  of  objects,  but  as  a  manifestation  of  ‘'ini¬ 
tial  intuition;"  However,  further  progress  in  science  has 
proved  convincingly  that  the  real  contents  of  constructive 
■  trend  in  mathematics  is  no  way  connected  with  the  methodo¬ 
logical  premises  of  intuitionism,  and  .is  caused  by  specific 
mathematical  problems  of  a  special,,  type.,  the  investigation 
of  which  is  of  considerable  interest  both  for  mathematics 
itself,  as  well  as  for  its  applications.  '  The  development 
of  mathematics  has  exhibited  the  need  for  all  out  investi¬ 
gation  of  various  processes  of  construction  and  of  potential¬ 
ly  realizable  results  of  the  development  of  such  processes. 

It  is  indeed  the  problems  of  this  character  that  make  up 
the  scope  and  methods  of  the  constructive  trend  in  mathe¬ 
matics"  (p.  4). 

6.  Inasmuch  as  the  present  survey  is  primarily  of 
summary  character,  the  authors  naturally  did  not  pretend 
to  a  sufficiently  complete  exposition  of  the  contents  of  the 
papers  reviewed.  Me  attempted  merely  to  give  the  reader 
a  certain  —  albeit  rought  —  idea  on  the  problems  studied 
in  them  and  on  the  results  obtained.  Most  frequently  we 
used  in  this  case  the  terminology  and  symbols  of  the  author 
of  the  paper.  If  sufficiently  widely  used  terms  or  symbols 
were  referred  to,  we  did  not  stop  to  explain  them.  In  many 
cases  we  did  not  warn  against  the  incomplete' rigor  of  our 
formulations. 

Many  results  elucidated  in  the  present  paper  were 
reported  and  proved  in  all  the  details  only  at  the  sessions 
of  the  Scientific-Research  seminars,  the  minutes  of  which 
we  had  to  use  consequently.  At  the  Moscow  University  such 
minute's  are  kept  in  detail  and  reliably  since  Pall  of  1946 
by  the  Secretary  of  the  Seminar  on  Mathematical  logic.  A.  V, 
Kuznetsov,  whose  materials  were  extensively  used  in  the 
present  survey.  Unfortunately,  the  authors  did  not  always 
have  at  their  disposal  the  corresponding  materials  on  other 
seminars,  particularly  on  the  seminar  of  the  Leningrad 
Division  of  the  Mathematical  Institute  of  the  Academy  of 
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Sciences  USSR.1, 

For  consultation  and  aid  in  writing  this  survey,  I 
consider  it  my  duty  to  thank  particularly  A.  V*  Kuznetsov 
and  V.  A.  Uspenskiy. 


1,  Note  added  in  proof.  A  collection  of  works  of  the 
Leningrad  Seminar  was  published  in  1958  in  the  52nd  volume 
of  the  works  of  the  Mathematical  Institute  imeni  V.  A» 
Steklov. 
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Chapter  I 

•  CERTAIN  PROBLEMS  OP  SET  THEORY 
1.  Axiomatic  Set  Theories 

1*  As  is  known,  the  difficulty  connected  with  the 
basics  of  the  set  theory  cannot  be  overcome  with  the  aid  of 
formulating  it  in  the  form  of  a  sufficiently  deductive  form 
of  theory ,  based  on  the  choice  of  a  certain  system  of  axioms 
and  finite  rules  of  deduction.  Even  if  one  disregards  the 
principal  incompleteness  of  these  theories  (the  :iGoedel 
Theorem1')  the  non-contradiction  of  such  a  theory  T  —  by 
virtue  of  the  second  Goedel  theorem  —  cannot  be  proved  by 
means  of  this  theory  itself  (the  T..  theory) ;  such  a  proof 
presupposes  the  existence  of  another  theory  of  sets  T0,  which 
is  sufficiently  strong  to  be  able  to  carry  out  in  it  the 
proof  of  the  non-contradiction  of  the  first  theorem,  which 
at  the  same  time  is  non-contradictive.  Thus,  it  is  difficult 
to  count  on  a  proof  of  non-contradiction  for  any  axiomatic 
set  theory#  It  is  also  known  that  for  all  existing  axiomatic 
systems  of  set  theory,  the  rules  of  deduction  of  which  are 
formalized  in  the  narrow  calculus  of  predicates  and  in  which 
one  can  prove  the  existence  of  non-denumerable  sets,  we  come 
up  against  the  so-called  Skolem  paradox,  according  to  which 
there  follows  from  the  assumption  of  the  feasibility  of  such 
a  system  also  its  feasibility  in  the  denumerable  model  (i.e., 
the  image  of  a  set,  which  is  non-denumerable  inside  a  given 
axiomatic  system,  is  found  to  be  a  certain  subset  of  a  denu¬ 
merable  model  of  this  system).  It  is  therefore  natural  to 
consider  proofs  of  non-denumerability,  carried  out  within 
elementary  (i.e.,  formalized  by  means  of  narrow  calculus  of 
predicates)  of  axiomatic  systems  of  set  theory,  only  as 
proofs  of  the  relative  non-denumerability ,  leaving  the  prob¬ 
lem  of  the  existence  of  absolutely  non— denumerable  sets  open. 

Nevertheless,  difficulties  of  this  kind  do  not  deprive 
the  axiomatic  constructions  of  set  theory  of  scientific 
interest.  It  is  enough  to  note  that  with  their,  aid  it  is 
possible  to  throw  light  on  many  difficult  problems  in  the 
theory  of  sets  by  proving  relative  non-contradiction,  such, 
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for  example,  as  the  known  theorems  of  Goedel  on  the  non¬ 
contradiction  of  the  continuum-hypothesis  and  axioms  of 
selection. 

Prom  the  works  of  Soviet  mathematicians,  it  is  -ne¬ 
cessary  to  note  in_this  conhection  above  all  the  results 
of  P.  S.  Novikov  /  25_/»  pertaining  to  the  following  prin¬ 
cipal  problems  of  descriptive  theory  of  sets: 

1)  Problem  of  the  cardinality  of  a  complement  to 
the  A-set. 

2)  Problems  of  measurabilit3r  of  projections  of 
complements  to  an  A-set. 

3)  Problem  of  separability  of  the  projective  sets 
of  higher  classes. 

rPhe  first  two  of  theses  problems  were  posed  already 
in  1930  by  N.  N.  Luzin  /  90_/  (see  also  P.  S.  Novikov 
L  25 _y,  p.  279)  who  expressed  concerning  them  an  opinion 
that  they  are  of  the  same  nature  as  the  problems  of  the 
continuum,  i.e.,  that  their  difficulty  is  due  not  to  a 
shortage  of  means  of  construction  or  derivation  at  the 
disposal  of  the  mathematicians,  but  the  fact  there  are 
not  enough  generally-accepted  premises  of  set  theory  for 
the  deduction  of  an  answer  of  these  problems  from  these. 

But  in  order  that  judgment  of  this  kind  acquire  an 
exact  meaning,  it  is  necessary  to  know  what  is  really 
meant  by  ’’generally  accepted  premises  of  set  theory,”  and 
to  indicate  methods  that  permit,  in  spite  of  the  limited 
possibility,  to  deduct  consequences  from  these  premises,  . 
and  to  become  convinced  that  among  these  consequences  one 
cannot  find  an  answer  to  the  raised  questions.  In  other 
words,  it  is  necessary  to  resort  to  a  ''formalized”  axioma¬ 
tic  construction  of  theory  of  sets,  if  possible  a  -stronger 
one.  Such  are  the  well  known  system  of  Goedel,  which  is 
sufficiently  strong  to  enable  one  to  realize  in  it  all  the 
conclusions  that  are  usually  obtained  in  the  existing  set 
theory.  By  means  of  his  system  (called  by  him  the 
system)  Goedel  showed  that  the  generalized  continuum 
hypothesis  ^  ^ . 

does  not  contradict  the  system  of  the  axioms  of  the  theory 
of  sets  (system  £  )  ,v  if  this  system  itself  is  not  contra¬ 

dictory.  In  another  paper  (see  Symbolic  Logic,  Vol.  116) 
Goedel  published  without  proof  the  following  statement: 
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If  a  system  of  Neumann  axioms  for  set  theory  is 
non-contradictory ,  then  it  remains  non-contradictory  also 
after  joining  to  it  two  new  axioms,  which  establish  the 
existence  of  such  complements  to  the  analytic  sets,  which 
have  the  cardinality  of  a  continuum,  but  do  not  contain  a 
perfect  subset,  and  such  linear  Bg  sets,  which  are  not 
measurable  in  the  sense  of  lebesgue. 

The  proof  of  this  statement  still  does  not  resolve 
completely  the  question  raised  by  N.  N.  Luzin  concerning 
non-derivability.  However,  it  represents  a  considerable 
step  forward  towards  the  solution  of  the  problem  and  in 
general,  towards  foundation  of  set  theory*  P*  S.  Novikov 
C&J,  was  first  to  publish  the  proof  of  the  non-contra¬ 
diction  (in  the  B  system)  of  both  premises: 

a)  Concerning  the  existence  of  a  non-denumerabJ.e 
complement  to  the  A-set,  containing  no  perfect  subset. 

b)  The  existence  of  a  set  of  ^ype  Bg,  which  is  not 
measurable  in  the  sense  of  Lebesgue. 

(The  proof  of  K.  Goedel  has  thus  far  not  been 
published.  _  _  _ 

In  addition  to  that,  P.  S.  Novikov  l_  25 _J  estab¬ 
lished  non-contradiction  (in  thej)  system  of  axioms  of 
set  theory)  of  the  following  statement  concerning  the 
laws  of  separability  of  projective  sets  of  higher  classes: 
starting  with  a  certain  n,  the  laws  of  separability  for 


1.  "The  exceeding  importance  of  this  problem  is  caused  by 
the  fact  that  if  its  solution  is  negative,  then  the  famous 
problem  of  continuum  is  solved  affirmatively" (N.  N.  Luzin, 
L  WJr  P-  288>' 

2.  "The  author  considers  as  unresolved  the  problem  of  whe¬ 
ther  all  the  projective  sets  are  measurable  (in  the  sense 
of  Lebesgue)  or  not"  (N.  N.  Luzin  /  9Q_/,  p.  321).  After 
the  proved  non-contradiction  of  the  statement  concerning 
the  existence,  as  proved  by  P.  S.  Novikov,  of  a  projective 
set  which  is  not  measurable  in  the  sense  of  Lebesgue,  it 
becomes  necessary,  in  order  to  prove  the  non-solvability 
(in  the  £  system)  of  the  problem  raised  by  N,  N.  Luzin, 
to  prove  also  the  non-contradiction  (in  the  %  system)  of 
the  system  that  all  ‘the  projective  sets  are  measurable  in 
the  sense  of  Lebesgue. 
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sets  (protective  sets  of  class  n)  is  the  same  as  in  the 
second  class,  but  not  the  same  as  in  the  first  class  of 
protective  sets).  (The  inverse  character  of  the  laws  of 
separability  for  protective  sets  of  second  class  relative 
to  those  established  by  N.  N.  Luzin  _/  90 _/,  p.  155,  206 
to  the  laws  of  separability_for  the,  class  of  A  sets  was 
observed  by  P.  3.  Novikov  2~8,  10_/_in  1935.  Here  accu¬ 
rate  formulations  can  be  found  ih  £  25_/,  p.  280,  and  in 
the  remarks  of  /  90_y,  pp.  355  —  356*) 

The  proofs  of  3.  Novikov  are  based  on  the  fact 
that  in  the  £3  system  it  is  possible  to  separate  a  Baire 
space  J  (respectively  Jn)  the  points  of  which  correspond 
to  real  numbers  (respectively  aggregates  of  n  real  num¬ 
bers),  and  to  develop  the  ordinary  descriptive  theory  of 
sets  in  the  Baire  space.  ■  These  proofs  have  the  geometric 
character  that  is  characteristic  of  the  Luzin  school,-  and 
consists  of  observing  that  in  the  A  model  of  the  ^  sys¬ 
tem,  in  which  all  sets  are  constructive  in  a  definite'  ' 
sense,  statements  (a)  and  (b)  are  true.  If  the  H  sys¬ 
tem  is  non-contradictory ,  then  part  of  its  A  is  also, 
non-contradictory f  and  therefore  the  statements  (a)  and 
(b)  which, are  proved  in  £  are  also  non- contradictory 
in  A  (and  also  the  statement  (c):  concerning  the  exis¬ 
tence  of  the  function  defined  in  all  points  of  Baire 
space,  belonging  to  class  A?  and  discontinuous  on  each 
perfect  set).  Premise  (c)  --  the  non-refutability  of 
which  follows  from  its  provability  in  the  A  model,  is 
also  of  independent  interest  —  is  vised  to  prove  premises 
(a)  and  (b)  in  the.  A  model.  -The  proof  of  the  results, 
pertaining  to  problems  of  separability  of  projective  sets 
of  higher  classes,  has  as  yet  not  been  published,  although 
it  has  been  discussed  in  all  its  details  by  P.  S.  Novikov 
at  many  sessions  of  the  Seminar  on  Mathematical  Logic  at 
the  Moscow  University  as  early  as  1950.  • 

2.  The  ideas  and  methods  of  P,  S.  Novikov  were 
extensively  used  and  developed  in  the  work  of  his  stu¬ 
dents  and  participants  of  the  Seminar  on  Mathematical 
Logic  at  the  Moscow  University.  V/e  shall  encounter  these 
methods  in  Section  10,  where  we  speak  of  constructive  ma¬ 
thematical  analysis,  and  also  in  Sections  6  and  7,  devoted 
to  the  algorithms  of  reducibility  or  corresponding  prob¬ 
lems  of  computable  operators.  We  shall  also  encounter 
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them  in  Section  12,  when  speaking  of  the  connection  of 
the  Goedel  theorem  concerning  the  inoompleteness  (and  non¬ 
complementarity)  of  the  formalized  arithmetic  (and  also 
theorems  on  the  non-solvability  of  problems  of  solvability 
on  finite  classes)  with  problems  of  non-separability,  and 
in  many  other  cases.  Here  we  shall  dwell  briefly  only  on 
the  results  of  B.  S.  Sodnomov  £  4,  1_J  who  directly  conti¬ 
nued  the  problematics  of  the  paper-  by  P.  S.  Novikov  /_  25_/ 

Using  the_trigonometrie  methods  of  P.  3.  Novikov, 

B.  3.  Sodnomov  4  J  has  shown,  that  if  a  system  £  is  non¬ 
contradictory  also  after  joining  to  it  the  axiom  which 
states  that  if  CS)  is  a  family  of  subsets  in  the  interval 
(0,  1)  such  that  there  exists  for  it  a  universal  projective 
set  A  of  class  a,  ,  then  among  .the  sets  constructed  by 
applying  the  axiom  of  selection  to  the  system  Is}  ,  there 
exists  a  projective  set  of  class  not  higher  than 
(h  -0+  &  •)  By  way  of  consequences  of  this  theory, 

B.  S.  Sodnomov  obtains  proofs  of  the  non-contradiction 
(relative  to  the  JC  system)  of  the  following  statements: ■ 

(a)  Among  the  sets  that  are  not  measurable  in  the 
sense  of  Lebesgue,  obtained  by  a  choice  of  one  point  each 
in  one  system  of  rationalities  (the  Van  der  Warden  example), 
there  exists  a  projective  set  of  class  not  higher  than 
third. 

(b)  The  well-known  Hausdorf  breakdown  of  a  sphere 

can  be  realized  and  projective  sets  of  not  higher  than 
third  class.  _  _ 

later  on  (see  /  7 _/)  B.  3.  Sodnomov  has  increased 
considerably  the  number  of  such  results,  pertaining  to  the 
non-contradiction  of  projectivity  of  certain  remarkable 
sets  and  to  an  upper  limit  of  their  classes,  leaning  here 
on  a  study  of  the  role  of  the  operation  of  arithmetic 
addition  (term  by  term  addition)  of  two  sets  of  real  num¬ 
bers  and  formation  of  sets  that  are  not  measurable  in  the 
sense  of  Lebesgue. 

An  analogous  result  —  without  an  exact  estimate  of  the 
class  of  projectivity  —  was  obtained  earlier  by  Kuratowski 
by  mathematical-logic  methods  (see  0.  Kuratowski,  Ensembles 
projectifs  et  ensembles  singulaires,  Bund.  Math.  35, 
(1948),  1931-140). 
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3.  A  series  of  results  on  the  axiomaties  of  the 
theory  of  sets  was  obtained  by  A.  S.  Yesenin-Vol ‘pin.  He 
considers  a  system  of  axioms  6  ,  the  principal  concepts 

ox  waxen  are:  object,  class,  relation  of  belonging,  -which 
can  take  place  only  between  the  object  and  class.  She 
classes  that  are  objects  are  called  sets. 

Axioms:  analogous  to  the  axioms  of  the  £  system 
of  the  work  of  Goedelon  the  continuum  hypothesis:  akiom 
A1  of  G-oedel ,  that  any  set  is  a  class,  is  replaced  by  an 
axiom  that  the  element  is  always  an  object. 

Results: 

1)  Non-contradiction  of  the  statement  of  the 
existence  of  an  infinite  set,  between  the  cardinality  of 
which  and  the  cardinality  of  the  set  of  its  subsets  there 
are  intermediate  cardinalities  (this  was  proved  on  29 
June  1951  and  published  in  1956  i*), 

2)  The  non-jrrovability  of  the  Suslin  hypothesis 
in  the  system  ©  /  3__/.  (The  Suslin  hypothesis  is  that 
in  a  continuously  ordered  set,  any  system  of  paired  non¬ 
intersecting  intervals  of  which  is  not  more  than  denume¬ 
rable  ,  must  have  a  denumerable  dense  subset). 

It  ..is  important  to  emphasize  that  in  both  these 
cases  one  deals  with  non-provability  in  a  system  of 
axioms,  \*hieh  does  not  contain  a  selection  axiom.  The 
proof  consists  of  constructing  a  model,  in  which  there  is 
a  set  x  such  that  between  the  cardinalities  of  the  sets  x 
and  P  (x)  (the  set  of  all  subsets  of  set  x)  there  is  a  set 
of  intermediate  cardinality,  and  also  a  model  in  which 
there  takes  place  the  negation  of  the  Suslin  hypothesis; 
on  the  other,  the  selection  axiom  does  not  take  place  in 
these  models,  thus  making  this  axiom  independent. 

The  latter  result  —  the  independence  of  the  selec¬ 
tion  axiom  —  was  obtained -by  Mostowski  as  early- as  in 
1938  or  1939.  The  work  of  A.  S.  Yesenin-Vol 'pin*  was 
carried  out  independently  of  the  work  of  Mostowski  and 
does  not  contain  the  additional  theorem  (published  in 
1954  /  3 _/)  that  if  a  class  satisfies  certain  five  condi¬ 
tions,  it  can  be  used  for  the  construction  of  a  model; 
the  Goedel  model  (;  A  model),  that  of  Mostowski,  and  that 
of  Yesenin-Vol* pin  are  constructed  by  the  latter  on  the 

A*  3.  Yesenin-Vol’ pin.  Review  of  the  book  by  Baehmann 
"Transfinite  Numbers.  Novyye  knigi  za.  rubezhom  Atew  ’Rnntfi 
Abroad/  7,  1956  ~~“ 
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"basis  of  this  theorem,  the  proof  of  which  is  given  by  the 
Goedel  method.  ,  This  theorem  has  made  it  possible  for  the 
Hungarian  mathematician  Hajnal  to  prove  that  if  the 
hypothesis  2***  is  non-contradictory,  then 

the  hypothesis  ^ (»)(*>«  +  P+T 3 

is  also  non-contradictory,  so  that,  for  example,  if 

is  non-contradictory,-  then  2*—  H.  is 
also  non  contradictory,  and  from  the  provability  of 
!2f*X.  in  the  ,£  -  system  with  the  selection  axiom 
then  follows  the  probability  of  the  continuum  hypothesis 
in  the  same  system  (Andras  Hajnal,  Acta  Scientarum) . 

These  results  are  true  also  for  the  system  "A,  B, 

C"  which  results  from  the  system  by  removing  the 

'•consolidation"  axiom  "D".  As  regards  the  latter,  A.  3. 

Yesenin-Vol'pin  has  proved  that  it  is  possible  in  its 
formulation  to  use  instead  of  -the  quant or  by  classes  an 
analogous  quantor  by  sets  {/_  3 _/,  footnote  on  p.  10),  so 
that,  for  example,  in  the  Zermello-Frenkel  system  it  is 
possible  to  formulate  the  consolidation  axiom  in  the  form 
of  a  single  axiom,  and  not  a  scheme  of  axioms,  as  was  done 
by  Mostowski  (Fund.  Math.  1950,  111  —  124). 

In  1951  A.  3.  Yesenin-Vol'pin  investigated  also  the 
problem  of  what  models  for  set  theory  can  be  constructed 
by  means  of  the  0  system  (or  £  system  —  i n  /  3_J  the 
model  for  8  with  infinite  set  of  ob^ects-nonolasses  was 
constructed  by  means  of  the  £  system).  In  the  same  year 
Sheperdson  (England)  published  the  first  part  of  an  analo¬ 
gous  investigation,  while  the  second  and  third  part  ap¬ 
peared  in  1952  and  1953.  Among  the  other  results  of 
Sheperdson  he  shows  that  by  means  of  the  system  it  is  im¬ 
possible  to  construct  a  ''standard  model"  for  the  £  system 
in  which  the  Goedel  axiom  of  constructivity  would  be  viola¬ 
ted  (from  which,  in  particular,  there  follows  the  selection 
axiom  and  );  the  term  "standard  model'1  denotes 

here  a  model,  forms  if  it  is  considered  in  the  initial 
system  (with  which  means  one  constructs  this  model),  a 

1.  The  result  of  the  independence  of  the  selection  axiom 
in  the  system  "A,  B,  'C'1  was  also  obtained  by  Mendelson 
(1955)  and  Specker  (1957)  Zeitschr.  math.  Logik  u.  Grundl . 
Math.  3,  (1957)). 


class  that  is  fully  ordered  ip  type  of  a  certain  ordinal 
(i.e.,  the  ordinal  number  of  class  of  all  ordinal  numbers), 
Sheperdsoh  considers  the  "A,  3,  0,"  system  described  above. 
Independent  of  him,  A.  3.  Yesenin-Yol ‘pin  obtained  an  ana¬ 
logous  result  for  the  a  system,  to  which  an  axiom  is 
added  concerning  the  complete  ordering  of  the  class  of  all 
individuums  (i.e.,  objective-nonclasses) ,  A  particular 
case  of  such  a  system  as  the  "A,  B,  C"  system*.  (This 
result  was  formulated  by  A,  S.  Yesenin-Yol 'pin  at  the  end 
of  his  survey.  *) 

ihrom  among  the  separate  results  pertaining  to  the 
Goedel  system  we  note  also  the  dependence  observed  by 
A,  A.  Markov  £  37_/  of  one  of  the  axioms  of  this  system, 
namely  the  axiom  B6  (which  states,  that  for  any  class  A 
there  exists  a  class  B,  in  which  the  ordered  pair 
enters  if  and  only  if  the  pair  enters  in  A),  on 

the  remaining  axioms  of  this  system  (namelv  axioms  A4, 

B5,  B8,  B4). 

4.  One  of  the  principal  obstacles  along  the  path 
of  an  axiomatic  basis  of  set  theory  is  the  deductive  in¬ 
completeness  (and _ incompletability )  of  all  ordinary  (ele¬ 
mentary)  axiomatic  systems  of  set  theory,  discovered  by 
Goedel  and  formulated  in  his  famous  theorem  (reinforced 
by  rosser  and  others).  *  Concerning  the  connection' of 
this  incompleteness  with  the  effective  non-separability 
of  the  set  of  proved  from  the  set  of  refuted  formulas  of 
such  theories  we  shall  speak  later  (in  connection  with  the 
works  of  A.  V.  Uspenskiy.  and  B.  A.  Trakhtenbrot)  in  Sec¬ 
tion  12.  Here  we  note  only  that  the  incompleteness  proof, 
based  on  the  concept  'of  recursive  non-separability ,  proposed 
by  B.  A.  Trakhtenbrot  ■'’*  /  1,11 J  makes  it  possible  to 


1.  A.  S.  Yesenin  Yol'pin,'  Review  of  the  article  by  Shepherd- 
son  "Internal  Models  for  Set  Theory  III"  (Journal  of  Symbolic 
Bogie,  18:2  (1953),  145  —  167),  published  in  Referat  Zhur 
Matematika  3,  1954),  Abstract  l\To.  2491. 

2.  A  more  accurate  formulation  of  the  Goedel  theorem  can 
be  seen,  for  example,  in  the  article  by  B.  A.  Trakhtenbrot 
L  2 _/»  Section  42.' 

3.  B.  A.  Trakhtenbrot.  The  problem  of  solvability  of  fi¬ 
nite  classes  a  definition  of  a  finite  set.  Author's  ab¬ 
stract  of  dissertation,  Kiev,  1950. 
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exhibit  the  existence,  in  all  (elementary)  axiomatic 
set  theories,  of  unsolvable  premises  concerning  the  equi¬ 
valence  of  two  definitions  of  finiteness  of  a  set.  Since 
this  gave  the  final  answer  to  the  long-posed  question- of 
theory  of  finite  sets,  we  Shall  dwell  on  this  result  by 
B.  A.  Trakhtenbrot  in  somewhat  greater  detail, 

The  best  known  of  all  the  definitions  of  finiteness 
(or  respectively  infiniteness)  of -a  set  is  the  definition 
given  by  Dedekind  for  a  finite  set  as  not  equivalent  to 
any  of  its  regular  subsets.  Other  authors  (Zermelo, 
Russell  and  Whitehead,  Tarski,  Neumann,  Weber-Stoekel,  and 
others)  proposed  a  series  of  different  definitions  (thus, 
for  example,  the  definition  of  Weber-Stoekel  says:  "The 
set  is  finite  if  it  can  be  ordered  in  such  a  way,  that  any 
subset  in  it  has,  in  the  same  order  both  the  first,  and 
the  last  element").  The  naturally-arising  question  of 
whether  a  set,  which  is  finite  in  the  sense  of  one  of  the 
definitions,  also  finite  in  the  set  of  some  other  defini¬ 
tion,  it  was  found  in  many  cases  that  within  the  framework 
of  the  given  axiomatic  theory  it  is  impossible  to  answer 
this  question:  is  it  necessary  to  extend  this  theory  Jay 
joining  to  it  certain  new  asioms?  Thus,  in  his  "Ten  Lec¬ 
tures  on  Principles  of  Set  Theory,"  A.  Frenkel  indicated 
that  on  the  basis  of  the  system  of  axioms  proposed  by  him 
for  set  theory,  a  system  not  including  the  free-choice 
axiom,  it  was  impossible  to  prove  the  equivalents  of  the 
Dedekind  definition  to  some  other  definition;  but  he  sta¬ 
ted  in  the  same  place  the  opinion  that  with  the  selection 
axiom  it  is  possible  to  prove  already  the  equivalents  of 
any  two  definitions  of  a  finite  set. 

In  considering  the  wide  class  of  logical-mathemati¬ 
cal  calculi  X  t  obtained  by  adding  to  the  narrow  calculus 
of  predicates  (with  identity  axioms)  a  finite  (or,  more 
generally  a  recursive-denumerable)  system  of  axioms  (the 
2  system  of  Goedel-Bernais  axioms,  which  was  already 
mentioned  above,  like  a.ny  of  its  non-contradictive  expan¬ 
sion  through  addition  of  new  axioms,  belongs  among__the_ 
number  of  such  calculations),  B..A,  Trakhtenbrot  /  11__/ 
has  shown  that  Frenkel’s  hypothesis  (as  applied  to  all 
these  calculations)  Is  incorrect.  Thus  it  is  clear  that 
by  joining,  for  example,  the  selection  axiom  to  the  cal¬ 
culations  of  G-oedel-Bernais  (and  even  any  denumerable  set 
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of  axioms)  it  is  possible  to  obtain  a  calculus  in  which 
one  can  prove  the  equivalence  of  any  two  definitions  of  a 
finite  set  (i.e.,  of  any  two  formulas  of  the  *X .  calculus, 
which. are  identically  true  in  all  the  finite  regions). 

— Furthermore ,  B,  A.  Irakhtehbrot  has  proved  also  that 
(/  11_/,  theorem  4)  in  the  axiomatic  set  theory  there 
exists  no  strongest  or  weakest  definition  of  a  finite  set. 
(The  definition  A  is  considered  stronger,  more  accurately 
no  less  weaker  than  B,  if  in  it  is  shown  the  considered 
caloulus  that  any  set,  finite  in  the  sense  of  definition 
A,  is  finite  in  the  sense  of  definition  B).  An  analogous 
result  for  a  sufficiently  broad  class  of  definitions  of  a 
finite  set  was  obtained  in  1938  by  A.  Mostowski;  *  however, 
it  is  given. in -the  article  without  proof.  The  premises 
stated  by  Mostowski  in  this  article  are  readily  proved  on 
the  basis  of  theorems  established  by  B.  A.  Trakhtenbrot  in 
his  articles  /  1,  2_/. 

5.  The  difficulties  connected  with  basing  a  set 
theory  are  caused  to  a  considerable  extent  by  the  fact 
that  one  transfers  to  infinite  sets  the  methods  of  opera¬ 
tion  with. finite  sets,  the  elements  of  which  are  consi¬ 
dered  in  this  case  as  absolutely  "solid"  bodies,  each  of 
which  is  fully  distinguishable  from  any  other  and  conti¬ 
nues  to  remain  "itself,"  being  included  in  any  set  of 
objects  or  their  sets.  If  the  mathematical  objects  do  not 
satisfy  this  kind  of  requirement  of  "accuracy,"  they  are 
usually  excluded  from  consideration,  and  the  mathematical 
concepts  are  defined  in  such  a  way,  that  only  objects  of 
this  nature  satisfy  them.  The  antinomy  (paradoxes)  of  so- 
called  naive  theory  of  sets  can  be  considered  as  evidence 
of  the  fact  that  "accuracy"  requirements  of  this  kind  (and 
"discreteness")  of  objects  are  not  observed  in  this  theory. 
Various  types  of  axiomatic  theories  of  sets  take  it  upon 
themselves  to  eliminate  this  effect.  To.  what  extent  are 
they  successful  in  it,  however?  Thus,  in  particular,  to 


1.  A.  Mostowski,  Uber  den  Begriff  der  endliohen  Menge. 
Sprawosdania  Tow,  rank.  Warsz.  rfydzial  III  (1938),  13. 

The  principal  possibility  of  the  existence  of  a  denumera-  . 
ble  set  of  deductively  independent  formulas,  identical 
with  the  finite  ones,  was  proved  by  Wajsberg  in  1933  (see 
M.  tfajsberg,  Untersuchungen  ftber  den  Funtiohenkalkul  fur 
endliche  Individuen  berieche,  Math .  Ann .  108  (1933), 

218  —  228).  iq 


prove  the  non-contradiction  of  such  theories,  bearing  in 
mind  G-oedel'-s  second  theorem,  according  to  which  the  non¬ 
contradiction  of  the  sufficiently  strong  (formalized) 
theory  cannot  be  proved  by  means  formalized  in  the  same 
theory?  One  of  the  attempt's '  of  proving  the  non-contra¬ 
diction  of  the  axiomatic  theory  of  sets  by  means  of  ano¬ 
ther  theory,  which  is  known  not  to  satisfy  the  requirement 
of  "accuracy"  of  its  concepts  and  -therefore  cannot  for 
formalized  in  the  form  of  such  a  system,  to  \trhieh  the 
second  G-oedel  theorem  is  applicable,  was  undertaken  by 
A.  3.  Yesenin-Vol’pin. 

A.  3.  Yesenin-Yol'pin1*  criticizes  the  abstract 
potential  realizability,  which  he  considers  to  be  merely 
an  idealization.  In  particular,  he  raises  doubts  concern¬ 
ing  the  reliability  of  the .principle  of  mathematical 
induction  iM*fZ*M* +*))&(%)*{*)  ,  inasmuch  as  "in 

order  to  extract  » 

without  resorting  to  this "principle ,  it  is  necessary  to 
go  through  10  x  steps,  which  is  impossible."  In  this 
connection,  A.  3.  Yesenin-Vol'pin  introduces  the  concept 
of  "realizability"  as  denoting  the  actual,  and  not  idea¬ 
lized  realizability.  Prom  this  point  of  view  it  is  pos¬ 
sible  to  assume  that  0  is  a  realizable  number  and  if  n  is 
realizable,  then  n  +  1  is  realizable  —  and  still  assume 
that  there  exist  non-realizable  numbers,  inasmuch,  with¬ 
out  resorting  to  the  principle  of  mathematical  induction, 
it  is  impossible  to  derive  a  contradiction  from  this. 

The  principle  of  complete  mathematical  induction  is  found 
to  be  true  for  realisable  numbers  (under  the  assumption 
that  the  operation  of  writing  out  formula  A(n)  and  a  tran¬ 
sition  from  A(n)  to  A(n  +  1)  for  a  realizable  n  is  reali¬ 
zable.)  .  One  can  speak  also  of  a  "relative  realizability," 
i.e.,  realizability  of  numbers  or  other  mathematical  ob¬ 
jects  under  the  assumption  that  certain  definite  numbers 
or  objects  and  finite-value  functions  are  considered  to 
be  realizable ;  in  this  case  the  reserve  of  relatively  rea¬ 
lizable  objects  is  determined  by  the  possibilities,  which 
are  available  to  us  under  conditions  of  the  given  problem, 

of  constructing  certain  objects  from  other  objects,  so 

* 

1,  A.  3.  Yesenin-Vol ' pin,  Analysis  of  Potential  Realiza¬ 
bility.  In  press  (first  reported  in  1956). 
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that  there  are  objects  which  are  non-realizable  in  the  given 
relative  sense.  This  point  of  view  is  called  by  A,  S. 
Yesenin-Vol'pin  "outspoken,"  in  contrast  with  the  "tradi¬ 
tional,"  which  acknowledges  only  one,  idealized,  realiza¬ 
bility. 

The  concepts  of  the  "outspoken"  point  of  view  appear 
dim  in  the  traditional  |»oint  of  view,  and  therefore  cannot 
be  formalized  in  the  "traditional"  systems  (although  there 
is  a  possibility  of  considering  "outspoken  formalisms"). 

This  causes  the  author  to  hope  that  the  second  Goedel  theo¬ 
rem  is  no  longer  an  obstacle  to  prove  the  non-contradiction 
of  a  classical  theory  of  sets  by  means  of  his  "outspoken" 
theory.  Using  the  idea  of  the  relative  character  of  reali¬ 
zability,  the  author  replaces  the  concept  of  infinity  by  a 
concept  of  non-realizability  and  obtains  in  this  way,  con¬ 
vincing  from  his  point  of  view,  proof  of  non-contradiction 
of  set  theory,  namely  a  system  of  Zermelo  axioms.  Using  oh 
the  other  hand  successively  stronger  and  stronger  hypothe¬ 
sis  concerning  the  realizability  of  functions,  defined  pur¬ 
posefully  with  the  aid  of  "outspoken"  concepts,  he  also  jus¬ 
tifies  the  non-contradiction  of  system  with  further  axioms 
on  the  existence  of  "non-attainable  cardinal  numbers"  (i.e., 
non-denumerable  alephs  with  limiting  indices,  which  are  not 
limits  of  a  smaller  number  of  smaller  alephs).  ^ 

6.  Problems  concerning  antinomieSg (paradoxes)  *  and 
the  associated  "paradoxial"  consequences  ’ —  the  "naive" 
theory  of  sets  and  the  corresponding  broadened  calculus  of 
predicates  without  the  theory  of  types  have  engaged,  during 
the  time  of  interest  to  us,  the  attention  of  P.  S.  Novikov 
and  3).  A._JEtochvar .  In  one  of  his  earlier  papers,  D.  A. 
Bochvar  /  4_/  separated,  as  is  known,  in  the  broadened  pre¬ 
dicate  calculus  without  type  theory  the  known  non-contradic¬ 
tory  part  (Kq  calculus),  which  contains  no  individual  predi¬ 
cate  symbols;  (Any  individual  predicate  —  including  also 


1.  The  word  "paradox"  will  denote  from  now  on  a  contradic¬ 
tory  expression  (antinomy). 

2.  There  exists  a  general  method  of  exclusion  (elimination) 
in  paradox  from  a  deductive  system  of  the  type  of  broadened 
predicate  calculus.  It  is  enough  to  note  that  in  the 
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one  defined  only  in  terms  of  logical  constants  (negation, 
conjunction,  disjunction,  implication,  quantors,  and 
-equality)  are  classed. 'by  D.  A.  Bochvar.  already  to  non- 
logical  constants,  thus  separating  mathematics  from  logic 
in  systems  of  the  type  Prihcipia  Maihematica  of  Russell 
and  Whitehead) .  In  the  KQ  calculus,  therefore,  there  is 
no  "convolution"  axiom1* ,  which  permits  the  introduction 
of  individual  predicates  by  means  -of  definitions  of  the 

^  i  ®  (®i'  ®i>  ;  •  •  >  ®») 

(where  p  is  the  individual  predicate  of  symbol  and 
•(top . .  ,toB)  —  a  formula  containing  free  variables 
top  •••«&«  ) ,  since  in  general  there  are  no  rules  from 
which  there  would  follow  a  statement  of  non-trival  connec¬ 
tions  of  existent ional  character  between  the  object  and 
the  predicate. 

In  the  construction  of  ,a  formalized  (axiomatic) 
theory  of  sets  (generally,  any  kind  of  logical-mathemati¬ 
cal  system)  it  is  necessary  to  add,  however,  to  the  axioms 
and  rules  of  logic  precisely  statements  of  existentional 

Footnote  2  cont.  from  p.  21...  ...derivation  of  the  para¬ 
dox  we  used  some  sort  of  assumption  ,  which  is 

not  deriavable  in  a  purely  logical  (non-contradicting) 
part  of  the  system  ("absolute  logical  calculus"  of  D. 

A,  Bochvar  /_  6 _/) ,  —  for  example,  using  the  ax(.om  of  spa- 
tiality,  the  axiom  of  selection,  the  axiom  of  "convolu¬ 
tion,"  or  still  others  of  this  kind,  in  order,  by  intro¬ 
ducing  in  explicit  form  a  reference  to  the  used  assump¬ 
tion  ®  ,  to  obtain  instead  of  the  paradox  ••“i*  '  ,  for 
example,'  the  formula  ,  which  in  itself  is  no 

longer  a  paradox:  from  it  it  follows  simply  that  both 
*  and  «  are  false.  The  formula  IS  proved  in  this 
manner  is  called^  after  P.  S.  Novikov,  "a  paradoxical  con¬ 
sequence"  (see  /  18 _/,  pp.  22  and  23).  In  the  general  case 
such  a  "proof"  can  hardly  be  considered,  however,  as  a  con¬ 
vincing  refutation  of  the  assumption  ®  ;  too  much  could 
be"proved"  in  this  manner. 

1.  The  axiom  "convolution"  is  sometimes  called  the  ab¬ 
straction  principle,  'since  it  permits  the  introduction 
of  new  concepts.  According  to  D.  A.  Bochvar,  such  a  defi¬ 
nition  always  contains  in  itself  an  existence  statement. 
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character.  Does  not  _this__iead  to  a  contradiction? 

—In 'reference  /_  1  Q_J  P.  S.  Novikov  indicated  the 
type  of  axioms  that  could  be  joined  without  contradiction 


Namely,  it  was  found  (theorem  1) 


to  E  in  any  number, 
that  in  order  that  a  deductive  system,  formed  by  adding 
to  axioms  of  the  type 


<£/»)(**) '../(*»)  I*  (*,.  ....  ar ...,*»)) 


(1) 


(corresponding  to  a  statement  of  applicability  of  the 
rule  of  convolution  to  formula  Cfr  )  to  be  non- 

contradictory,  it  is  sufficient  that  each  variable  in  for¬ 
mula  (1)  occupy  either  only : an  internal  or  else  only  an 
external  place  (one  says  that  a  variable  (given  its  inclu¬ 
sion;  occupies-  an  interns, 1  place,  if  it  is  under  the  sign 
of  elementary  predicate,  and  in  the  opposite  case  one  says 
trat  it  occupies  an  external  place).  The  logical  system 
formed  by  joining  to  K  axioms  of  the  indicated  type,  is 
called  by  p,  3.  Novikov  a  system  of  type  (T), 


1. 


.  Considering  further  the  paradoxical  consequences' 

©f  a  definite  type  from  the  definitions  p(x)se  C(r)  , 
where  p  is  trie  si_gn'. of  single-place  individual  predicate, 
-P.  3.  Novikov  (/  18 J\  theorem  2)  establishes'  (for  the 
case  when  in  the  formula  a (x)  each  connected  variable  " 
occupies  only  either  an  internal  or  only  an  external 
place) ,  tnat  if  the  paradoxical  consequences  of  such  defi¬ 
nitions  are  derivable  in  some  system  of  type  (1),  then  the 
joining  of  the  formula  p( x)ssG(z)  to  any  system  of  "type 
(T)  does  r.ot  lead  to  a  contradiction. 

It  follows  from  theorems  1  and  2  that  definitions 
such,  predicates,  which  are  constants,  for  example 
gfar)s  I  (where  1  is  the  sign  of  truth) ,  definitions  of 
identity,  ref lexivity,  transitivity,  and  also  definitions 
of  integers,  given  in  Principia  Mathenatica,  being  joined 


to  tne 


ste 


K 


n  * 


do  not  lead  to  contradiction. 


he  concluding  part  of  the  remark  by  f #  3.  Novikov 


1.  In  tne  K.^  calculus  (vhere  any  definition  of  an  indivi- 
dual  predicate  is  considered  as  an  axiom,  stating  its 
existence) ,  the  paradoxical  consequence's  of  the  definition 
of  tne  predicate  lose  their  paradoxical  character:  they 
become  simply  conditions  ior' non-contradiction  of  a  given 
predicate. 
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L  18 J  1  s  devoted  to  the  problem  of  the  general  descrip¬ 
tion  of  any  contradictory  (single-place)  predicates.  For¬ 
mulas  are  given,  which  are  necessary  and  sufficient  con¬ 
ditions  for  a  predicate  p(x)  to  be  contradictory.  These 
conditions  permit  also  to  find  effectively  the  contradic¬ 
tory  predicates.  Furthermore ,  it  is  found  that  with 
their  aid  it  is  possible  to  outline  (with  accuracy  up  to 
equivalence  in  KQ  * )  the  general  type  of  any  contradic¬ 
tory  ( single-place) predicate.  ■ 

In  reference 

methods  of  adding  to  the  KQ  calculus  of  individual  predi¬ 
cates,  based  on  concretiaation  of  the  relations  of  be¬ 
longing  and  consolidation,  *  at  which  certain  antinomies 
of  set  theory  and  of  the  broadened  calculus  are  known  not 
to  be  obtained.  This  concretization  consists  essentially 
of  the  fact  that  each  of  these  relations  is  split  up  by 
Bochvar  into  two,  having  particular  properties  (defined 
by  particular  axioms).  The  essence  of  this  concretiza¬ 
tion  consists  of  the  fact  that  each  of  these  relations  is 
split  by  D.  A.  Bochvar  into  two,  which  have  particular 
properties  '  (determined  by  special  axioms.) . 

In  Section  1  of  the  article  /_  6_/  D.  A.  Bochvar 
dwells  especially  on  the  general  method  he  proposes  for 
the  concretization  of  such  calculations,  which  in  models 
do  not  define  fully  \miquely  certain  of  the  symbols  or 
combinations  of  symbols  that  enter  into  the  formulas  of 
these  calculations,)  Roughly  speaking,  the  idea  which 
D.’A.  Bochvar  uses  to  guide  himself  in  this  case  consists 
of  the  fact  that  not  every  ( single-plaoe,  for  the  sake  of 
simplicity)  predicate  "has  a  fixed  (rigid)  volume.  The 
concept  of  volume:  the  object  x,  epntained  in  the  volume 
of  the  predicate,?  ,  has  the  property  ’ <p  ;  but  if  the 
object  has  the  property  '  ?  ,  this  still  does  not  signify 
in  general  that  it  is  an  element  of  the  volume  of  the 


1.  Two  (single-placed)  predicates  p  and  q  are  called 
equivalent'  if  one  can  prove  in  the  formula 

2.  The  relation  of  consolidation  is  a  certain  general! 
zation  of  the  relation  between  the  predicate  and  its 
argument. 


6  /  D.  A.  Bochvar  considers  certain 
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/predicate  V  .  v/e  shall  interpret  the  expression 
as  the  "x  has  the  property.  while  the  expression 

will  he  treated  as  "x  is  ’ an  element  of  the' 'volume 


y  !!  and  we  .  shall  require  in  particular  With  the 
aid  of  the  ccncretization  of  the  consolidation  relation  — 
that,  (axioti  III)  “ *  in  the  volume  of  the  predicate  there 
could  be  no  such  element  f  ,’ for  which  is  true.  Then 

it  is  clear.,  for  example,  that  we  can  introduce  the  defi-: 
nition  of  "normal  predicate  "  9  by  means  of  the  'formula 


'\  •  ;  ;  #(<?)$%<?£<? :  -  (2) 

(K  is  the  symbol  for  the  ihdjfvidhal  predicate  "normal"), 
"■without"' reporting  to;  the '  Russel  antinomy .  •.  Actually,  let 
us  insert  3T  instead  offiri  (2).  We  obtain 


N(N)^fN$N. 

Prom  axiom  (III)  it  follows,  however,  that 


^  ^  ^ 

¥  *  t  *  ,  ,  §  fl  t  ,  > 

or,  inserting  <J>  in  the 'place  of  9 

i.e . , 


in  paht i cular consequently,  NsN  ..  .  The  right  half  of  , 
formula  (3)  is  thus  proved  -  consequently  the  left  part 
is  also  proved,  i.e.-,  N(N)  •  Instead  of  a  paradox  in  the 
("split" )  calculus,  I).  A.  Bochvar  obtains  thus  a  theorem,  . 
which  states  that  Rus'sel's  paradoxical  predicate  "does  not 
contain  itself  as  an  element"  and  belongs  to  itself  as  a 
property,  i.e.,  thereby  it  does  not  contain  itself  as  an 
element  (is  in  itself  normal) .  Other  antinomies  of  the 
same  type  are  similarly  resolved  in  this-  calculus  of  D.  A. 
Bochvar.  '  . 

,  ,  Let  "tis  note,  finally,  that  the  set  is  very  naturally 

‘defined  in  /  6 J  in  terras "of  the  volume  of  the  predicate, 
or  more  accurately,  as  such  a  predicate  ,  for  which 

'1.  In  /  6 _/,  B.  A.  Bochvar  uses  other' symbols'.  V  : 

2..  We  give  here  the  rougher '  formulation  of  this  axiom. 
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'K*)5*x  £  .  To  the  contrary,  the  a  priori  distinction 

of  sets  and  classes,  as  is  done  for  example  in  the  £  • 
system  of  G-oedeJL ,  which  we  have  discussed  above,  appears 
to  Boehvar  /_  6 __/  to  be  less  natural. 

In  further  works,  reported  by  33.  A.  Boehvar  at  the 
sessions  of  the  Seminar  on  Mathematical  Logic  at  the  Moscow 
University  (13  November,  18  December,  and  25  December  1957), 
ne  engages  in  a  logical  classification  of  the  formulas  of 
the  broadened  calculus  of  predicates  relative  to  the  appli¬ 
cability  of  the  "convolution”  rule  to  them,  i.e.,  to  the 
possibilities  of  using  them  to  define  individual  predicates 
and  aggregates  of  individual  predicates  (from  the  fact  that 
each  individual  predicate  can  be  joined  to  the  system  with¬ 
out  contradiction,  it  still  does  not  follow  as  yet  that  In 
their  aggregate  they  cannot  lead  to  a  contradiction) . 

However,  these  investigations  are  still  not  comple¬ 
ted  at  the  present  time. 


2.  Descriptive  Theory  of  Sets1, 

1.  At  the  initial  period  of  the  development  of  the 
Moscow  School  of  the  Theory  of  Functions,  tJie  descriptive 
set  theory  was  at  the  center  of  the  scientific  interest  of 
N.  N-.  Luzin  and  many  of  his  students:  M.  Ya,  Suslin,  P, 

S.  Uryson,  P.  o.  Aleksandrov,  A.  N»  Kolmogorov,  L.  V. 
Keldysh,  M.  A.  Lavrent'yev,  P,  S.  Novikov  and  others.  The 
result  of  the  works  in  the  field  of  descriptive  theory  of 
sets,  of  that  period  appeared,  on  the  one  hand,  to  be  a 
vigorous  development  of  this  field  itself,  and  on  the  other 
hand  an  extension  of  general  concepts,  that  arose  -in  the 
descriptive  theory  of  sets,  to  various  other  fields  of 
mathematics.  In  an  axiomatic  description  of  any  particu¬ 
lar  system  of  mathematical  concepts,  one  frequently  resorts 
to  the  concept  of  B  or  A  sets.  The  modern  development  of 
the  theory  of  algorithms  is  to  a  considerable  extent  the 
embodiment  of  the  idea  of  N.  N.  Luzin  concerning  the  neces¬ 
sity  of  investigating  the  descriptive  calssification  of 
denumerable  sequences.  The  close  relationships  between 


1.  This  section  was  written  by  Z.  I.  Kozlova  and  A.  A. 
Lyapunov. 
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the  concepts  of  the  B  and  A  sets  with  the  concept  of  recur¬ 
sive  and  re cursive-enumerated  sets  is  universally  known* 

In  the  most  recent  time  the  set-theory  concepts  have  begun 
to  penetrate  broadly  also  in  other  branches  of  theoretical 
natural  sciences,  in  particular  in  cybernetics.  At  the  same 
time  in  recent  years  the  activity  in  the  work  in  the  field 
of  descriptive  theory  of  sets  has  increased.  During  the 
period  reported,  work  in  the  field  of  descriptive  theory  of 
sets  was  continued  by  several  of  the  students  of  P.  S. 

Novikov  and  L»  V.  Keldysh. 

Working  in  Stalingrad  are  Z.  I.  Kozlova  and  I.  D. 
Stupina,  in  Kolomna  —  A.  V.  Gladkiy,  in  Ulan-Uda  —  B*  3. 
Sodnomov,  in  Ivanovo  —  A.  D.  laymanov,  in  Simferopol' 

Ya.  L.  Kreynin,  in  Glazovo  —  R.  Yu*  Matskina,  in  Riga  — ■ 

E.  I.  Arin* .  In  Moscow  problems  of  descriptive  theory  of 
sets  are  treated  sporadically  by  Yu.  S.  Ochan* ,  Ye.  A. 
Shchegol’kov,  S.  Y.  Yablonskiy,  and  A.  A.  Lyapunov. 

During  the  period  reviewed,  work  was  carried  out  in 
the  following  directions: 

1)  A  study  of  the  structure  of  A  sets  and  projective 
sets  was  completed  in  the  main  outlines  even  in  the  preceding 
period,  if  one  disregards  the  problems  that  -gave  rise  to  the 
fundamental  difficulties.  During  the  time  reviewed,  a  study 
was  contained  of  the  singularities  of  the  construction  of 
flat  sets  with  specified  descriptive  nature, 

2)  Various  works  were  carried  out  on  problems  which 
are  affiliated  with  descriptive  theory  of  sets  and  abstract 
topology,  and  also  for  descriptive  and  axiomatic  theory  of 
sets. 

3)  Development  was  carried  out  of  the  theory  of  ope¬ 
rations  on  sets. 

Works  on  the  study  of  special  properties  of  plane  sets 
have  become  associated  to  a  considerable  degree  with  works 
on  the  theory  of  operations  on  sets. 

In  addition,  it  is  necessary  to  emphasize  the  very 
interesting  works  on  the  study  of  recursive  sets,  which  were 
carried  out  by  V.  A.  Uspenskiy  and  B.  A,  Trakhtenbrot ,  which 
in  their  contents  pertain  to  the  theory  of  algorithms,  but 
which  are  very  close  in  their  idea  to  the  descriptive  theory 
of  sets.  We  have  very  little  time  to  prepare  the  review  and 
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we  therefore  apologize  for  its  incompleteness . 

_  2.  In  the  works  of  Z.  i:.  Kozlova  /  2,  5,  6,  8,  11, 

14 J  and  I.  D.  Stupina  /  1,  2__/  an  investigation  was 
carried  out  on  the  special  properties  of  plane  sets- with 
a  specified  descriptive  nature.  These  works  are  a  natu¬ 
ral  continuation  of  the  work  by  N.  N.  Luzin,  V.  I.  Gliven- 
ko,  and  P.  S.  Novikov  on  the  study  of  covering  and  split¬ 
ting  of  plane  B  sets.  The  first  works  by  Z,  I.  Kozlova 
pertain  still  to  the  prewar  period.  A  characteristic  of 
this  trend  was  the  establishment  of  results  of  the  fol¬ 
lowing  type. 

The  set  belongs  to  the  absolutely  first  class,  if 
it  has  on  each  compact  set  a  point  of  local  compactness f 
In  this  case  the  given  set  can  be  represented  as  a  trans- 
finite  sum  of  compact  sets,  where  each  component  is  sepa¬ 
rable  by  means  of  a  set  of  zero  class  from  the  sum  of  all 
the  following  sets.  '  • 

The  minimum; length  of  such  a  sum  is  called  a  sub¬ 
class  of  a  given  set, 

In  the  Baire  space  ■/*„  there  are  considered  plane 
A  sets  $ . ,  which  have  that  property,  that  all  sets 
of  the  absolutely '  first  class  of  subclass  <<*  where  a  <  Q  (^« 
denotes  the  sets  of  all  the  points  of  space-  with  a 

constant  abscissa  x).  It  is  proved  that  any  A  set 
of  the  indicated  type  can  be  covered  by  a  B  set  H  (l.e. , 

)  such  that  all  sets  are  also  absolutely  of 

the  first  class  of  subclass  <«  ♦ 

This  theory  admits  to  the  following  generalization: 
instead  of  a  set  of  absolutely  first  class.it  is  possible 
to  consider  such  set3,  which  are  expanded  in  a  transfinite 
sum  of  subsets,  having  a  compact  closure,  whereby  each 
component  is  separable  from  the  sum  of  all  subsequent  sets 
of  null  class. 

For  plane  B  sets  H,  for  which  each  of  the  sets 
is  a  set  of  absolutely  first  class  of  subclass  /<#■  ,  where 

,  there  exist  an  expansion  in  the  form 

H-XH* 

t<« 

where  . ,  for  »  o&eh  of  the  components 

Hi  is  a  B  s~et,  each  of  the  sets  SP^Ht  is  compact,  and 


t<« 


is  such  that  each  component  is  separable  from 
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the  sum  of  all  subsequent  by  means  of  a  set  of  zero  class1 
relative  to  S'*,  «  : 

Analogous  results  are  obtained  also  for  cases  when 

has  certain  other  topological  properties,  deseri- 
babie  in  terms  of  trans finite  indices. 

3.  Further  investigations  of  problems  concerning 
coverings  has  followed  the  line  of  investigating  problems 

~j  relating  with  the  theory_of  operations  on  sets.  In  the  k„. 
work  of  A.  A.  Lyapunov  £  36^  the  theorem  is  established 
concerning  the  covering  of  sets:  If  K  is  a  rigid  base 
of  the  :.R*  operation  and-  '  J.  'is  a  table  of  [/In¬ 

sets  (or  of  Rmp  sets)  such  Vhat  each  point  of  the  36 t 

is  a  point  of  a.  N-uniquepess  yof  the  table 
t  then  there  exists  a  table  'W  of 

£/?«  sets  (or  BR^  sets)  such  that  '*T#5f*N ... and 
eacn' point  of  the  set  is  a  point'  of  N~ 

uniqueness  of  table  JT  .  ■ 

Z.  I.  Kozlova 'has  shown  that ’the  theorem  remains 
valid  if  the  points  of  li-uniqueness  are  replaced  by  points 
of  U-p  uniqueness  and  by  points  of  N  of  finite  valuedness. 

In  the  papers  by  Z,  I.  Kozlova  end  I.  D.  stupina  it 
is.  shown  that  the  covering  theorem  holds  also  for  A Z7-,  At~ 
and  CAf  operations  on  CAV  sets,  for  the  cases  of  points' of 
il~p  valuedness,  N-finite  valuedness,  F-non-denumerable- 
valuedness,  and  for  certain  other  cases, 

4,  In  the  descriptive  theory  of  sets  several  results 
were  obtained  of  the  following  character:  one  considers  a 
projection  of  a  plane  set  and  expresses  an  opinion  concern¬ 
ing  the  descriptive  nature  of  the  set  of  points  of  the  pro¬ 
jection,  the  inverse  images  of  which  have  a  certain  special 
property.  For  example,  if  one  projects  a  plane  A  set,  then 
the  set  of  points  the  inverse  images  of  which  contain  not 
less  than  two  points,  is  the  A  set  (N.  N,  Luzin),  the  set 

of  points  the  inverse  images  of  which  contain  a  non-denu- 
merable  set  of  points  is  also  an  A  set  (¥.  Serpinskiy) . 

Many  problems  of  similar  character  were  solved  by 
P.  3.  Novikov,  V.  Ya.  Arsenin,  S.  Braun,  and  K.  Kunuguya. 

Analogous  theorems  in  the  theory  of  operations  have 
been  established  by  A'.  A.  Lyapunov  £  36  ,•  51__/. 

Z*  I.  Kozlova  and  I.  L.  Stupina  obtained  several 
results,  in  which  they  studied  the  degrees  of  degeneracy 
of  the  results  of  an  operation  depending  on  the  topologi-- 


!cal  characteristic  of  the  set  of  chains  of  the  given  ope-~! 
ration,  which  specified  each  individual  point.  1  .  " 

5.  In  all  these  investigations  the  principal-  appa¬ 
ratus  used  was  the  multiple-  separability.  In  this  connec¬ 
tion,  the  question  arises  of  the  necessity  of  systematiza¬ 
tion  of  the  principal  premises  of  multiple  separability  as 
applied  to  various  set- theoretical  systems.-  Such  an  invee~ 

..;  tigation  was  carried  out  by  Z.  I.  Kozlova. 

Superposing  on  the  system  of  sets  requirements  of 
invariance  under  certain  operations  and  assuming  that  in 
this  system  there  take  place  only  relations  of  multiple 
separability,  it  becomes  possible  to  establish  that  in  this 
system  there  arise  also  certain  other  relations  of  multiple 
separability,  A  certain  summary  ''of  the  results  of  such  a 
character  was  obtained  by  Z.  I.  Kozlova  /"l,  3,  8,  9 

6.  Let  us  now  proceed  to  an  examination  of  works 
devoted  to  a  detailed  study  of  certain  structural  proper¬ 
ties  of  sets,  studied  in  the  descriptive  theory  of  functions. 

A.  A.  Lyapunov  /  29,  39,  51 _J  has  introduced  the  con¬ 
cepts  of  a  rarefied  class  of  set  and  descriptive  measura¬ 
bility. 

The  class  -  3  of  subsets  of  absolute  B-set  $  is' 
called  rarefied,  if  it  satisfies  the  following  conditions: 

10  /is.  *  ; 

2°.  The  subset  of  the  set  that  belongs  to  2; 
belongs  to  -g‘  . 

3°.  .  Any  set  E,  belonging  to  *2  ,  is  contained  in 

the  B-set  E*,  belonging  to  2  . 

4°.  A  sum  of  not  more  than  a  denumerable  number  of 
sets  belonging  to  s.  belongs  to  2 

5°.  Any  system  of  pairwise  non-intersecting  B-sets, 
not  belonging  to  3  ,  is  not  more  than  denumerable. 

The  set  1,  represented  in  the  form  ]£,*»£,+-£»•  , 

where  £t  is  a  B  set  and  ,  is  called  £  -measur¬ 

able. 

A  set  that  is  2  -measurable  for  any  rarefied 
class  2  ,  is  called  descriptively  measurable.  Certain 

related  properties  of  sets  were  considered  by  E.  Spielrein 
and  M.  Condo. 

Any  descriptive-measurable  set  has  the  Baire  proper¬ 
ty  and  is  absolutely  measurable.  In  fact,  in  all  those..,} 
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'oases  when  the  presence  of  the  measurability  of  the  Baire* 
property  is  established' along  the  path  of  descriptive 
theory  of  sets,  the  descriptive  measurability  is  e stab-' 
lished.  ' 

.  ’  She  problem  arose  of  what  is  the  relationship  be¬ 
tween  the  property  of  descriptive  measurability  to  the 
absolute  measurability  and  the  Bairs  property.  A.  V. 
...-.Gladkiy ,  leaning  on,  the  hypothesis  of  continuum,  has  cons-, 
‘trusted  an  example  of  a  set  that  has  the  Baire  property  and 
is  absolutely  measurable,  but  is  not  descriptively  measur¬ 
able.  .  .  _  _ 

In  the  work- by  Ya.  L.  Kreynin  £  1 there  were  found 
several  general  conditions,  which  are  sufficient  to  make,  "■ 
in  a  certain  abstract  space,  correct  the  theorem  of  A,  I, 
Kolmogorov  concerning  the  non-empty  class  of  sets,  obtained 
by  -operations.  In  another  investigation  he  investiga¬ 
ted  certain  effective  methods  of  defining  set-theoretical 
concepts.  The  concept* of  effective  non-denumerability  was 
introduced  earlier  by  P.  S.  Novikov,  while,  the  concept  of 
effective  measurability  was  investigated  by  A.  A.  Lyapunov 
£  26_/ •  Ya.  L.  Kreynin  has  shown  that  any  B-set,  which  is 
effectively  distinct  from  A-set  invariably  contains  a  per¬ 
fect  nucleus. 

7.  Let  us  proceed  now  to  an  examination  of  works 
concerning  the  stu&yjjfJB-functions. 

B.  I.  Arin'  £  3 has  investigated  the  construction 
of  B-f unctions  ,  where  [  f  (*»»*•» 

is  a  continuous  fundtioh  in  each  of  its  arguments,  . 

S.  V.  Yablonskiy  £l _J  gave  a  new  exposition  of  the 
singular  properties  of  the  fundamental  properties  of  B~ 
functions,  leaning  on  the  theorem  of  the  separability  of 
B-sets.  In  the  same  investigation  there  was  constructed  a 
mutually-unique  B --mapping  of  the  Baire  space  on  a  Hilbert 
space,  which  permits  establishing  quite  automatically  many 
set-theoretical  properties  of  sub-sets  of  Hilbert  space. 

8.  We  now  proceed  to  an  examination  of  problems 
that  are  related  to  descriptive  set  theory  and  abstract 
topology.  We  note  first  of  all  that  in  the  very  deep  re¬ 
searches  of  L.  Y,  Keldysh,  pertaining  to  the  topology  of 
open  representations,  a  considerable  role  is  played  by  the 
methods  of  descriptive  theory  of  sets  and  in  particular  by 
the  use  of  the  theorem  concerning  the  multiple  separability 
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for  closed  sets.  _  ■  ! 

E.  Yu.  Mat  skin /"'l  —  7 J  has  investigated  the 
structure  of  non- continuous  and  also  of  continuous  and 
mutually -unique  samples  of  closed  sets  of  Hilbert  space, 
which,  were  found  to  be  arbitrary  A  and  B  sets. 

A.  D.  Tayrnanov  £2 J  gave  .an  analytic  representa¬ 
tion  of  rigid  bases  of  j  -operations • and  has  clarified  the 

:  descriptive  nature  of  rigid  bases  for  certain  | 4®  -opera- . 

tions,  and  specifically  has  shown  that  the  rigid  base  of 
A  operations  is  a  set  of  type  Gt  ,  while  the  rigid  base  of 
a  r -operation  is  the  OA  set. 

The  works  of  A.JD,  Taymonov  "On  Quasi-Component 
Non-Connective  Sets"  1*  3  J  arose  out  of  the  works  of 
p.  S,  Novikov,'  who  proved  that  a  set  of  components  of  an 
arbitrary  A  set  has  a  cardinality  that  is  either  continual 
or  not  more  than  denumerable. 

A.  D.  Tayrnanov  generalizes  the  concept  of  a  quasi- 
component,  introduced  by  P.  Hausdorff,  gives  a  definition 
of  a  quasi-component  of  rank  ■  a  and  defines  the  index,  of- 
connective  components,  let  there  be  given a  non-connec¬ 
tive  set  E<Z^  .  The  1-quasi-component  El  of  the 
point  x  in  topological  space  E  is  defined  as  the  intersec¬ 
tion  of  all  the  open-closed  sets  in  E,  containing  the  point 
x.  The  component  of  the  point  x  in  E  is  contained  in  the 
qua si- component  £*  and  coincides  with  it  when  and  only 
when  El  is  connective. 

The  quasi-components  of  rank  «>  f  are  defined 
inductively.  We  assume  that  there  has  been  defined  an 
e  -quasi-component'  £$  of  the  point  x  in  E  for  all 
«<|S  ,  then  we  determine  the  (J-  -quasi-component  [Ex.  • 

Two  cases  are  possibles 

1)  P  is  the  number  of  the  first  kind,  if  E* 

is  a  connective  set,  then  by  definition  ■  £*«  £»“’  • 

If  ’  is  a  non-connective  set,  then  the  one-q\iasi- 
component  of  the  point  x  in  Ex~x  is  called  the  -qua¬ 
si-component  of  the  x  in  E  and  is  denoted  by  £*.  . . 

2)  }  is  the  number  of  the  second  kind.  We  then 

put  £*■*  H  £■!'  . 

♦  ‘  Thl^quasi-components  £*  ate  closed  in  E.  The 

•  -quasi-components  of  one  rank  of  two  different  points 
either  coincide  or  else  do  not  intersect,  so  that  one  can 
..speak  of  the  breakdown  of  the  set  E  into  •-  -quasi-com- j 


- '  „L- 

iponents  and  this  breakdown,  generally  speaking,  is  larger! 
than  the  breakdown  into'  component s  * 

We  denote  by  \M%:.  a  set  of  quasi-oomponents  of  a  .-rank 
not  exceeding  i«;  ,  A.  D.  Eaymahov  proves  the  following 

premises?  t 

-1)  If  B  is  an  A-set  then  jJ^j  f or  j e  <  fit;  either  has 
the  cardinality  of  continuum,  or  is-  not  more  than  denumc-j^v 
.rable,  ■  A;’ 

;  2)  From '  the  existence  of  an  effective  set  having  v 

■IK**  -quasi-components,  follows  the.  exi.etj^ce  of  an 
effective  set  having  points. 

She se  results  take  place  in  arbitrary  metric  space 
with  a '  denumerable  base,-  ‘ 

In  addition  A,  D„  Eaymanov  gave  methods  for  the 
investigation  of  the  descriptive  nature  of  the  space  of 
quasi-components  of  various  sets*  Later  on  in  the  work, 
when  the  topology  of -..closed-  representations  is  investiga¬ 
ted  A.  B.  Eaymanov  /"*& _/  shows  that  the  closed  representa¬ 
tions  of  CA-aets,  and  also  |  -sets  are  sets  of  the  same 
nature,  :  "  . 

He  also  succeeded  in  investigating  the  nature  of 
finite  and  denumerable-multiple  open  images  of \M.  -  and 
jjf4  -sets,  • 

9«  ‘During  the  last  decade  many  works  were  carried 
out  on  the  study  of  operations ’on  sets,  leading  to  R-sets, 
and  their  generalisations  (the  principal  works  of  A.  A_j_ 
Lyapunov  on  H-sets  /  17,  19,  24,  27,  28,  36  —  39,  51.7  were 
carried  out  in  1946  —  1947,.  although  they  were  published  in 
detail  only  in  1953)* 

In  these  works  the  question  was  raised  of  investigat¬ 
ing  regular  processes  of  complication  of  operations  on  sets 
and  clarification  of  the  question  at  what  types  of  compli¬ 
cation  of  operations  on  sets  are  retained  very  structural 
properties  of  sets,  obtained  with  the  aid  of  these  opera¬ 
tions,  It  was  found  that  instead  of  the  cumbersome  appa- 
rat\2.s  of  the  R  operations  it  is  possible  to  use  the  consi¬ 
derably  more  flexible  and  at  the  same  time  more  readily 
visualised  E-operations,  \ 

*  Let  there  be  given  a  sequence  of  bases  .  A 

E-operation  on  an  arbitrary  sequence  of  sets  ,  cor¬ 
responding  to  this  sequence  of  bases,  is  defined . as 

follows :  !  ■  •  •  ! 
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where  y-  is  a  transfinite  number  of  second  kind,  Then  ■ 

‘  J. 

n  *  £©. 

*  ■  «<a 

^  “  and  /?« -operations  can  be  represented  in  the 
form  of  S-ope rations .  for  these  operations,  one  defines 
in  a  natural  manner  transfinite  indices  and  for  these  in¬ 
dices  it  is  possible  to  establish  the  principle  of  compa¬ 
rison  of  indices,  which  generalizes  the  principle  of  com-' 
pari son  for  A-operations  of  P,  3.  Kovikov. 

If  all  the  operations  retain  a  descriptive 

measurability ,  then  the  T -operation  has  the  same  pro¬ 
perty.  If  a  certain  projective  class  is  invariant  rela¬ 
tive  to  all  operations  ®iNL)  ,  then  it  is  invariant '  rela¬ 
tive  to  the  operation  .  The  base  of  the  ope¬ 

ration  is  .obtained  in' the  .following  manner:  let  us  put 
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A  considerable  part  of  the  theory  of  A-set,  and 
also  of  C-and  R-setS,  is  obtained  by  using  T-operations. 

10.  The  problem  of  investigating -further  types  of 
broadenings  of  set-theoretical  operations  arose  in  a  natu¬ 
ral  manner.  __ 

A .  A .  Lyapunov  Z  39 J  succeeded  in  constructing  a 
certain  class  of  set-theoretical  operations,  which  no 
longer  are  is  -operations'  and 'which  have,  the  following 
properties: 

1)  All  these  operations  are  obtained  by  means  of 


are  characterized  by  the  fact 
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'reprocessed  sets  and  the  base. 

The  operations -function  in  such  a  manner:  one  con¬ 
siders,  the  inclusion  or  non-inclusion  of  a  given  point--  in 
a  set  of  the  proposed  sequence*  from  a  certain  sequence 
of  these  sets  one  choses  the  final  base,  and  then  the 
operation  at  a  given  point  is  performed  with  the  selected 
base.  Thus,  it  "becomes  necessary  to  act  on  each  indivi- 
: dual  point*  One  must  note  that'  the  entire  construction  is 
quite  effective. 

3)  If  the  initial  operation  retaina,».the  descriptive 

measurability ,  then  also-  all  operations  obtained  from  it  by 
means. of  the  described  broadening  also  retain  the  descrip¬ 
tive  measurability.  •  .. 

4)  R-operations  coincide  with  the  first  ;ft  —opera¬ 
tions  of  this  system. 

All  this  construction  can  be  considered , as  a  new 
embodiment  of  the  idea  of  P.  S.  Novikov  concerning  the 
construction  of  the  maximum-broad  system  of.  effectiveness 

of  sets,  .  - 

The  weak  spot  in  this  construction  is  that  is  rela¬ 
tionship  with  projective  sets  remains  unclarified. 

11.  Next  A.  A.  Lyapunov  /  44  —  46 _/  has  construc¬ 
ted  certain  new  processes  in  the  broadening  of  set-theore¬ 
tical  operations.  Let  there  be  given  sequenses  .of  sets 

and  two  sequences  of  bases  BTid  iWJ  -  is* 

US  PUt  | 

■  T  ■  . 

m  ... 

and  for  numbers  !y  of  the  second  kind  •  Then 

•i-  *  -i. . . *<t 

/  I?** **  £*. 

*<$f 

The  if*  -broadening  has  many  analytic  properties, 
which  are  allied  to  the  analytic  properties  o t'-'ffi  -broa- 
denings. 

12.  The  next  step  in  the  direction  towards  broaden¬ 
ing  the  set-theoretical  operations  was  made  by  2.  I.  Koz4 
lova,  who  started  out  with  works  of  L.  V,  Kantorovich  and 
L.,  Ye.  Livenson  on  the.  study  of  projective  operations.  In 

...the  most  recent  times,  2.  I,  Kozlova  has  succedded  in  . i 
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separating  a  new  class  of  set- theoretical  operations, 
defined  in  the  following  manner: 


For -these  operations  it  becomes  possible  to  define  a  class 
of  internal  transfinite  indices,- which  is  fully  analogous^ 
'to  the  class  of  minimal  indices  of  P.  3,  Novikov.  Por 
these  indices  it  becomes,  possible  also  to  o]r|ain  a  certain 
form  of  the  principle  of  .comparison  of  indices,  which  gene¬ 
ralizes  the  principle  of  index  comparison,  of  P«  S.  Novikov 
for  A  sets.  The  next  problem  is  a  study  of  the  mutual  - 
relationships  between  various  types  of  broadening  of  set- 
theoretical  operations. 

13.  .  During  the  pei’iod  reviewed,  there  was  published 

in  Uspliekhi  matematich.es.kikh  nauk  a  cycle  of  articles  on 
descriptive  theory  of  -sets,  where  a  summary  exposition  of 
the  theory  of  B-sets  was  given  £Ye»  Shohegol’kov  l~jZ_£) » 
of  A-sets  (A.  A.  Lyapunov  /  32  /  and  Y.  Ya.  Arsenin  /  4_/) , 
B- functions  (A,  A.  Lyapunov  2  3.3  /) . and  the  theory  of  ope¬ 
rations  on  sets  (Yu.  S.  Cohan  2  13 _/) « .  these  articles 

a  considerable  simplification  was  obtained  of  its  exposi¬ 
tion,  and  furthermore,  it  contains  many  new  results.  We 
note  the  results  of  Ye.  A.  Shchegol’kov  on  that  a  plane 
B-set,  intersected  by  any  perpendicular  to  the  OX  axis 
along  set3  of  type  TV*  is  unified  by  means  of  a  B-set. 

In  the  article  by  Yu.  3,  Ochan  are  expounded  ori¬ 
ginal  results  which  concern  the  comparison  of  cardinali¬ 
ties  of  operations  with  respect  to  classes  of  sets,-  which 
are  invariant  relative  to  a  certain  operation,  for  example, 
the  operation  of  the  sieve  and  the  A-operation  are  equiva¬ 
lent  to  each  other  with  respect  to  classes  of  sets  that 
are  invariant  relative  to  finite  intersections,  but  are  not 
equivalent  to  each  other  in  the  general  case. 

14.  Concluding  the  survey  of  work  on  descriptive 

theory  of  sets,  it  is  necessary  to  note  with  satisfaction, 
that  during  the  reviewed  period  there  were  published  the 
lectures  by  N.  N.  Luzin  "On  Analytic  Sets"  in  two  volumes 
of  his  collected  works,  in  which  are  included  papers  on 
descriptive,  metric  theory  of  functions,  and  also  papers  on 
the  theory  of  functions  of  complex  variable.  _J 
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Chapter  II 


THEORY  01'  ALGORITHMS  AND  COMPUTABLE  FUNCTIONS 

AND  OPERATORS 

3.  Representation  of  Recursive  Functions 
Functions  of  Large  Spread 

1.  The  creation  of  a  meaningful  mathematical  theory 
of  constructive  objects  of  mathematics  began  naturally  with 
a  study  of  computable  functions  (of  a  finite  number  of  vari¬ 
ables),  as  arguments,  since  the  values  of  which  are  the 
natural  numbers  0,  1,  2,  5,**»  *  Since  the^very  construc¬ 
tion  of  the  natural  numbers  has  a  recursive  *  character  (in 
order  to  determine,  for  example,  the  number  five,  it  is 
necessary  to  define  first  the  number  4;  to  define  the  number 
4,  it  is  first  necessary  to  define  3,  etc.,  down  to  0,  which 
is  considered  as  directly  defined),  then  it  is  natural  to 
identify  the  computable  functions  with  recursive  functions 
(Church’s  thesis). 

Even  the  simplest  recursive  (inductive)  definitions 
(of  a  single -place)  function  f  have  an  implicit  character; 
the  value  of  the  function  for  any  non-vanishing  value  of 
the  argument  is  defined  in  terms  of  the  value  of  the  same 
function  for  the  preceding  value  of  the  argument.  The  most 
general  definition  of  a  recursive  function  is  obtained  as  a 
generalization  of  the  followings  the  function  is  called 
recursive  if  it  can  be  specified  by  a  system  of  equations 
which  not  more  than  uniquely  determines  its  values  and  which 

Tl  ’see  the  foreword  by  A.  N.  Kolmogorov  to  the  book  by 
R.  Peter  “Recursive  Functions,”  Moscow,  Foreign  Literature 
Press,  1954.  From  here  on  we  shall  call  functions  of  this 
type  arithmetic  or  numerical. 

.2.  In  the  literal  sense  of  the  word  (recurso  - —  latin  fer 
running  back,  return)  a  recursive  definition  is  naturally 
called  a  definition  which  is  realized  with  the  aid  of 
“returning”  from  the  unknown  to  the  known  (A.  N.  Kolmogorov, 
ibid,  p.  4). 
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permits  their  calculation  (for  these  values  of  the  argu-  : 
rcents,  for' which  the  function  has  been  defined)  in  terms 
of  the  valvies  of  the  function  itself  (and  of  other  func¬ 
tions,  which  can  he  determined  from  it  simultaneously  by 
the  same  'system  of  equations) ,  i.e .,  it  thereby  bears  a 
more  implicit  character.  ■  (It  Is  naturally  understood  that 
if  for  certain  given  values  of  all  its  arguments  the  value 
of  the , function  is  determined  by  a  corresponding  system  of 
■■equations  in  terms  of  its  value  for  the .  same  values  of  the 
arguments,  then  for  these  values  of  the  argument  the  func¬ 
tion  is  not  defined. ) '  ,  .  ,  ,  ,  r.  •; :  .n 

;  .'A  recursive  function  that-  is  defined  everywhere  is 

called' generally-re cursive .  .If  a  recursive  (n-place). 
'function  is  not  required  that  it  be  defined'  for  all  the  ■ 
.groups  of  n  value  a  of  its '  arguments ,  ..then  the  function,  is  ^  . 
called' ' parti'ally-.re cursive .  '  In  the  -  class  of  generally- 
recursive 'functions  one  /separates  usually,  as  the  simplest 
subclass,  the  class  of  primiiiveiy-re cursive  functions, 
which  contain  the .constant  0,  .  the  succession  function 
(which  relates  to  .  i:he  number  n  the  succeeding  jaumber  , 
n  f:  13 'arid-.  closed  .relative  to  the  operation  of  substitu¬ 
tions1*,  and  schemes  of  primitive  recurrence  (which  define 
the' value  of  the  function  f  for  the  arguments. (»■+■ i,  ar,,  xn) 
as  the  value  of  the  already .defined  function  ?  for  the 
arguments  («.  f[n,  xv...,xtk), xn)  'and  which  specify,  direb-; 
tly  the  -value  of  the  function  f  for  the  arguments  (0,  x*) 

: as  the  value  of  the  already,  defined  function  $  for  the  . 
sane  arguments) .  ‘  .  •  ,  - 

V  Through  Goedelis  arithne'tisation  of  logical  and  y 
logical-mathematical;  calculations ■• (generally ,  so-called 
formalized  systems) ,  .primitive-recursive  functions  acquire 
a  particular  significance  in  the  construction  of  the  gene-; 

1.  By  "substitution"  we  niie’an  here  both  fhe  substitution  of 
functions,  as  well  as  the  ■substitution  of  variables.  '.  If  :•  . 
f  one  doe's  not  use  the  operation  -of-  substitution  of  variables, - 
then  it  is  necessary  to  add  to  the  initial- functions  in  i;  '.: 
this  definition  also  the  function  of  identity  /<*)*** 

Y.  A.  Uspenskiy’s  refinement  -of  the  general  concept  of  sub¬ 
stitution  can  be  found  in  the  book  by  R.  Peter,  "Recursive 
Functions,  Moscow,  Foreign  Literature  Press,  1954,  p.  38 
(footnote). 
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ral  theory  of  such  systems.  Sven  the  very  method  of 
specifying  nrimitive-recursive  functions  recalls  the  me' 


thod  of  specifying  the 


rule 


a  for  the  production  and- 


rules  of  transformation  in • logical  -calculations:  one 
specifies  directly  the  primitive-recursive  functions  as 
initial  ones,  and  inductive  rules  are  then  given  which 
makes  it  possible  from  the  already-constructed  primitive- 
recursive  functions  to  construct  new  ones.  However,  the 
imparting  of  an  exact  meaning  to  this  analogy  and  the 
clarification  of  the  actual  meaning  of  primitive-recur¬ 
sive  functions  is  a  difficult  problem  certain  results 
of  which  will  be  clarified- by  us  in  connection  with  the 
work  of  A.  V.  Kuznetsov  /_  1__/,  based  on  a  study  of  the 
examples  of  complex-recursive  functions  (i.e.,  general- 
recursive  functions  which  are  not  primitive-recursive) , 
belonging  to  the  author. 

Let  us  note  that  in  the  history  of  the  development 


of  the  theory  of  recursive  functions  and  operators,  the 
principal  significance  was  attached  initially  only  to  . 
general-recursive  functions:  the  most  important  role  of 
partially-recursive  functions  (and  particularly  opera¬ 
tors)  was  clarified  completely  with  active  participation 
of  the  -Soviet  mathematicians  and  logicians,  which  we ' 
shall  dwell  on  later,  only  in  recent  years. 

'The  implicit  character  of  the  specification  of 
the  recursive  function  by  means  of  a  system  of  equations 
that  defines  it  has  naturally  given  rise  to  the  desire 
for  replacing  this  implicit  definition  by  an  explicit 
one.  The  latter  was • realized  for  generally-re cursive 
functions  in  1936,  for  partially-recursive-  functions  in 
194-3  by  Kleene,  who  has  shown  that  is  enough  to  add  to 
primitive-recursive  functions  (and  predicates)  the  ope¬ 
rator  "the  smallest  y  such  that..."  in  order  to 

obtain  the  possibility  of 'representing  explicity  any 
partially-recursive  function,  specified  (implicitly)  by 
a  system  of  equations  that  defines  it.  Connected  with 


the  Kleene  representation  is  one  important  problem  a 
complete  solution- of  which,  now  contained’  in  all  the 
monographs  and  handbooks  on  the  theory  of  recursive 
functions,  belongs  to  A.  A.  Markov,  v/e  now  proceed  to 
An  elucidation  of  the  corresponding  works  by  A.  A. 


Markov  of  1947  /  36_/  and  1945  /39_7U 

2.  "The  explicit  representation  proposed  by  Kleene 
for  a  recursive  function  F  of  n  arguments  has  the  form 


where  P 
went,  Q 

<?{*» 

is 


P(w(Q(2t 


**•  y)»0))s  (4) 

is  the  primitive-recursive  function  of  one  argu- 


a  primitive-recursive  function  of 
.*  the  smallest  of  the  numbers 
2...  v\  to  vanish  (for  given 

then 
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a,  general-recursive  function, 
oisfy 


the 


n  +  1  arguments, 
y  which  cause 
) .  (If  P 
function  Q 


should  satisfy  the  additional  condition 


Vx,  . ..  yx^tf(Q(:e&, 


i.e.,  the-  function  "py  should  be  defined  for  all  the 
groups  of  n  of  .) 

It  was  found  here  (this  was  clarified  by  Kleene  in 
1943)  that  in  representation  (4)  it  is  possible  to  choose 
the , primitive-recursive  function  P  quite  independent  of 
the  represented  function  P.  However,  the  function  P , 
which  is  universal  in  this  sense,  and  indicated  by  Kleene 
himself,  was  defined  by  means  of  a  very  complex  aggregate 
of  substitution  schemes  and  primitive  recursion  schemes; 

In  1944  Skolem  suggested  that  one  can  dispense’  in 
general  with  the  function  P,  i.e*,  one  can  represent  any 
general-re  cursive  function.  P  of  an  argument  in  the  form 


^(*11  •  ••>  %t)  —  0),  (5) 

where .  Q  is  a.  primitive-recursive  function  of  .n  +  1  a.rgu- 
ments,  satisfying  the  foregoing  additional  condition. 

Skolem  formulated  in  this  case  a  simple  necessary 
and  sufficient  condition  for  representability  of  a  gene¬ 
ral-recursive  function  in  the  from  (5) »  However,  the  prob- 


1.  The  paper  by  A.  A,  Markov  /  39_J/  contains  a  detailed 
proof  and  a  certain' strengthening  of  the  result  detailed 
in  his  note  [_  36__/»  The  solution  of  Markov  together  .with 
a  complete  proof  of  all  his  theorems  is  given,  in  the  book 
by  E.  Peter  "Recursive  Functions",  Moscow,  Foreign  Litera¬ 
ture  Press,  1954,  pp.  190  —  195.  See  also  3,  C«  Kleene, 
Introduction  to  Meta-Mathematics,  Moscow,  Foreign  Litera¬ 
ture  Press,  1957»  p.  258. 
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:lea  of  whether  any  general-re  our  sive  function  satisfies  ; 
tMs  condition  Ms  remained  open. 

In  1946  Post  answered  'this  question  in  the  nega¬ 
tive,  giving  an  example  of  a  general-recursive  function 
that  did  not  satisfy  the  Skolem  condition. 

A  complete  solution  of  the  problem  of  the  class 
of  primitive-recursive  functions  P,-  which  can  play  a 
.role  of  universal  ones  in  the  representation  (four)  was 
given  in  1947  by  A.  A.  Markov  /.36 £J  • 

Markov’s  solution  consists  of  the  following. 

A  primitive-recursive  function  P  (of  one  argument) 
is  universal  when  and  only  when  it  is  a  function  of^large 
spread,  i.e.,  it  assumes  ail  the  natural  values,  ano.  with 
this  each  of  this  it  assumes  an  infinite  number  of  times. 

In  the  representation  of  Skolem  (5)  when  actually  he  takes 
for  P  the  function  P{x)  ,  which  is  not  a  function  of 
large  spread  (it  assumes  each  value  only  once).  By  vir- 
tue°of  the  Markov  theorem  this  explains  that  not  every 
general-recursive  function  is  representable  in  the  form 

(5). 

We  remark  that  the  proof  of  necessity  for  a  uni¬ 
versal  (for  all  general-recursive)  functions  P  be  a  func¬ 
tion  of  large  spread  *  is  of  the  reverse  type,  i.e.,  not 

constructive.  ’’It  is  hardly  possible  to _ replace  it  by  a 

constructed  proof,1’  notes  A.  A.  Markov  £  39_/  ( P •  424), 
and  he  formulates  on  the  spot  a  weakened  form  of  theorem 
III  (equivalent  to  its  double  negation) ,  proved  construc¬ 
tively  by  his  arguments.  •  -  - 

3.  In  the  same  work  A.  A.  Markov  £  39„/»  t*1  connec¬ 
tion  with  the  proof  of  the  lemma  he  requires  raised  a  ques¬ 
tion  equivalent,  as  noted  by  A.  V.  Kuznetsov  £  l_/»  to  the 
following:  do  thex*e  exist  such  monotonically— increasing 

complex-recursive  functions  (?(*)•  ,  for  which  the  set  of 
values  are  primitive-recursive  (i.e.,  primitive-recursive 
predicates  F,  where  f  (x)  ms  1*  (f  (i)  **  a))  ? 

We  nave in  mind  here  the  proof  of  theorem  III:  on  the 
possibility  of  constructing  such  a  general-recursive  func¬ 
tion  of  n  arguments,  Ihat  in  any  of  its  representation  in 
form  (4)  (with  primitive-recursive  P  and  Q)  P  is  a  func¬ 
tion  of  large  spread. 


41 


-_L 

As  is  well  known,  the  hanging  of  an  existence  ; 
quantor  on  a  two-place  primitive-recursive  predicate 
gives  rise  to  a  one-place  predicate,  which  occupies  in  the 
well-known  Kleene-Mostowski  classification  a  higher  place: 
this  is  a  re cursive ly-enumerable ,  but. in  the  general  case 
not  a  recursive  predicate.  *  It  terns  out,  however,  as 
was  shown  by  A.  V.  Kuznetsov  [_  1_J  *),  that  a  positive 
answer  should  be  given  to  the  foregoing  question. 

In  the  fall  of  1947  A*  V,  Kuznetsov  independently 
of  rf.  Ackermann  (the  example'5*  constructed  by  the  latter 
was  unknown  at  that  time  to  A.  ?.  Kuznetsov)  constructed 
several  examples  of  such  functions,  which  are  gene rally- 
re  cursive,  but  increase  more  rapidly  than  all  the  primi¬ 
tive-recursive  functions.  •  One  of  the  simplest  examples 
of  such  types  of  function  was  the  function  ?(*)  ,  defined 
by  the  following  system  of  equations 

(x,  x),  #(*,  0)i»  2ar. 

$  (0,  y')  ~  1.  y'),  y). 

'  The  function  «$(r,  y)  /Vwas  later  on  denoted  by  A.  V. 
Kuznetsov  by  2£  ;  with  this,  the  result  was  . ' 

As  can  be  seen  from  the  system  of  equations  defin¬ 
ing  it,  the  function  ^(r)  is  general-recursive.  At  the 
same  time,  increases  with  increasing  x  faster  than 
any  primitive-recursive  function:  no  matter  what  the 
primitive-recursive  function  f(x)  ,  we  have  for  it 

{x  >  t  — *  2J  > /{ x)) 

Thus,  is  a  general-re cursvie  but  not  a  primitive - 


1.  Recursive  predicates  are  analogues  of  B-sets,  while 
recursive  enumerable  ones  are  analogues  of  A-sets. 

2.  The  note  by  A.  V.  Kuznetsov  /  1 j  v/as  dictated  on 

12  January  1958.  The  actual  results  published  in  it  were 
obtained  in  1947 — 1949. 

3.  V/.  A eke rn arm,  Zum  Hilbertschen  Aufbau  der  reelen  Zahlen, 
Math.  Ann.  99  (1928?),  118  —  133.  .  The  works  of  R.  Noether, 
and  R.  K.  Robinson,  mentioned  in  the  book  by  R.  Peter 
"Recrusive  Functions,"  Moscow,  Foreign  Literature  Press, 
1954,  p.  92,  footnote  2,  were  also  unknown  by  A.  V. 
Kuznetsov, 
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recursive 

In 

2^ '  with 

<» 

Kuznetsov 

sitions. 


function. 

general,  from  a  comparison  of  the  function 
the  primitive-recursive  functions,  A.  V, 
obtained' in  1947  —  1948  the  following  propo- 


a)  The  function  &£  for  any  .(fixed)  n  is  primi¬ 
tive-recursive, 

b)  for  any  primitive  recursive  function  f  (x)  there._; 
exists  such  natural  numbers  n  and  ra,  that 


V*  !/(*)<  2S  ■+ »«)> 

c)  In  order  for  the  function  f(x)  to  grow  more 
rapidly  than  all  the . primitive-recursive  functions,  it  is 
necessary  and  sufficient  that  it  grow  more  rapidly  than 
all  functions  of  the  type  (n  fixed). 

'••/ith  the  aid  of  function  2*  »  A.  7,  Kuznetsov  in¬ 

deed  answered  directly  the  problem  raised  in  1949  by  A.  A, 
Markov.  lamely,  it  was  found  that  the  function  2£  (which 
is  monotonically  increasing)  is  generally-recursive ,  but 
not  primitively-reeursive, • while  the  predicate  P,  where 
**  is  primitive-recursive  (A,  V.  Kuznetsov 

Z  ij). 

from  among  the  number  of  other  applications  of 
everywhere  computable  (general-recursive)  functions, 
which  increase  more  rapidly  than  all  primitive-recursive 
ones,  with  which  A,  V.  Kuznetsov  dealt  in  1947  —  1948, 
we  shall  mention  the  following. 

The  first,  chapter  in  the  booklet  by  A.  Ya,  Khinchin 
'Tri  zhemchuzhiny  teorii  chisel”  /  Three  Pearls  from  the 
Number  Theory^?  is  devoted  to  a  proof  of  the  we  11 -mown 
Van  der  v/aerden  theorem,  which  states: 

Let  k  and  l  be  arbitrary  .natural  numbers.  Then 
there  exists  such  a  natural  number  »(*./),  that  when  any 
segment  of  a  series  of  natural  numbers  of  length  *(£,/) 
is  broken  up  in  any  manner  into  k  classes  (among  which 
there,  may  be  empty  ones)  an  arithmetic  progression  of 
length  will  be  found  in  at  least  one  of  these  classes. 

In  two  different  editions  of  the  booklet  by  A.  Ya. 
Khinchin,  this  theorem  is  proved  differently.  But  in  both 
cases  the  .function  n (£,/),  which  satisfies  the  conditions 
of  the  theorem,  is  so  constructed,  that  it  isn’t  majored 
by  any  primitive-recursive  function.  The. latter  was 
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-  _L. 

indeed  observed  by  A.  V,  Kuznetsov  with  the  aid  of  esti-  : 
mates,  obtained  by  him  through  comparison  of  a  defining 
construction  for  n(fty  /)  with  the  definition  of  2£  » 

In  addition  to  the  answer  to  the  question  of  A.  A. 
Markov,  the  note  by  A.  V,  Kuznetsov  /_  1_J  contains  a  cer¬ 
tain  attempt  to  develop  a  general  theory  of  functions  of 
large  spread  and  the  associated  (with  these  functions  and 
not  with  the  expansions  into  simple  factors)  numerations  . 
of  pairs,  groups  of  n,  and.  processions  (i.e.,  any  type  of 
finite  sequences).  _  _ 

In  the  note  by  A.  ?.  Kuznetsov  /  l_j  there  is  alo 
formulated,  a  certain  thesis,  pertaining  to  the  characte¬ 
ristic  features  of  any  effective  computation  process,  and 
as  a  consequence  of  this  a  general  conclusion  is  drawn 
concerning  an  estimate  of  the  length  of  the  process  of 
calculation  of  a  complex-recursive  function. 

As  is  known,  the  question  of  any  particular  charac¬ 
teristic  differences  of  primitive-recursive  functions  from 
general-recursive  functions . has  not  found  as  yet  a  convin¬ 
cing  solution.  It  is  true,  naturally,  that  the  remark'  of 
R.  Peter1* (made  by  her  in  connection  with  the  foregoing 
Ackermann  example),  that  the  most  substantial  peculiari¬ 
ties  of  recursive  functions,  which  are  not  primitive-recur¬ 
sive,  appear  indeed  in  examples  of  functions  which  are. not 
majored  by  any  primitive-recursive  functions,  is  correct. 

But  the  question  of  whether  it  is  necessary  to  separate  as 
simplest  functions  all  the  primitive  recursive  functions 
still  remains  unclarified  to  date.  The  thesis  of  A.  V. 
Kuznetsov  casts  light  on  the  role  of  primitive-recursive 
functions  In  any  algorithmic  (realized  in  accordance  with 
definite  rules)  process  of  calculation.  It  pertains  to 
elementary  steps,  into  which  this  process  of  calculation 
is  broken  up  but  which  themselves  no  longer  lend  themselves 
to  further  subdivision,  and  consist  of  the  following:  the 
rules  of  the  algorithms  can  always  be  formulated  in  such  a 
way,  that  each  elementary  step  consists  of  a  (single)  appli¬ 
cation  of  such  rules  of  computation  (analogues  of  the  rules 
of  deduction),  of  which  there  is  a  finite 'number  and  each 
of  which  is  such,  that  the  relation  between  that  which  is 

TI  ^Recursive  Functions,"  Moscow,  Foreign  literature  Press, 
1954,  p.  182.  • 


44 


detained  from  a .  given  ruDe  4/itfo.  that  from  which,  we  obtain 
it  (upon  single  application  of  the  rule),  is  (after  corres¬ 
ponding  arithmetization)  a  primitive-recursive  predicate. 

The  consequence  of  this  thesis'*  is  such:  The  length  of 
the  process  Of  calculation  (expressed,  for  example,  by  a 
number  of  symbols,  which  must  be  written  out  during  the 
calculations,  or  by  a  length  of  time)'  of  a  complex-recur¬ 
sive  function  in  accordance  with  no  matter  what  type  of 
algorithms  is  not  measured  by  any  primitive-recursive  func¬ 
tion..  The  unclarified  question,  which  was  mentioned  above 
(and  which  was  formulated  by  A.  V.  Kuznetsov  in  January 
1949)  pertains. to  whether  it  is  possible,  in  the  formulation 
of  the  foregoing  thesis,  to  limit  still  further  the  class 
of  predicates,  corresponding  to  the  elementary  (non-divi- 
sable)  steps  of  the  calculation.  Its  solution  was  preven¬ 
ted  by  the  absence  of  a  single  visualization  of  all  the 
conceivable  .elementary  steps  of  an  arbitrary  algorithm.  At 
the  present  time  such  a  visualization  can  be  obtained  by 
starting  with  the  definition  of  the  algorithm  after  Kolmo¬ 
gorov,  which  will  be  discussed  in  the  next  section. 

,4.  Definition  of  the  Algorithm.  General  Theory 

of  Algorithms 

1.  Church's  thesis  identifies  calculable  functions 
with  the  recursive  functions.  However,  the  concept  of  a 
recursive  function  arose  not  as  an  indirect  reflection  of 
the  process  of  calculation  itself  of  the  value  of  the  func¬ 
tion,  starting  with  a  system  of  values  of  its  argument. 

From  any  definition  of  any  kind  of  recursive  function  (im¬ 
plicit,  and  more  so,  explicit)  it  is  easy  to  extract,  natu¬ 
rally  a  method  of  constructing  the  algorith,  which  converts 
each  specified  system  of  values  of  the  arguments  (for  which 
the  function  is  defined)  into  corresponding  values  of  the 
function.  But  the  definition  of  the  recursive  function  is 
in  itself  not  yet  an  algorith.  Furthermore,  not  every  algo- 

17  Reported  at  the  Seminar  on  Mathematical  Logic  at  the 
Moscow  University  in  January  1949. 


45 


T 


rithm  (a  process  performed  in  accordance  with  an  exact 
prescription  and  leading  from  initial  data,  which  may  vary, 
to  the  sought  result  (A.  A.  Markov))  pertains  directly  to 
the  calculation  of  the  values  of  arithmetic  functions. 

With  the  aid  of  the  methods  of  arithmetization,  the 
most  important  of  which  is  the  Groedel  arithmetization  of 
meta-theorie s ,  based  on  an  effective  recount  of  the  formal 
objects  of  theory,  it  is  possible,  naturally,  to  reduce  the 
process  of  the  existence  (or  respectively  non-existence) 
of  the  sought  algorithm  to  the  problem  of  recursiveness 
(respectively,  non-recursiveness)  of  a  certain  airthmetic 
function.  It  was  exiactly  in  this  way  that  the  famous  proof 
was  obtained  (Church,  1936)  of  non-existence  of  an  algorithm, 
which  permits  to  recognize,  from  the  form  of  the  formula  of 
a  narrow  calculus  of  predicates,  whether  this  formula  can 
be  proved  in  this  calculus  or  not  (the  problem  of  resolva¬ 
bility  for  a  narrow  calculus  of  predicates).  The  same  me¬ 
thod  was  used  by  A.  A.  Markov,  Post,  and  others  to  obtain 
a  series  of  results  (which  will  be  discussed  in  detail  in 
Section  9) ,  pertaining  to  the  impossibility  of  certain  algo¬ 
rithms^*.  in  theories  of  associative  systems  with  integral- 
number  matrices. 

It  is  possible  to  say  therefore  that  the  definition 
of  the  recursive  function  makes  it  possible  to  assign  an 
exact  meaning  if  not  to  the  concept  of  algorithm  itself,  then 
to  statements  concerning  the  existence  and  particularly  the 
non-existence  of  an  algorithm.  Prom  among  the  other  refine¬ 
ments  of  the  concept  of  algorithm  (through  the  Turing  machine, 
the  finite  combinatorial  process  of  Post,  the  definition  of 
a  computable  function  with  the  aid  of  the  Church  A  -conver¬ 
sion  calculus,  or,  more  generally,  the  definition  as  a  func-  ^ 
tion  whose  values  can  be  derived  in  a  certain  logical  calculus, 


1,  The  Russian  words  "algorifm’1 2  and  "algoritm”  are  used  as 
synonyms.  A.  A.  Markov  and  his  students  usually  write  "algo- 
rifm.1'  In  papers  by  other  authors  one  encounters  more  fre¬ 
quently  the  spelling  "algoritm. " 

2.  Including  also  the  definition  of  the  algorithm  in  terms 
of  simulation  by  finite  classes,  proposed  in  1949  by  B.  A. 
Trakhtenbrot  [_  1,  6  J  which  we  shall  deal  with  in  Section  12. 
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etc.),  the  closest  to  a  description  of  any  automatically 
performed  process  of  calculation  is  the  definition  of  the 
Turing  machine;  the  others  either  do  not  satisfy  (analo¬ 
gously  to  the  definition  of  the  recursive  function)  direc¬ 
tly  the  question  “what  is  an  algorith?"  or  else  describe 
directly  only  certain  types  of  algorithmic  processes,  which 
are  realizable,  for  example,  *>y  means  of  a  machine  of  de  1- 
nite  construction.  However,  one  can  judge  that  even  in 
the  luring  machine  there  are  not  exhibited  directly  the 
characteristic  features  of  any  effective  automatic  process, 
performed  in  accordance  with  a  definite  program  of  action 
on  initial  data  that  are  capable  of  varying,  at  least  from 
the  fact  that  the  proof  of  the  equivalence  of  other • defini¬ 
tions  of  the  algorithm  to  the  definition  with  the  aid  o 
the  Turing  machine  requires  sometimes  great  cleverness.  n 
this  connection,  the  need  arises  naturally  for  giving  sue 
a  definition  (sufficiently  accurate,  so  it  be  useable  in 
mathematics)  of  an  algorithm,  which  would  be  free  of  ail 

these  shortcomings.  „  _ 

In  1951  A.  A.  Markov  /  41 J  proposed  a  refinement 

of  the  concept  of  algorithm  ("normal  algorithms"  of  A.  A. 
Markov),  based  on  the  representation  of  constructive  objects 
of  mathematics  in  the  form  of  words  in  a  certain  fini  e 
alphabe,  *  and  programs  of  action  of  the  algorithm . in  e 
form  of  a  list  of  prescriptions  written  in  a  definite  se¬ 
quence,  requiring  the  replacement  in  an  already  available 
word  of  the  first  entrance  of  some  word  P  on  to  a  word  y. 

The  exact  definition  of  normal  algorithm  proposed 
by  A.  A,  Markov  is  constructed,  on  the  basis  of  the  follow¬ 
ing  three  characteristic  features  of  any  algorithm  4-l_y, 

p.  176);  .  . 

a)  The  presence  of  an  exact  prescription,  which 

leaves  no  place  for  arbitrariness  in  the  known  generally 
accepted  sense  —  determiniteness  of  the  algorithm.  _ 

b)  Possibility  of  starting  with  initial  data  that 
can  vaiy  within  certain  limits  —  mass  nature  of  the  algo- 


1.  If  the  alphabet  contains  ten  Arabic  numbers,  then  the 
writing  of  the  number  in  decimal  system  is  also  a  word  m 
this  alphabet. 
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rithm. 

c)  She  trend  of  the  algorithm  towards  obtaining  a 
certain  sought  result,  the  final  analysis  obtained  under 
suitable  initial  data  -  reshltativeness  of  the  algorithm. 

Another  principal  these,  from  which  A.  A.  Markov 
starts,  consists  of  the  fact  that ilainy  computing  process, 
used  in  mathematics,  reduced  to  a  certain  potentially  rea¬ 
lizable  process  of  successive  transformation  of  words  in 
a  suitable  alphabet11  •  (/  41 _/,  p.  180)* 

Even  closer  to  any  real  process  of  calculation, 
realized  by  any  sum  of  computing  mechanism,  is  the  defini¬ 
tion  of  the  algorithm  proposed  jin  the  winter  of  1951  — 

1952  by  A.  N.-  Kolmogorov  2*135 _/♦  A  student  of  Kolmogorov, 
V.  A,  Uspenskiy,  refined  for  the  first  time  (1955)  a  con¬ 
cept  of  a  program  (algorithm)  independent  of  the  choice  of 
the  definition  of  the  algorithm,  as 'will  be  discussed  in 
Section  5*  The  best  developed  at  the  present  time  is  the 
theory  of  normal  algorithms  of  Markov.  We  shall  start  with 
this  theory  the  evaluation  of  the  work  of  Soviet  mathemati¬ 
cians,  devoted  to  a  refinement  of  the  concept  of  the  algo¬ 
rithm  and  the  general  theory  of  algorithms. 

2.  Markov’s  theory  of  algorithms_has  been  expounded 
in  all  its  details  in  a  large  book  /  48 _/ .  A  clear  and 
accessible  brief  exposition  of  this  theory  is  contained  in 
the  article  /  41,  46  /.  The  best  that  we  could  do  here  in 
order  to  explain  the  contents  of  this  theory,  would  be  to 
restate  these  articles  by  A.  A,  Markov.  We  therefore  think 
it  better  to  refer  the  reader  to  them  directly.  *  .  We  shall 
dwell  only  on  the  follwing  instances  here. 

a)Inasmuch  as  A.  A.  Markov  starts  with  the  fact  that 
any  algorithmic  process  used  in  mathematics  consists  of  con¬ 
verting  words  in  a  certain  alphabet  into  words,  .  he  dwells 


1.  A  good  explanation  of  the  contents  of  the  book  of  A. 

A.  Markov  /  48 \ _J  can  be  found  by  the  reader  also  in  the 
review  of  N,  A.  Shanin  ( Ref e rat  Zhur  Matematika,  1956, 

Abstract  No.  2716. 

2.  If  the  prescriptions  of  the  algorithm  are  such  that  they 
cause  an  unlimited  continuation  of  the  reprocessing  of  the 
word!  P,  then  the  algorithm  is  considered  as  unapplicable  (cont.) 


48 


in  detail  on  a  general  description  of  the  symbol  of  the 
alphabet  ("letter1')  and  the  "abstract  letter"  and  to  a 
"word"  compiled  of  such  symbols  as  the  constructive  objects, 
in  the  Construction  of  which  ah  important  role  is  played 
only  by  the  preposition  that  it  is  possible  to  distinguish 
strictly  and  to  identify  the  initial  objects  ("abstraction 
of  identification")  and  to  create  from  them  words  of  any 
desired  length  ("abstraction  of  potential  realizability"). 

The  abstraction  of  actual  infinity  is  not  admitted. 
For  what  is  coming,  it  is  important  to  distinguish  between 
the  terms  "algorithm  in  the  alphabet  A"  (under  which  is 
meant  "a  generally  understood  prescription,  which  deter¬ 
mines  the  potentially  realizable  jxroc£ss  on  abstract  words 
in  A,  starting  with  any  word  A"  [_  41 __/,  p.  180),  and  "an 
algorithm  on  the  alphabet  A",  i.e,,  an  algorithm  in  a  cer¬ 
tain  alphabet  containing  A. 

b)  The  normal  algorithms  of  A.  A.  Markov  are  speci¬ 
fied  by  schemes  of  substitutions,  i.e.,  by  a  list  of  elemen¬ 
tary  operations  of  local  character  arranged  in  a  definite 
sequence  and  performed  on  words  (the  "locality"  of  the  ope¬ 
ration  consists  of  the  fact  that  the  latter  touches  only  on 
a  given  type  of  a  section  of  the  converted  word) . 

c)  The  question  as  to  what  extent  the  exact  concept 
of  a  normal  algorithm  corresponds  to  the  previously-formu¬ 
lated  general  concept  and  to  the  not  £Uite  exact  concept  of 
the  algorithm  in  a  given  alphabet"  (</  fl__/,  P*  183,  and 
here,  Section  1)  the  answer  is  given  in  the  form  of  the 
following  principle  of  normalization  of  algorithms:  any 
algorithm  in  the  alphabet  A  is  fully  equivalentjwith  respect 
to  A  to  a  certain  normal  algorith  on  A  /  48_/.  In  con¬ 
firming  the  correctness  of  this  statement  many  proofs  are 
brought,  of  which  the  most  important  consists  of  the  fact 


(Footnote  2.  on  pg.  48  cont.)  ...to  the  word  P.  In  this 
connection  one  can  say  that  the  algorithm  is  a  partial  func¬ 
tion,  pertaining  to  the  words  of  the  word. 

1.  Two  algorithms  are  fully  equivalent  relative  to  the 
alphabet  A,  if  every  time  that  one  of  these  processes  a 
certain  word  P  into  A  into  a  word  Q,  the  other  does  the 
same . 
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;  that  "all  the  algorithms  thus  far  knovn_in  mathematics  are 
equivalent  to  normal  Algorithms"  (/  4L_/,  p.  183).  Also 
in  favor  of  this  statement  are  many  theorems  on  different 
combinations  of  normal  algorithms.  ‘The  algorithm  obtained 
as  a  result  of  such  combinations  always  is  found  to  be 
equivalent  to  a  certain  normal  algorithm. 

d)  Inasmuch  as  the  scheme  .of  prescriptions  that 
:  specifies  a  certain  normal  algorithm  in  alphabet  A  can 
'  itself  be  written  in  the  form  of  a  word  in  a  certain 
alphabet,  then  it  becomes  possible  to  construct  a  univer¬ 
sal  normal  algorithm,  the  application  of  which  to  a  word 
representing  a  pair  of  words:  1)  writing  ("image")  of  a 
normal  algorithm  S  in  the  alphabet  A,  and  2)  a  word  P 
in  the  same  alphabet  gives  the  same  as  the  application  of 
the  algorithm  H  to  the  word  P.  This  theorem  on  the  uni¬ 
versal  algorithm  serves  as  a  base  for  many  proofs  of 
impossibility  of  algorithms.  With  its  aid  it  is  proved 
above  all  (by  means  of •  an  argument  similar  to  the  "diago¬ 
nal  method"  of  G.  Cantor),  that  it  is  impossible  to  have 
a  normal  algorithm  on  an  alphabet  (consisting  of  a  pair 
of  letters  (a,  b)),  recognizing  the  non-self-applicability 
of  the  algorithm  (i.e.,  applicable  to  those  and  only  to 
those  recordings  of  normal  algorithms  in  A,  which  are 
recordings'  of  algorithms  which  are  not  applicable  to  their 
own  recording).  Theorems  of  this  type  indeed  serve,  as  a 
starting  point  for  the  second  part  of  the  book  ^  48 de¬ 
voted  to  the  proof  (by  now  using  the  means  of  the  general 
theory  of  normal  algorithms)  of  the  non-|olvability  of 
several  algorithmic  problems  of  algebra,  *  above  all  the 
theory  of  associative  calculus. 

(The  associative  types  of  calculus  are  related  with 
the  normal  algorithms  by  means  of  the  following  theorem: 
"No  matter  what  a  normal  algorithm  %  in  the  alphabet  A, 
it  is  possible  to  construct  such  anassociative  calculus 
9  on  the  alphabet  (here  a&y  arg  letters 

that  do  not  enter  into  A),  that  the  equality  *.  H(P)*=<? 
will  take  place  for  the  words  P  and  Q  in  the  alphabet  A 
when  and  only  when  fapp  is  equivalent  to  ^0  in  bb-e 


1.  That  is,  the  proof  of  non-existence  of  certain  algo¬ 
rithms. 

2.  (P)  denotes  of  the  result  of  the  application  of  the 
algorithm  .*  to  the  word  P  (if  such  exists). 
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calculus  8  "  /  48 Jt  p,  208.)  Translated  into  the  lan-  : 
guage  of  the  theory  of  recursive  functions,  this  means, 
approximately,  that  the'  set  of  proved  equivalences  of 
associative  calculus  is  recursively  enumerable,  but  not 
neeessarity  recursive  by  all  means,  and  therefore  the 
problem  of  solvability  in  general  case  is  not  solved  for 
it. ) 

3,  The  proof  of  the  equivalence  of  the  principle  .... 
of  normalisation  of  A.  A.  Markov  and  Church's  thesis  on 
the  coincidence  of  the  concepts  of  effective  calculabi- 
lity  in  the  general  recursiveness  was  first  obtained  by 
V,  K.  Letlov3  l_  L_J .  V.  K.  hetlovs  writes  the  natural 
numbers  in  alphabet  m  and  the  ordered  groups  of  n  of 
the  natural  numbers  in  the  alphabet  C  *  {1,*}  .  The  word 
*,*...***  in  this  lactation  an  ordered  n  group  •*(»•-  ,xH  . 

The  function  <|>  (x,, ...  is  called  algorithmic 
if  there  exists  a  normal  algorithm  %  on  the  alphabet 
C  such  that 

•  »•**  8  (*|*  ...  ***). 

The  symbol  sat  denotes  that  if  one  of  the  parts  of  the 

formula  makes  sense,  then  the  other  one  also  makes  sense, 
and  both  are  then  equal  to  each  other.  If  both  parts  of 

the  formula  make  sense  (and  are  equal)  for  all  groups  of 

n  of  the  natural  numbers,  then  the  function  is  called 
fully  algorithmic. 

The  principal  result  of  V.  K.  hetlovs  consists  of 
that  the  contents  of  the  ooncepts  "algorithmic"  and  "par¬ 
tially  recursive"  (functions)  coincide.  Equally  identical 
are  the  volumes  of  the  concepts  "fully  algorithmic"  and 
"generally  recursive,"  functions.  * 

Other  participants  in  the  Seminar  on  Mathematical 
Logic  at  the  Leningrad  Division  of  the  Mathematical  Insti¬ 
tute  imeni  V.  A.  Steklov,  namely,  N.  M.  Nagornyy,  E.  3. 
Orlovskiy,  G.,  S.  Tseytin  (students  of  A.  A.  Markov), 


1.  The  paper  of  Y.  K.  hetlovs  was  ptiblished,  together 
v/ith  complete  proofs,  "Equivalence  of  Normal  Algorithms 
and  Recairsive  functions"  and  those  mentioned  later,  in 
the  collection  of  paper  of  the  Leningrad_Seminar  on  Mathe¬ 
matical  Logics (Trudy  MIAN  im.  Steklova  /  Works  of  the 
.Mathematics  Institute  of  the  Academy  of  Sciences  imeni  ... 
Steklov J  52). 
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obtained  many  results  pertaining  to  a  further  development 
of  the  theory  of  normal_algorithms . 

In  the  note  /  1 J%  Nagornyy  (1953)  strength- 

end  the  theorem  proved  by  Markov  concerning  the  reduction 
of  normal  algorithms,  according  to  which  any  normal  algo¬ 
rithms  on  a  certain  alphabet  can  be  replaced  by  an  equi¬ 
valent  (with  respect  to  A)  normal  algorithm  in  a  merely 
two-letter  expansion  of  the  alphabet  A.  -N.  M.  Nagornyy  .... 
has  shown  that  it  is  possible  to  confine  oneself  also  to 
a  one-letter  expansion,  but  to  go  without  any  expansion 
of  the  alphabet  at  all  it  is  impossible  for  normal  algo¬ 
rithms  in  the  general  case.  (This  is  possible  for  Turing 
machines,  where  the  empty  place*  between  words  can  be  use 
as  a  separate  symbol1’.)  Thus,  in  particular,  a  doubling 
normal  algorithm  on  A  is  not  equivalent  relative  to  A 
any  normal  algorithm  in  A.  This,  as  proved  later  on  by 
N.  M.  Nagornyy  /  3_/  is  found  to  be  generally  true  or 
any  normal  algorithm  which  stretches  words  (by  a  factor 

of  several  times).  „  _  .  ,  ,  .  .  . 

In  reference  /  2_J  (which  is  expounded  in  detail 

in  /~ 4  7)  N.  M.  Nagornyy  considered  certain,  generalize- 
tions  of  the  concept  of  normal  algorithms.  The  principa 
feature  of  the  algorithms  considered  by  him  consist  of 
that  each  step  of  the  work  of  the  algorithm  is  not  only 
developed  a  certain  word,  but  a  scheme  is  indicated,  which 
must  be  applied  in  the  next  step.  Per  the  simplest  of 
these  generalizations  —  for  algorithms  o  “^P®  9  ’ 

they  are  called  by  the  author,  it  is  particularly  ea  f 
construct  concrete  algorithms  and  the  author  proves  tneo- 
rems  on  the  composition  of  algorithms :  formation  of  com¬ 
plex  algorithms  from  those  already  available.  Tne  equi¬ 
valents  proved  by  the  author  of  the  concepts  of  algo- 
rithms  of  the  types  considered  by  him  to  the  concept  of 
the  normal  algorithm  (which  is  in  itself  of  interest  as  a 
supplementary  argument  in  favor  of  the  principle  of 
malization)  makes  it  possible  to  use  algorithms  of  type 
ffoi  simplification  of  the  proof  of  many  theorems  on 


1  This  result  was  Reported  at  the  cession  of  the  oemi 
nar  on  Mathematical  logic  at  the  Moscow  University  in 
April  1957.  It  is  published  in  the  journal  ueitschr 
Math.  Logik  u.  G-rundlagen  Math. 
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the  composition  of  normal  algorithms.  ^ 

In  a  diploma  thesis,  V.  S.  Cherny avskiy  considered 

a  subclass  in  the  class  of  normal  algorithms,  consisting 
of  algorithms  which  he  called  a  "shuttle11  algorithm,  and 
for  which  he  proved  that  ahy  normal  algorithm  in  the  alpha¬ 
bet  A  is  equivalent  relative  to  A  to  a  certain  shuttle  al¬ 
gorithm  on  A.  By  virtue  of  this  equivalence  the  theory  of 
normal  algorithms  can  be  reduced  to  the  theory  of  shuttle 
algorithms,  in  which  a  series  of  theorems  (particularly  on 
the  composition  of  algorithms,  on  the  equivalence  (in  a 
definite  sense)  of  the  definition  of  the  shuttle  algorithm 
to  the  definition  of  the  Turing  machine ,  and  on  the  univer¬ 
sal  algorithm)  are  proved  more  simply  (and  more  uniformly) 
than  in  the  general  theory  of  normal  algorithms. 

In  the  list  of  prescriptions,  which  specify  the  nor¬ 
mal  Markov  algorithm,  individual  prescriptions  (steps  of 
the  algorithm)  can  be  of  quite  different  difficulty:  for 
their  performance  it  may  be  necessary  to  have  as  long  a 
time  interval  as  convenient  (this  will  take  place,  for 
example,  if  we  deal  with  ever  lengthening  words,  in  which 
we  must  search  consecutively  the  first  entrance  of  any  de¬ 
finite  words  or  to  verify  the  non-existence  of  such  entran¬ 
ces). 

A  table  of  prescriptions  defining  a  shuttle  algo¬ 
rithm  is  used  at  each  step  to  indicate  directly  a  section 
of  the  word,  subject  to  transformation,  and  this  section 
consists  always  of  not  more  than  two  letters.  The  indivi¬ 
dual  steps  in  shuttle  algorithms  are  thus  (in  principle) 
all  of  the  same  difficulty. 

Shuttle  algorithms  are  readily  interpreted  in  the 
form  of  a  process  that  is  realized  by  a  machine  of  special 
type  or  by  a  living  being,  i.e.,  satisfy  the  requirement 
that  is  imposed  on  a  good  definition  of  an  algorithm,  that 
this  definition  directly  reflect  the  course  of  the  perfor¬ 
mance  of  the  algorithmic  process. 

4.  An  estimate  of  the  number  of  steps  in  the  use  of 
a  normal  algorithm  of  Markov,  as  applied  to  any  word  in  a 
given  alphabet,  was  the  subject  of  a  paper  by  G.  S.  Tseytin, 

T.  IrTpressT™ 
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reported  by  him  at  two  Sessions  of  the  Seminar  on  Mat he-  I 
matical  Logic  at  the  Moscow  University  (14  November  and 
21  November  1956) . 

Introducing  natural  (inductive)  definition  of  the 
function  the  number  of  steps  in  the  application 

of  the  algorithm  K  to  the  word  P  (up  to  termination  of 
the  process  of  conversion  of  this  word),  (J.  S.  Pseytin 
shows  above  all  that  for  all:  alphabets  A  and  (always 
’applicable)  algorithm  SI  on  A,  and  for  any  n  there  exists 
such  an  algorithm  IT  on  A,  equivalent  to  the  relative 
algorithm  #  on  A,  that  for  any  work  P  in  the  alphabet 
A  •  •  -  r 

(Here  £^*  is  the  length  of  the  word  P) . 

Inasmuch  as  the  problem  of  the  estimate  of  the  num¬ 
ber  of  steps  is  posed  not  for  the  algorith,  but  for  the 
algorithmic  function  (obtained  as  a  result  of  identifica-  ' 
tion  of  the  equivalent  algorithms)  ,  whei'e  by  the  estimate 
is  carried,  out  for  those  (of  the  equivalent)  algorithms, 
the  application  of'  which  requires  the  smallest  possible 
number  of  steps,  it  is  clear  from  the  foregoing  theorem 
that  the  only  thing  of  interest  is  an  estimate  of  the 
order  of  the  rate  of  growth  ot  the  number  of  steps  of  the 
algorithm  as  the  length  of  the  word  processed  by  it  is 
increased. 

Since  in  any  finite  alphabet  A  there  exists  only  a' 
finite  number  of  words,  the  length  of  which. does  not  ex¬ 
ceed  a  given  number  nj  then  for  each  algorithm  %  in  the 
alphabet  A  it  is  easy  to  construct  an  algorithm  %  such 
that 

wu  3t(8C,  />). 
f 

It  is  thus  found  that  if,  n (n)  grows  without  limit  with 
increasing  n,  then  N%  <»>  gfows  not  slower,  than  a  certain 
linear  function  of  n  (i.e.,  it  cannot  grow,  for  example,  as 
log  n  or  any  similar  function,  which  grows  flower  than  any 
linear  function) »  , 

Y/e  shall  employ  the  term  "regulator"’  to  non-diminish¬ 
ing  functions  of  integers  with,  integral  values  (more  accu¬ 
rately,  normal  algorithms  defining  such  functions).  Then 
one  can  naturally  say  that  the  number  of  steps  of  an 


algorithmic  function  ip  majored  by  regulator  f,  if  for  ' 
any  algorithm  %  ,  corresponding  to  this  function,  the 
number  of  steps  is  majored  by  f  (i.e.,  %(»)</(*)  > 

starting  with  a  certain  n) .  In  order  to  exclude  the  pos¬ 
sibility  of  a  trivial  estimate  of  the  number  of  steps  of 
an  algorithmic  function,  based  on  the  length  of  the  word, 
which  is  the  value  of  this  function,  we  shall  consider 
such  algorithmic  functions,  which  can  assume  only  two 
different  values  (algorithmic  predicates).  ¥e  shall  say 
that  the  regulator  f  is  "stronger”  than  the  regulator  f, 
if  there  exists  an  algorithmic  predicate,  the  number  of 
steps  of  which  is  majored  by  f.  ,  but  is  not  measured  by 
f.  Then  the  last  result  shows1 that  if  f  is  a  constant 
and  f^  is  "stronger"  than  f,  then  f_  increases  not  slower 
than  a  linear  function,  i.e.,  we  have  here  a  "jump"  from 
a  constant  to  a  linear  function.  For  regulators,  on  the 
other  hand,  which  increase  no  slower  than  the  linear 
function,  the  situation  is  quite  different,  as  shown  by 
the  following  theorem. 

Theorem.  Let  there  be  given  regulators  f  and  f  , 
with  •  /(n)>«  and  $(n)—raa  .  Then  it  is  possible  to 
construct  an  algorithmic  predicate,  the  number  of  steps 
of  which  is  not  majored  by  f,  but  is  majored  by  the  regu¬ 
lator  '  . 

/(RMkf*/00J*(*)+Sl(/,  i«H-JR(ff  #*). 

Dispensing  with  second-order  terms,  we  can  indi¬ 
cate  thus  that  if  f  increases  not  slower  than  the  linear 
functions,  and  f  increases  without  limit  (although  no 
matter  how  slowly),  the  regulator  /(«)•  iiogg/(n}l  ‘is 
"stronger"  than  the  regulator  f. 

5.  As  already  noted,  at  the  present  time  there 
are  Known  many  definitions  of  the  algorithms,  which  have 
a  sufficient  degree  of  clarity  and  generality  for  mathe¬ 
matical  purposes,  tut  at  the  same  time  are  neither  direct 
refinements  of  the  intuitive  concept  of  the  algorithm,  or 
else  describe  only  a  certain  definite  class  of  algorithms: 
the  thesis  connected  with  each  of  these  definitions  and 
which  states  that  each  mathematical  algorithm  is  equiva¬ 
lent  to  a  certain  definite  class  of  algorithms,  is  based 
most  convincingly  on  the  fact  that  all  these  different 
definitions  of  the  algorithm  are  found  to  be  equivalent.,. 


; Could  one  however  give  a  definition  of  the  algorithm 
which  would  refine  directly  the  very  idea  of  the  algorith¬ 
mic  process  in  general  (and  not  only  a  certain  particular 
type  of  these  processes)? 

Such  a  definition  of  the  algorithm  was  proposed  by 
A.  N.  Kolmogorov  £  135  >_/.  This  definition  is  based  on  the 
idea  of  the  algorithmic  computability,  which  differs  from 
-•  the  computability  by  means  of  ordinary  (real)  computing 
mechanism  only  in  the  unlimited  volume  of  the  "memory," 

In  the  algorithm  of  A.  N,  Kolmogorov  the  problem 
is  specified  in  the  form  of  a  one-dimensional  topological 
complex,  and  the  solution  is  also  obtained  in  the  form  of 
a  complex,  whereas  each  step  of  the  algorithmic  process 
consists  of  processing  one  complex  into  another  in  accord¬ 
ance  with  definite  rules  of  processing,  which  touch,  gene¬ 
rally  speaking,  not  the  entire  complex,  but  only  the  sur- 
veyable  part,  the  value  of  which  cannot  exceed  a  previ¬ 
ously  established  limit. 

Since  from  the  definition  of  the  computable  func¬ 
tion  one  can  always  extract  a  definition  of  the  algorithm 
(which  realizes  the  calculation  of  the  values  of  the  func¬ 
tion,  starting  with  values  of  its  arguments),  so  also,' to 
the  contrary,  a  definition  of  an  algorithmic  function  cor¬ 
responds  to  any  definition  of  the  algorithm. 

By  virtue  of  the  generality  of  the  definition  of 
the  algorithm  in  the  sense  of  Kolmogorov,  one  writes  auto¬ 
matically  in  his  terms  all  other  definitions  of  the  algo¬ 
rithm,  or  more  accurately,  the  algorithms  in  the  sense  of 
other  definitions;  with  its  aid  it  is  easier  to  prove  many 
general  properties  of  algorithms  and  algorithmic'  functions 
in  general. 

At  the  same  time,  the  algorithm  of  A.  N,  Kolmogorov, 
as  expected,  for  all  its  generality,  is  not  broader  than 
the  ordinary  parti ally-re cursive  functions.  Actually,  to 
each  II  -complex  (complex  with  a  surveyable  portion  seg¬ 
regated  in  it  in  a  definite  manner)  one  can  place  in  cor¬ 
respondence  effectively  and  mutually  uniquely  a  natural 
number.  The  function  (  which  relates  complexes 

to  complexes  and  generally  speaking,  which  is  not  every¬ 
where  defined)  therefore  induces  in  the  natural  series  the 
function  (which  also,  general^  spesiking,  is  not 

.everywhere  defined).  With  this,  as  shown  by  V.  A. 


•Uspenskiy,1*  if.T (K)  is  ..an  algorithmic  function,  then 
is  a  partially  recursive  function.  The  inverse, 
true,  is  not  directed  correct,-  since  not  for  every  par- 
tially-re cursive  :  function  |<4l' there  exists  corresponding 
algorithmic  function  HI)  (thus , ■  in  the  general  case 
\t(K)  does  not  exist,  if  is  defined  on  t^e  entire 

set  of  number  of  complexes).  V,  A<r  llspenskxy  has  shown, 
that  nevertheless  for  any  function  in  the  natural  series 
1  one  can  still  find  a  representative  which  is’ 

furthermore  a  very  natural  one)  among  the  functions  of 
the  complexes  in  such  a  way,  that  if  f(A)  is  a  partially 
recursive  function*  then  is  an  algorithmic  function. 

The  equivalence  of  the  definition  of  the  algorithms 
of  A.  Ef.  Kolmogorov  to  the  definition  of  the  computable 
function  as  a  partially  recursive  one,  and  thereby  to 
other  known  definitions  of  the 'algorithm,  was  thus  proved 
by  V.  A.  Uspenskiy. 

-  4  .‘'ha... 

5 . '  Enumerable  ^Countable/  Sets  and  Computable 
Operations  on  Sets 

General  Concepts  of  Enumeration  and  programs. 

•The’ theory  of  enumerable  or,  as  they  are  otherwise 
called,  recursive-enumerable  sets  is  of  particularly  great 
significance  for  mathematic  logic  and  meta-mathematics. 
Enumerable  sets  correspond  in  their  content  to  sets  of 
constructive  objects,  which  are  generated  by  some  effec¬ 
tive  regular  procedure.  In  order  to  be  able  to  speak  of 
a  certain  object,  it  is  necessary  to  assign  a  name  to 
this  object.  When  we  .speak  of  constructive  objects,  their 
names  can  always  be  made  in  the  form  of  natural  numbers: 
the  numbers  of  these  objects  in  any  kind  of  system  of  enu¬ 
meration*  In  the  theory  of  enumerable  sets  one  can  there¬ 
fore  confine  oneself  to  a  study  of  the  natural  series  of 
numbers  and  its  s-dimensional  generalizations*  If  the  con 
cept  of  a  computable  function  (which  has  natural  numbers 
both  for  its  arguments  and  its  values)  is  assumed  to  be 

YT  V .  A . •  Uspenskiy .  General  Definition  of  the  Algorith¬ 
mic  Computability  and  Algorithmic  Seducibility.  Diploma 
paper,  1952. 
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already  specified  and  refined  (in  the  sense,  for  example, 
of  the  algorithmic  or  part ially-re cursive  function) ,  then 
the  enumerable  subset  of  a  natuhal  series  can  be  defined 
as  a  set  of  values  of  a  computable  function.  In  general, 
an  arithmetic  function  is  computable  when  and  only  when 
its  graph  is  an  enumerable  set* 

The  theory  of  enumerable  sets  includes  thus,  the 
theory  of  computable  functions,  meaning  also  the  theory  of 
algorithms,  furthermore,  this  theory  covers  also  the  cons¬ 
tructive  operation  with  non-constructive  objects,  with  which 
we  deal,  for  example,  in  models  of  formal  deductive  theories, 
which  are  constructed  on  the  basis  of  a  narrow  calculus  of 
predicates:  the  set  of  proved  premises  of  such  theories  is 
enumerable.  In  general,  if  the  names  (which  are  usually 
constructive  objects)  of  certain  (even  though  actually  in¬ 
finite)  sets  are  effectively  constructed  successively  from 
names  of  certain  initial  sets  (the  latter  can  also  actually 
be  infinite),  then  the  set  of  names  obtained  thereby  will 
be  (in  contents)  and  enumerable  set  (in  the  refinement  of 
the  method  of  selection  of  the  names  and  the  meanings  with 
which  the  "effectiveness"  of  construction  is  meant,  one  can 
say  of  a  set  of  names  which  is  already  enumerable  in  the 
corresponding  exact  meaning.)  The  choice  of  names  is  rea¬ 
lized  here  by  specifying  the  method  of  numbering  (a  parti¬ 
cular  role  in  numbering  is  played  by  so-called  Goedel  num¬ 
berings).  The  question  naturally  arises  of  how  to  choose 
the  names  of  the  objects  in  such  a  manner,  so  that  the  rela¬ 
tions  between  the  names  reflect  the  relations  between  the 
objects  designated  by  the  names,  and  to  what  extent  is  this 
in  general  (without  changing  the  names)  possible.  Of  parti¬ 
cular  interest  is  this  problem  in  those  cases  when  the 
names  pertain  to  non-constructive  objects  (and  the  transi¬ 
tion  from  the  object  to  its  name  denotes  a  certain  construc- 
tivization  of  the  object).  Essentially  all  problems  of  the 
foundation  of  mathematics  are  connected  with  problems  of 
this  kind.  D.  Hilbert  hoped  that  it  is  possible  to  have 
such  a  method  of  transition  from  non-constructive  (actually 
infinite)  objects  to  constructive  "names"  that  denote  these 
objects,  for  which  the  relations  between  the  names  will 
reflect  all  the  properties  (and  relations)  of  the  objects 
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themselves.  As  is  known,  these  hopes  by  Hilbert  were  found 
to  be  unfounded,  i/hat  is  the  matter?  The  works  by  V,  A* 
Uspenskiy  £*&  —  9,  12,  1 4_y  *  on  the  theory  of  enumerable 
sets  and  computable  operations  on  sets  are  devoted  to  a 
circle  of  problems  connected  With  questions  of  this  kind 
and  we  shall  proceed  now  to  a  discussion  of  some  of  them. 

2*  We  shall  begin  the  survey  of  these  works  by 
V.  A.  Uspenskiy  with  problems  pertaining' to  the  general 
treatment  of  methods  of  numeration.  «  We  Already  mentioned 
the  significance  that  Goedel  numeration  of  certain  sets  of 
objects  has  in  mathematical  logic  and  in  mathematics.  The 
essence  of  this  measure  consists  of  arithmetization  realized 
with  its  means:  in  that  by  means  of  it  problems  concerning 
the  properties  of  certain  objects  are  converted  into  arith¬ 
metical  problems  concerning  the  properties  of  numbers, 
which  are  names  of  these  objects  (in  the  given  numeration). 

It  is  clear,  however,  that  not  every  numeration  can  permit 
a  deduction  of  any  properties  (or  relations  of  the  objects 
themselves  from  relations  between  the  names  of  the  objects, 
what  then  is  the  secret  of  the  success  of  the  Goede|  nume¬ 
ration?  In  papers  /  7,  9»  12,  14_J7  V*  A.  Uspenskiy  *  answers 
this  question.  He  introduces  the  concept  of  the  computable 
numeration  of  a  system  of  sets  (a  particular  case  of  which 
is  the  computable  numeration  of  a  system  of  functions)  and 
covering  numeration  (in  a  certain  sense  containing  in  itself 
any  other  numeration)  and  explains  that  the  presence  of 
both  of  these  properties  in  Goedel  numerations  indeed  is 
the  cause  of  the  important  role  of  the  latter  in  the  theory 
of  computable  functions  and  enumerable  sets. 

Prom  among  the  number  of  concrete  results,  pertain¬ 
ing  to  the  concept  of  computable  numeration,  let  us  men¬ 
tion  the  theorem  proved  by  V.  A.  Uspenskiy  already  in  1951 
(see  /""l4_7,  P»  160),  that  a  system  of  all  infinite 

1.  See  also  V,  A.  Uspenskiy,  on  operations  over  enumerable 
sets,  dissertation,  1955. 

2.  The  enumeration  of  a  set  M  is  called  an  arbitrary 
reflection  <  of  an  arbitrary  set  E  of  natural  numbers 
on  M. 
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ehumerabl|  sets  of  natural  numbers  does  not  admit  not^only 
a  Goedel,  *  but  in  general  no  computable  numeration  /  7# 

14 _7  *  and  that  the  situation  is  the-  same  for  a  system  of 
all  infinite  resolvable  sets  of  natural  numbers. 

2.  The  idea  of  an  abstract, .study  of  numerations, 
in  the  development  of  which  V.  A.  Uspenskiy  engaged  under 
the  influence  of  A.  N.  Kolmogorov,  has  led  V.  A.  Uspenskiy 
to  introduce  into  the  theory  of  computable  functions  (we 
recall  that  a  computable  function  is  considered  as  a 
graph,  is  a  particular  case  of  an  enumerable  set)  a  gene¬ 
ral  concept  of  a  program  of  function  (and  a  method  of  pro¬ 
gramming  of  computable  functions) ,  independently  of  any  „ 
particular  refinement  of  the  concept  of  the  algorithms  /  7> 
9,  12 _y.  '  The  program  as  a  record  in  a  certain  code  of  a 
set  of  rules,  defining  the  algorithm,  is  naturally  related 
both  with  the  given  algorithm' and  with  the  choice  of  the 
code.  The  refinement  of  the  concept  of  a  program  appears 
to  be,  therefore,  at  first  glance  to  be  dependent  on  the 
refinement  of  the  concept  of  the  algorithm.  But  any  algo¬ 
rithm  specifies  a  certain  computable  function  (defined  on 
the  set  of  these  objects  to  which  it  is  applicable.  On  the 
other  hand  the  concept  of  computable  functions  is  indepen¬ 
dent  of  the  method  of  refinement  of  the  concept  of  the 
algorithm:  any  of  the  known  refinements  of  the  concept  of 
the  algorithm  leads  to  the  same  class  of  computable  func¬ 
tions.  Independent  of  the  refinement  of  the  concept  of  the 
algorithm,  the  concept  of  its  program  can  therefore  be  com¬ 
puted  and  obtained  starting  with  the  concept  of  the  compu¬ 
table  function.  It  is  precisely  in  this  way  that  V.  A. 
Uspenskiy  proceeds. 

Inasmuoh  as  any  program  is  a  word  in  a  certain  al¬ 
phabet,  and  words  in  a  given  alphabet  can  be  effectively 
renumbered  with  natural  numbers,  then  without  loss  of  gene¬ 
rality  one  can  assume  that  programs  are  natural  numbers, 

1.  The  non-enumerability  of  a  set  of  Goedel  numbers  of  all 
infinite  enumerable  sets  was  proved  in  1952  by  Reis. 

2.  See  also  V.  A.  Uspenskiy,  on  operation  on  enumerable 
sets,  dissertation,  1955. 
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:  and  each  method  of  programming  (method  of  formalization  ~~i 
of  a  set  of  rules,  defining  the  computable  functions)  is 
a  certain  numeration  of  a  system  of  computable  functions. 
We  deal  consequently  with  the  fact  that  from  among  all 
the  possible  numerations  of  this  system  we  want  to  sepa¬ 
rate  those,  which  appeal  to  be  methods  of  programming. 
Introducing  the  concept  of  potentially  computable  and 
fully  covering  numerations  V.  A.  Uspenskiy  defines  the 
method  of  programming  as  a  numeration  that  is  simultane¬ 
ously  potentially  computable  and_fully  covering,  and  he 
gives  convincing  arguments  /~12 J  in  favor  of  the  fact, 
that  any  method  of  programming  is  actually  a  numeration 
of  this  kind.  Under  a  '’program”  of  a  function  (for  a 
given  method  of  programming)  is  meant  in  this  case  the 
number  of  that  function  in  the  numeration,  representing 
the  given  method  of  programming. 

4.  In  connection  with  conditional  algorithms1, • 
or,  as  ye  shall  call  them  sometimes,  algorithms  of  redu- 
cibility ,  which  are  of  particular  interest  for  the  theory 
of  enumerable  sets  and  problems  of  reducibility ,  great 
significance  attaches  to  computable  (in  other  word3  — — 
partially  recursive)  operators,  defined  on  the  system  of 
all  arithmetic  functions,  and  converting  the  sets  of 
arithmetic  functions  into  arithmetic  functions. 

To  any  computable  operator • there  corresponds  an 
algorithm  (conditional),  which  permits  (if  for  example  we 
deal  with  a  computable  operator  F,  which  convers  a  single¬ 
phase  arithmetic  function  4>  into  a  singlerplaoe  arith¬ 
metic  <p  ),  in  accordance  with  the  defined  program,  to 
establish  for  each  X  those  values  of  the  argument  of 
the  function  <p  ,  for  which  information  on  the  func¬ 
tion  ^WC^may  be  suitable  for  the  calculation  of  w  , 
and  to  calculate  *p(^)  if  this  information  is  accessible 
(i.e.,  if  the  machine  (algorithm)  has  at  its  disposal 
equations  of  the  type  ^  =  ,  where  Xi  :  anaVf 

are  the  recorded  necessary  values  of  Xf  and  (f>  ( Xi  ). 
Concerning  the  computable  operator  FI  one  can  therefore 
say  that,  if  all  the  information  on  the  fuhotion  (all 
the  equations  of  the  type  ^ (x)s are  syllable, 'it  makes 
possible  to  derive  all  the  information  concerning  the 


1.  Concerning  these,  see  Section  6,  Item  2. 


function  <p  ,  (all  the  equations  of  the  typejZ 9(x^sy  ).  ! 
Any  computable  funotion  will  therefore  be  converted  by 
this  operator  into  a  computable  function.  But  computable 
functions  can  be  characterized  by  their  programs,  i.e., 
by  numbers  in  a  certain  numeration.  It  is  natural  to  ex¬ 
pect  therefore  that  each  computable  operator  induoes  a 
certain  computable  funotion,  which  relates  the  numbers 
i  (programs)  of  the  functions  that  they  can  process  with 
1  the  numbers  (programs)  of  the  results  of  the  processing 
in  the  case  when  the  processed  functions  aye  computable. 
She  operator  defines  for  computable  functions  and  which 
converts  the  lattjsr  into  computable  functions  is  called  by 
V.  A.  Uspenskiy  a  constructive  operator,  if  it  in¬ 

duces  the  foregoing  computable  function,  relating  the  pro¬ 
grams  of  the  functions.  As  expected,  any  operator  defined 
for  computable  functions  and  continued  to  a  computable 
operator. (defined  for  all  arithmetic  functions)  is  cons¬ 
tructive1*  2~9»  7,  12j?.  For  the  particular  gase  of 
Goedel  numbers  this  theorem  was  known  before.  *  It  was 
found  that  the  inverse  was  also  true.  Indeed,  any  cons¬ 
tructive  operator  is  continued  to  a  computable  operator. 
The  "program"  of  a  function  (in  the  sense  of  V.  A.  Uspen¬ 
skiy)  is  thus  found  to  be  so  good  a  name  for  it  that  it 
yields,  from  the  effectiveness  of  construction  of  such  a 
name  of  function  f  from  names  of  other  functions,  conclu¬ 
sions  concerning  the  effectiveness  of  the  calculation  of 
f  on  the  basis  of  information  concerning  these  other 
functions. 

A  theorem  analogous  to  that  of  V.  A.  Uspenskiy,  for 
the  particular  case  of  operators  which  convert  general- 
recursive  functions  into  a  general -recursive  ones,  and 
specially  Goedel  numerations  of  functions,  was  proved  by 
G.  S.  Tseytin  /~7_7. 

At  the  same  time,  Sven  with  the  aid  of  so  good  a 
name  for  a  computable  function  as  its  "program"  (in  the 

TT  V.  A.  Uspenskiy.  On  Operations  Over  Enumerable  Sets. 
Dissertation,  1955. 

2.  See  S.  C.  Kleene,'  Introduction  into  Meta-Mathematics, 
Moscow,  Eoreign  Literature  Press,  1957  (henceforth  fre¬ 
quently  cited  as  "Kleene  (Meta-mathematios) ) ,  p.  308, 
.theorem  XXIV  (c). 
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sense  of  V.  A.  Uspenskiy),  it  is  impossible  to  represent 
fully  the  properties  of  the  function  itself:  there  exists 
no  algorithm  which  permits  to  establish  from  the  program 
of  the  function  whether  this  function  has  a  given  property 
or  not  (A  more  accurate  a  general  formulation  .of  this  theo¬ 
rem  can  be  found  in  the  papers  /  1_J  and  /  12_J  of  V.  A. 
Uspenskiy) .  •'■■■'  ■'  :" 

5.  All  the  above-mentioned  results  and  concepts, 
pertaining  to  the  general  theory  of  numerations,  programs, 
and  computable  operators,  were  obtained  by  V#  A.  Uspenskiy 
in  the  general  theory  he  constructed  for  sys£ems_of  enume¬ 
rable  sets  and  computable  operations  on  sets  *  /  6,  7 jf 
(In  particular,  a  computable  operator  is  a  particular  case 
of  a  computable  operation  on  sets  —  on  graphs  of  functions.) 

In  the  definition  he  proposed  for  a  computable  ope¬ 
ration,  V.  A.  Uspenskiy  undertook  to  cover  all  types  of 
such  operations,  which  convert  successively  (with  admission 
of  a  transition  to  the  limit)  starting  with  finite  subsets 
(Corteges) ,  enumerable  sets  or  aggregates  of  jsets, in  enume¬ 
rable  sets.  As  shown  by  V.  A.  Uspenskiy  /  6 _/,  for  these 
operations  it  becomes  possible  to  have  also  certain  other 
definitions,  based  on  the  concept  .gf  operations  of  A,  N. 
Kolmogorov  and  operations  of  Post.  *  But  the  definition  of 
V.  A.  Uspenskiy  is  convenient  because  it  exhibits  a  connec¬ 
tion  between  the  computable  operations  and  the  continuous 
representations,  and  therefore  can  serve  as  an  instrument 
for  constfuctivization  of  mathematical  analysis  (see 

Section  10) .  '  : 

V,  A.  Uspenskiy  considers  systems  of  enumerable  sets 
as  topological  spaces.  ‘Although  these  spaces  are  found  to 
be  sufficiently  "poor1’  TQ  spaces,  V.  A.  Uspenskiy  succeeds, 
by  introducing  the  concept  of  X  -density,  to  transfer  to 
them,  mutatis  mutandis  (when  the  term  "everywhere  dense" 
is  replaced  by  "  *C  -dense"),  the  theorem  that  two  continuous 

l“v."  A  7  Uspenskiy ,  On  Operations  Over  Enumerable  Sets, 

Dissertation,  1955.  - 

2.  E.  L.  Post,  American  Journal  of  Mathematics.  65  (1943) 

197  and  Bulletin  of  American  Mathematical  Society,  54,  Ho. 

7  (1948),  641. 
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representations  of  a  topological  space  X  into  a  topologi¬ 
cal  space  Y  coinciding  on  a  certain  every -where  dense  sub¬ 
set  of  the  space  X,  coincide  also  on  all  X.  With  the  aid 
of  this  theorem  he  indeed  proves  the  assumptions  given  in 
item  3  concerning  computable  and  constructive  operators  (a 
computable  operator  is  a  special  t£pe' of  continuous  repre¬ 
sentation  of  the  function  space)  /  6*  12, J *  The  theorem 
mentioned  in  the  same  item  3,  concerning  the  indistingui- 
shability  of  the  properties  of  a  function  from  its  program, 
is  a  simple  consequence  of  the  topologieal  connectivity  of 
the  system  of  computable  functions  /  12__ /.  . 


6.  Definitions  of  the  Mass  Problem  and  of 

Algorithmic  Reducibility  of  Mass  Problems.  ■ 
Structure  of  Degrees  of  Difficulty*  :.i 

1.  Algorithms  are  sought  in  mathematics  as  general 
methods  of  effective  solution  of. any  (single)  problem  of  a 
definite  kind.  The  broader  the  class  of  problems  solved  by 
means  of  a  certain  algorithm,  the  greater  usually  the  value 
of  this  algorithm.  In  searches  for  a  general -and  effective 
method  of  solving  broader  and  broader  and  more  varied  clas¬ 
ses  of  problems,  lies,  essentially,  the  history  of  mathema¬ 
tics.  The  need  for  a  general  definition  and  a  general  the¬ 
ory  of  algorithms  has  also  arisen  in  connection  with  sear¬ 
ches  for  algorithms  for  a  solution  of  certain  classes  of 
problems,  the  stubborn  lack  of  success  in  which  (these 
searches)  should  give  rise  to  suspicion  concerning  the  gene¬ 
ral  non-realizability  of  the  sought  algorithm.  Thus,  in 
connection  with  an  algorithm  one  naturally  considers  the 
class  of  problems  which  it  admittedly  can  solve.  Since  any 
finite  number  of  single  problems  can  always  be  considered 
as  a  (more  complex)  single  problem,  then  interest  attaches 
only  to  the  case  of  an  infinite  class  of  problems.  In  this 
case,  however,  one  can  also  speak  of  a  single  —  mass  — 
problem,  the  solution  of  which  should  indeed,  consist  of  v 
finding  the  algorithm. 

The  first  definition  of  a  mass  problem  connected  with 
the  refinement  of  the  statement  of  the  problem  pf  existence 
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or  non-existence  of  an  algorithm,  which  would  recognize  the 
presence  or  absence  of  a  certain  property  in  objects^of  a 
definite  kind,  was  proposed  by  A.  A.  Markov.  He  (/  48 
Chapter  V)  gives  the  name  of  ‘'mass  problems*1  to  problems 
of  the  following  type.  . 

We  consider  a  certain  class  of  single  problems,  each 
of  which  is  a  problem  that  requires  a  positive  or  negative 
answer.  The  problem  is  raised,  of  finding  a  single  general 
constructive  method  of  finding  the  correct  solution  for  any 
single  problem  of  the  considered  class.  This  formulation 
is  refined  later  on  by  replacing  the  term  "single  general 
constructive  method"  by  the  term  "algorithm."  A  require¬ 
ment  is  imposed  in  this  case  on  the  algorithm,  that  it  be 
applicable  for  the  recording  of  any  single  problem  of  the 
considerec  class1*  and  that  it  convert  this  recording  into 
a  word  "yes"  (or  into  some  analogue  of  this  word,  for 
example,  an  empty  word) .  If  the  problem  is  solved  in  the 
positive  sense,  and  into  the  word  "no"  (or  some  of  its  ana¬ 
logues,  say  a  non-empty  word) ,  when  it  is  solved  in  the 
negative  meaning.  The  use  of  the  principle  of  normaliza¬ 
tion  of  algorithms  permits  an  even  greater  refinement  of 
this  formulation  of  the  problem,  by  formulating  a  defini¬ 
tion  of  a  mass  problem  for  a  given  class  of  single  problems 
as  the  problem  of  constructing  a  normal  algorithm  on  an 
alphabe  of  recordings  of  considered  single  problems,  on 
an  alphabet  of  recordings  of  the  considered  single  problems, 
which  converts  the  recording  of  the  single  problem  into,  an 
empty  word  if  and  only  if  this  problem  is  solved  in  the 
positive  sense.  The  mass  problems  so  stated  are  called  by 
A.  A.  Markov  normal  mass  problems. 

The  problem  consisting  of  searching  an  algorithm, 
which  would  permit  for  any  given  object  of  a  definite  kind 
to  solve  the  problem  whether  this  object  has  a  given  pro¬ 
perty  S  (whether  it  belongs  to  a  given  set  M)  or  not,  is 
called  usually  the  problem  of  solvability.  Mass  problems 
in  the  sense  of  A.  A.  Markov  are  thus  problems  of  solvabi¬ 
lity.  In  the  more  general  sense,  the  mass  problem  is 
defined  (together  with  its  solution)  by  a  student  of 


1.  That  is,  it  would  be  a  non-part ial  algorithm. 
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A.  N.  Kolmogorv,  Yu.  T*  Medvedev  /  5,  6 __/  4 

With  any  solvability  problem,  P  there  is  an  associa¬ 
ted  function  f •  * —  a  characteristic  function  of  the  set  M 
of  objects,  having  the  property  of  interest  to  us  in  the 
particular  problem.  Medvedev  considers  the  case  when  (with 
the  aid,  for  example,  of  arithmetizat ion  methods)  this 
function  can  be  assumed  to  be  arithmetic  and  furthermore 
defined  over  the  entire'  natural  series  of  numbers  (recall 
that  the  mass  problem  is  formulated  for  an  infinite  class 
of  objects).  The  solvability  of  the  problem  P  is  naturally 
defined, in  this  case  with  the  general-recursiveness  of  the 
function  f. 

Matters  are  somewhat  different  in  the  case  of  the 
so-called  problems  of  enumerability.  The  enumerability 
problem  of  a  set  M  is  called  the  problem  of  relating  to 
each  number  n  an  element  of  the  set  M,  i.e. ,  to  construct 
a  function  f  of  natural  numbers,  the  values  of  which  would 
be  the  names  (and  furthermore  all  of  them)  of  the  elements 
of  the  set  M.  If  one  uses  as  such  names  natural  numbers, 
then  the  sought  function  f  will  again  be  arithmetic  (nume¬ 
rical),  defined  over  the  entire  natural  series.  But  if  the 
set  M  contains  more  than  one  element,  then  the  conditions 
of  the  problem  are  known  to  be  satisfied  by  an  infinite 
set  of  functions  (defined  everywhere)  f.  If  one  refines 
the  statement  of  the  problem  and  requires  an  effective  me¬ 
thod  for  solving  the  problem,  then  it  is  natural  to  consi¬ 
der  the  problem  of  enumerability  of  the  set  M  to  be  solvable, 
if  in  the  corresponding  class  of  function  f  Corresponding 
to  it  there  is  at  least  one  general-recursive  function. 

A  somewhat  more  unique  situation  prevails  for  the 
so-called  problems  of  separability.  Under  the  separability 
problem  of  two  sets  P  and  Q  (we  shall  presuppose  right  away 
that  they  are  sets  of  natural  numbers)  one  has  in  mind  a 
problem,  the  statement  of  which  can  be  refined,  for  example, 
as  follows:  find  an  arithmetic  function  f,  defined  over 
the  entire  natural  series  (the  natural  series  we  denote 

1.  See  also  Yu.  T.  Medvedev,  Degrees  of  Difficulties  of 
Mass  Problems,  Self-Abstract  of  Dissertation,  Moscow, 

1955. 
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henceforth  by  the  letter  F) ,  which  would  satisfy  the  "1 
following  requirements:  a)  if .*£ P ,  then  f(n)  »  1; 
b)  if  ,  then  f(n)  =  0.  It  is  clear  that  if  the 

sets  P  and  Q  do  not  have  common  elements,  but  are  comple¬ 
ments  of  each  other,  then  the  class  A  of  the  function 
satisfying  the  condition^  of  the  problem  oontaihs  one 
unique  function}  if  Pf)Q~Q  ,  but  ,  then 

the  Class  A  is  infinite,  but  if  WKS*.  it  is  empty.  A 
further  refinement  of  the  statement  of  the  problem  in 
connection  with  the  requirement  of  effectiveness  of  its 
solution  leads  again  to  an  identification  of  the  solva¬ 
bility  of  the  problem  with  the  general-recursiveness  of 
at  least  one  of  the  functions  fcA  , 

One  can  cite  also  many  other  examples  of  various 
types  of  problems  of  the  same  kind,  which  exist  -  each 
separately  —  in  mathematics,  not  simply  as  a  class  or 
series  of  unique  problems,  but  as  one  special  problem'  of  . 
finding  an  everywhere-defined  arithmetic  function,  sa¬ 
tisfying  required  conditions,  whereby  the  effectiveness 
of  solution  of  this  problem  is  understood  in  the  sense 
of  the  general-recursiveness  of  the  sought  function.  It 
was  precisely  this  kind  of  problem  that  Yu.  T.  Medvedev 
proposed  to  call  mass  problems . 

Inasmuch  as  a  mass  problem  in  the  sense  of  Yu.  T. 
Medvedev  always  corresponds  to  a  class  tfl  of  functions 
which  are  its  "solutions”  and,  to  the  contrary,  each 
class  A  of  functions  of  a  natural  argument  with  natural 
values  values  defines  a  mass  problem:  constructive  func¬ 
tion  'A£A  ,  then  Yu.  T.  Medvedev  ^"*5,  6 __/  *  identifies 
the  mass  problem  with  a  class  of  functions,  defined  over 
the  entire  natural  series,  the  values  of  which  are  also 
natural  numbers.  She  problem  A «■{/}  is  called  solvable 
if  there  exists  a  general-recursive  function  feA  ,  and 
unsolvable  in  the  opposite  case.  The  problem  A  is  called 
proper  if  the  class  A  is  empty-. 

2.  The  algorithms  constructed  by  mathematicians 
to  solve  entire  classes  of  functions  (or  corresponding 
mass  problems  corresponding  to  such"  classes)  do  not  have 
by  far  always  an. absolute  character.  Just  as  the  solution 


1.  See  also  Yu.  T.  Medvedev,  Degrees  of  Difficulty  of 
Mass  Problems,  Abstract  of  Dissertation,  Moscow,  1955. 


of  a  unique  problem  (for  example,  construction  problem) 
is  sometimes  taken  to  -mean  its  reduction  to  a  finite  num¬ 
ber  of  problems,  accepted  as  a  solution,  so  is  a  solution 
of  a  mass  problem  consist  frequently  of  an  effective  re-  . 
duct ion  of  this  problem  to  another  (or  to  other)  mass 
problems.  (Thus,  for  example,  the  problem  of  differentia¬ 
tion  of  a  product  of  two  functions- f  and  g  reduces  effec¬ 
tively  the  problem  of  differentiation  of  functions  f  and 
the  function  g.  A  large  number  of  algorithms  of  mathema¬ 
tics,  bear,  essentially,  indeed  this  character). 

How  can  one  refine,  however,  the  conoept  of  effec¬ 
tive  reducibility  of  a  mass  problem  A  to  a  mass  problem  B? 

Many  definitions  of  the  effective  reducibility  for 
problems  of  computability  of  functions  and  solvability  of 
predicates  (or  sets. corresponding  to  them)  were  proposed 
by  Post  and  Kleene.  *  One  of  the  known  ones  among  these 
is  the  definition  introduced  by  Post"’  for  Turing  reduci¬ 
bility  (in  terms  of  a  machine-specified  process).  The 
Soviet  mathematicians  have  proposed  many  definitions  for 
effective  (algorithmic)  reducibility  in  various  meanings. 
The  mutual  relationships  have  been  clarified  by  V.  A. 
Uspenskiy  10 _/. 

Chronologically,  the  first  of  the  formulated  definl 
tions  advahced  by  Soviet  mathematicians  is  apparently  the 
one  which  is  close  to  that  of  Kleene,  for  the  reducibility 
of  functions*  the  idea  of  which  belongs  to  B.  A.  Trakhten- 
brot.  V.  A.**  explains  this  idea  as  follows:  the  func¬ 
tion  reduces  recursively  to  the  function  l(»)  ,  if 

r(*j  belongs  to  the  recursive  closure  •(#).  .  (The 
recursive  closure  of  the  function  •  is  the  minimum  re¬ 
cursively-closed  class,  containing  •  and  all  the  pri¬ 
mitive-recursive  functions,  'fhe  class  of  functions  is 
called  recursively-closed  if  it  is  closed  relative  to 
recursive  operations:  superposition,  primitive  recursions, 
and  the  application  of  the  operator  (i  :  the  smallest 

l7  See  S.  C. Kleene ,  Introduction  to  Meta-Methamatics , 
Moscow,  Foreign  Literature  Press,  1957,  PP»  280  —  281. 

2.  B*  L.  Post.  Recursively  enumerable,  sets  of  positive 
integers -and  their  decision  problems.  Bulletin,  American 
Mathematical  Society,  7,  No.  5  (1944).  Henceforth 
designated  "Post  (1944)." 
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•  such  that. . . ) 

-  Already  in  his  student  paper1*  V.  A.  Uspenskiy 
proposed  a  new  definition  of  the  effective  reduoibility  in 
terms  of  the  algorithm  of  A.  N.  Kolmogorov.  The  algorithm 
of  A.  N;  Kolmogorov  can  be  imagined  as  realizable  by  means 
of  a  raaohine ,  which  converts  topological  complexes  of  a 
definite  type  (  II  -  complexes)  into  complexes  of  the 
same  type.  In  accordance  with  this,  the  problem  and  its 
solution  are  also  given  in  the  form  of  If -complexes.  One 
can  imagine  also  in  the  form  of  ^-complexes  the  initial 
state  of  the  machine  (the  machine  starts  operating  when 
one  joins  to  the  initial  state,  which  has  the  form  of  a 
II -complex,  the  input  date  in  the  form  of  another 

-complex). 

The  algorithm  of  Kolmogorov  is  called  by  V.  A.. 
Uspenskiy1*  unconditional,  if  the  initial  B  -complex  is 
empty,  and  conditional  in  the  opposite  case.  Since  a  con¬ 
ditional  algorithm  with  a  finite  initial  complex  can  al¬ 
ways  be  replaced  by  an  equivalent  unconditional  one,_then 
only  conditional  algorithms  with  finite  (but  limited2*) 
initial  state  are  of  interest.  In  terms  of  such  condi¬ 
tional  algorithms,  V,  A.  Uspenskiy  £  3 _/  indeed  defines 
the  algorithmic  reducibility  of  the  functions. 

Inasmuch  as  (see  Section  4,  item  5)  the  numerical 
functions  Jf(»)  and  JC»)  correspond  to  functions  of  com¬ 
plexes  m  and  1(f)  ,  the  problem  of  algorithmic  redu¬ 
cibility  of  numerical  functions  reduces  to  the  problem  of 
algorithmic  reducibility  of  functions  of  complexes.  It  is 
therefore  enough  to  define  this  latter  reducibility,  which 
is  indeed  done  by  V.  A.  Uspenskiy His  idea  of  the  defi¬ 
nition  consists  of  the  following  £  3 _/. 

One  considers  the  reducibility  of  a  function  of 
complexes  T  to  a  function  of  complexes  A.  .  An  infinite 

Footnote  (3)  from  pg.  68.  V,  A.  Uspenskiy.  General 
Definition  of  Algorithmic  Computability  and  Algorithmic 
Reducibility.  Diploma  paper,  1952. 

1.  Ibid.  . 

2.  The  following  are  limited;  the  characteristic  func¬ 

tion  that  relates  the  number  to  each  vertex  of  the  complex, 
and  the  aggregate  set  of  symbols  at  the  ends  of  segments 
departing  from  the  verticies.  • 
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;  complex  is  constructed,  which  includes  in  itself  all 

the  ‘information  concerning  the  function  -'A  •  By  . 

we  denote  the  complex  that  arises  as  a  result  of  a  join¬ 
ing  of  the  complex  K  to  UA  ,  realized  by  some  special 
method*  The  function  T„  is  called  algorithmically  re  u- 
cible  to  the  function  &  ,  if  there  exists  such  an  algo¬ 
rithm  (in  the  sense  of  A,  IT,  Kolmogorov)  ^  ,  that  for 
any  complex  K,  /  r~ 

!  j  r  (if)  “Ad¬ 

just  as  any  computable  (i.e.,  partially  recursive) 
function  admits  of  a  canonical  representation  in  terms  of 
primitive  recrusive  functions  and  the  operator  (see 
Seotion  3),  so  does  there  exist  for  each  function  Jw  ,  » 
which  is  algorithmically  reducible  to  a  function.  * 

a  canonical  representation  in  terms  of  the  function  j*(»)  » 
certain'  primitive -re cursive  functions,  and  the  operator 

.  One  of  these  representations  was  obtained  by  v.  A. 
Uspenskiy  on  the  basis  of  the  theorem  which  he  proved  in 
his  diploma  paper  and  in  paper  £  3 Jx  Let  the 

'tin)  be  algorithmically  reducible  to  everywhere-defined 
fiction  «(*)  .  Then  there  exists  a  primitive -re  cursive 

function  -*(*,**>  such  that  if  the  function  is 

specified  by  the  recursions 

|  *  '  tf(*.  0)~A, 

I  f(*,  *+  »)**(*,  g  (x,  m),  $(*)), 

then  the  function  jtC*)  will  be  calculated  from  the  formula 

t(*>  -  v(t  (*•  ***  f*  (f(*>  »*))  -  °J)>. 

where  tft)  and '  are  fully  defined  forever-fixed  re- 

•  cursive  functions.  Prom  this  representation  it  is  evident, 
in  particular,  that  the  function  1  reduces  algorithm!- 
cally  to  the  function  *  ,  if  it  belongs  to  the  recursive 

closure  A  ,  and  since  the  inverse  theorem  is  obvious,  so 
is  also  obvious  the  equivalence  of  the  algorithmic  and  re¬ 
cursive  reducibility  (the  equivalence  of  the  recursive  and 
Turing  reducibility  is  also  established  in  the  diploma 

^  ^  All  the  heretofore  considered  definitions  of  re- 

duoibility  are  found  thus  to  be  definitions^  of  the  re^ci- 
bility  of  functions  relative  to  the  computability,  (bince 
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the  reducibility  of  the  predicates  (or  sets)  by  solvabi-"' 
lity  can  be , considered  as  reducibility  of  the  characte¬ 
ristic  functions  by  computability,  these  definitions  can 
be  used  also  in  application  to  the  reducibility  by  solva¬ 
bility.)  A  new  type  of  reducibility  —  reducibility  by 
enumerability  --  was.  introduced  into  consideration  by 
V.  A.  Uspenskiy-1’  £  6,  10 _J . 

The  definition  of  reducibility  by  enumerability 
proposed  by  V,  A.  Uspenskiy  is  based  on  the  concept  he 
introduces  of  the  computable  operation  on  sets,  which  was 
already  discussed  in  the  preceding  section.  With  the  aid 
of  this  concept,  the_jreducibility  by  enumerability  is  de¬ 
fined  as.  follows  *  £  6,  10_/:  a  set  R  is  called  reducible 
by  enumerability  to  sets  ,  if  there  exists  such 

a  computable  operation  U,  that  * 

In  terms  of  reducibility  by  enumerability  one  can 
express  reducibility  by  computability  (meaning  also  redu¬ 
cibility  by  solvability).  In  fact  (V.  A.  Uspenskiy  £l0j: 
a  function  *  reduces  by  computability  to  the  functions 
tj>,f  when  and  only  when  the  graph  of  the  function 

9  reduces  by  enumerability  to  the  graphs  of  the  func¬ 
tions  ♦  In  turn,  reducibility  by  enumerability 

can  be  expressed  in  terms  of  reducibility  by  computability. 
Por  this  purpose  it  is  sufficient  to  introduce  into  consi¬ 
deration  the  concept  of  proper  function  of  the  set  M, 
which  equals  to  1  when  tn£M  ,  and  which  is  not  defined 
for  m%M  •  Actually,  the  set  R  reduces  by  computabili¬ 
ty  to  the  sets  iSp  ...»  when  and  only  when  the  proper 
function  of  the  set  R  reduces  by  computability  to  the  pro¬ 
per  functions  of  the  sets  j'  , 

The  most  general  definition  of  reducibility  as  a 
relation,  of  which  one  can' speak  as  applied  to  any  mass 
problem  considered  as  classes  (or  families)  of  arithmetic 
functions  (see  item  2)  (including  also  the  problems  of 
computability,  solvability,  and  enumerability),  was  pro¬ 
posed  by  Yu.  T.  Medvedev^*  /~5,  According  to  Yu.  T. 

Medvedev,  a  mass  problem  A  reduces  algorithmically  (or 

I 

1.  V.  A.  Uspenskiy.  On  Operations  on'  Enumerable  Sets. 
Dissertation,  Moscow,  1955. 

2.  Yu.  T.  Medvedev.  Degrees  of  Difficulties  of  Mass  Pro¬ 
blems.  Dissertation,  Moscow  State  University,  1955. 
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simply  reduces)  the  mass  problem  B,  if  there  exists  a  ~{ 
partially-re cursive  operator  ,  applicable  to  any 

function  g$B  and  reducing  it  to  a  certain  function- 
fa  function  which  depends  on  g). 

4.  The  basic  distinguishing  feature  of  Medvedevas 
definition  is  that  in  its  terms  the  problem  of  reducibi- 
lity  of  one  mass  problem  to  another  (or  to  others)  can 
.  in  turn  be  considered  as  a  certain  mass  problem  (problem 
of  redueibility) .  How,  this  is  done,  will  become  clear 
from  what  follows. 

Related  to  each  definition  of  redueibility  of  A  to 
B  is  a  relation  of  the  equivalence  type,  which  is  tanta¬ 
mount  to  saying  that  A  reduces  to  B,  and,  conversely,  B 
reduces  to  A.  Such  a  relation  breaks  down  the  object  re¬ 
gion,  to  which  A  and  B,  into  classes,  which  do  not  have 
common  elements,  which  we  shall  call  degrees  (relative  to 
a  given  redueibility  relation)  and  denote  with  small  latin 
letters.  Since  any  relation  of  redueibility  is  reflected 
intransitive,  a  set  of  degrees  coressponding  to  it  can.be 
imagined  to  be  partially  ordered  with  the  aid  of  this  re¬ 
lation:  if,  A  reduces  to  B,  we  shall  say  that  , 

where  a  and  b  are  the  degrees  to  which  A  and  B  belong  ' 
respectively. 

Bor  redueibility  by  solvability,  computability,  or 
enumerability  we  obtain  thus  the  following  sets:  degrees 
of  non-solvability  (P) ,  degrees  of  non-computability  (V)  f 
degrees  of  non-enumerability  (H)  .  According  to  Yu. 

T.  Medvedev,  there  corresponds  to  the  reduoibility  of 
mass  problems  a  set  of  degrees  of  difficulty  (fi)  . 

A  survey  of  the  construction  of  these  sets  and  of 
the  relations  between^them  is  contained  in  the  paper  by 
V.  A.  Uspenskiy  fio-7-  Thus,  in  each  of  partially-or¬ 
dered  sets  P,  V. n  and  Q  there  is  the  smallest  element: 
In  P  —  the  clasd  ("degree")  of  solvable  predicates.  In 
H  —  the  clas3  of  computable  functions,  in  IT  — 
the  class  of  enumerable  sets,  and  in  S  —  the  class  of 
solvable  mass  problems.  Each  of  the  sets  P,  V,  IT  and  Q 

T~.  The  definition  given  by  Kleene  for  a  partially  recur¬ 
sive  operator  can  be  found,  for  example,  in  the  book  by 
S.  C.  Kleene,  Introduction  to  Meta-Mathematics,  Moscow, 
Foreign  Literature  Press,  1957,  p.  291. 
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is  the  upper  semi-lattice  (i.e.,  any  of  its  elements  have; 
the  least  upper  edge).-  The  semi-lattices  P,  H,  Ft  have  a 
cardinality  c*»2Ss  and  do . not  contain  maximal  elements. 
The  semi-lattice  ft  has  a  cardinality  2C  and  contains 
a  largest  element  (degree  of  difficulty  of  the  improper 
problem*  i.e.,  of  an  empty  family  of  functions).  The  set 
of  degrees  of  non-comput&bility .  C*0  _and  decrees  of  non- 
.  enumerability  j(/7)  are  isomorphic  /  6,  10._/,  the  set  of  . _ 

1  degrees  of  non-sovability  (P)  is  isomorphic  only  to 
part  j(9')  of  the  set  of  degrees  of  non-computability 
1(9)  t  namely  to'  the  set  of  degrees  of  non-computabi- 
lity  of  everywhere— defined  functions.  In  turn,  the  set 
of  degrees  of  non-enumerability- is  isomorphic  to  the  regu¬ 
lar  part  (/?»)  of  the  set  of  degrees  of  difficulty  (w)^. 

The  semi -lattice  P,  as  shown  by  Kleene  and  Post, 
is  not  &  lattice.  The  semi-lattice  *  ft  as  shown  by  Yu. 

T.  Medvedev,  is  a  lattice  and  even  an  implicative  lattice, 
which  can  be  interpreted  as  a  logic.  The  least  upper 
edge  of  two  degrees  of  difficulty  corresponds  in  this 
case  to  a  conjunction,  and  the  largest  lower  edge  corres¬ 
ponds  to  a  disjunction.  The  implication  of  two  mass  prob¬ 
lems  A  and  B  (more  accurately,  the  degrees  of  difficulty 
a  and  b  corresponding  to  them)  can  be  understood  as  a 
problem  C  of  the  least  degree  of  difficulty  c  such  that 

is  the  conjunction  sign).  The  implicati- 
vity  of  the  lattice  ft  indeed  consists  of  the  fact  that 
such  a  e  exists  for  any  a  and  b.  Por  this  o  it  is  natural 
to  introduce,  as  done  by  Yu.  T.  Medvedev,  the  notation 
.  If  one  identifies  the  mass  problem  with  the 
degree  of  its  difficulty,  It  is  found  that  the  mass  pro¬ 
blem  is  solvable  if  and  only  if  a>p  *  i.e.*  when 

b  reduces  to  a  (in  the  sense  of  Yu.  T.  Medvedev).  It  is 
therefore  natural  to  interpret  as  a  problem  in 

reducibility  (b  to  a). 

The  problem  of  convergence  of  the  reduction  of  the 
mass  problem  A  to  the  mass  problem  B  is,  therefore,  in 
itself  a  mass  problem,  unsolvable  in  the  case  when  A  does 

not  reduce  to  B.  We  shall  find  this  remark  useful  in  the 

% 

XT  S .  C . •  Kleene  and  E.  L.  Post.  The  Upper  Semi-Lattice 
of  Degrees  of  Recursive  Unsolvabilities,  Annals  of  Mathe¬ 
matics,  Series  2,  59*  (1954-)*  379  —  407. 
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next  section,  in  connection  with  Post's  problem  of  redu-  ! 
cibility) . 

As  it  is  known,  in  an  implicative  lattice  one  can 
always  introduce  negation  through  implication.  However, 
since; the  improper  problem  reduces  only  to  an  improper 
one,  then  the  introduction  of  the  negation  of  a  as  «3® 
(where  .«  is  the  degree  of  difficulty  of  the  improper 
...  problem)  would  identify  negation  of  any  problem  different  . 
from  the  improper  one,  with  the  improper  problem,  i.e., 
it  would  not  give  the  natural  meaning  of  negation.  Yu. 

T.  Medvedev  avoids  this  by  going  over  from  the  lattice  Q 
to  its  segment  ,  where  0  is  the  least  degree  of 

difficulty  and  e  is  an  arbitrary  degree  of  difficulty, 
different  from  .ce  .  Inasmuch  as  any  such  segment  of  an 
implicative  lattice  is  in  its  turn  an  implicative  lattice, 
then,  defining  the  negation  of  a  as  «De  ,  Yu.  T.  Med¬ 
vedev  obtains1*  /  5,  6_7  an  interpretation  of  the  "intui- 
tionistic"  logic  of  formulations,  the  relations  of  which 
to  the  calculus  of  A.  N.  Kolmogorov's  problems  (1932) 
will  be  treated  in  Section  11. 

.  5»  For  the  structure  of  degrees  of  difficulties 
Yu.  T.  Medvedev1*  /~5t  6 established  next  a  series  of 
theorems,  pertaining  to  the  problem  of  the  existence  of 
mass  problems  with  certain  particular  properties.  Thus, 
for  any  degree  a&oo  there  exists  a  problem  of  solvabi¬ 
lity,  the  degree  of  which  is  higher  than  a  (i.e.,  each 
improper  interval  (a,  op)  of  the  lattice  is  not  empty). 
To  the  contrary,  for  each  degree  a  of  any  particular  pro¬ 
blem  in  solvability  there  exists  a  least  x  such  that  x>a 
(i.e.,  the  interval  (a,  x)  is  empty).  The  simplest  exam¬ 
ple1*  of  an  empty  interval  (a,  b)  is  obtained  by  putting 
a—  0,  A* a  ,  where  a  is  the  problem  of  constructing  a 
function  which  is  not  general-recursive  (such  a  problem  is 
obviously  the  problem  of  the  least  degree  of  difficulty 
in  a  class  of  unsolvable  problems).  If  the  degree 
is  obtained  from  the  degrees  of  the  problem  of  solvability 
with  the  aid  of  the  disjunction  operation  with  the  aid  of 
the  operations  of  disjuetion,  conjunction,  and  implication, 

TI  Yu.  T.  Medvedev,  Degrees  of  Difficulty  of  Mass  Pro¬ 
blems,  Dissertation,  Moscow  State  University,  1955. 


then  there  exjsts  a  non-vanishing  degree  b<a.  .  A  theo¬ 
rem  is'  proved  *  £5 £/. wi,'th'  respect  to  problems  of  enume¬ 

rability  and  solvability*  ■' .  -  ,v 

An  investigation  of  the  calculus  of  mass  problems, 
created  by  Yu.  IV  Medvedev,  yras  continued  further  by  A. 

A.  Muchnik.  >  v;  /  :;Y  '  \  • '' :  *'  ~ :  " 

A.  A.  Muchnik  considered1, !  in.  particular,  the  prob¬ 
lem  'j4$/  coht  Amiability  of  a  part ially-re cursive 
function  "j  <j>(n)  ,  consisting  of  all  the  ■functions  coincid¬ 
ing  with  _at  points  where  i$(n)  is  defined.  It; was 

found  here  (2  Ij/',  theorem  4)  that  if  the  problem  B  con¬ 
sists  of  one'  function  and  reduces  -  A^  ,  then  B  is  a  solva¬ 
ble  problem.  As  a  consequence  of  this  we  obtain  immedia¬ 
tely  that  if  the  problem  of  solvability  of  a  set  B  reduces 
to  some  sort' of  problem  of  separability  of  an  enumerable  : 
set,  then  the'  set  B  is  solvable.  ■’  .  v  v  V't 


The  following  theorems  hold:  • 

Theorem  5.  Bor  any  pair  of  recursively  unseparable • 
enumerable  sets  and  E  there  exists  an  enumerable  unsol- 
vable  set  H  such  ’that  the  problem  of  separability  of 
B  and  does  not  reduce  to  the  problem  of  solvability  • 

Of  H.  '  *  V  .  ..  ■  ••  -*■  .‘T  ;  v- 

:  Theorem  6 .  There :  exists  an  enumerable  sequence  of 
pairwise '  uncomparable  problems  of  separability  of  enume¬ 
rable  sets.  :  V 

Theorem  7.  Bor  any  unsolvable  Av  of  separabi-  ■ 
lity  of  enumerable  E.  and  E^  there  ’•■"I-  2  'exists  a 
problem  of  separability  AR  „  of  recursively  unseparable 
enumerable  sets  EL  and  VTV 

not  reduce  to  A^  . 

11  _  rL  .  . 

:  12 


H. 


such  that  A_,  _  does 

W  ' 


Among  the  results  of  A.  A.  Muchnik^  pertaining  to 
the  calculus  of  mass  problems  of  Yu.  T.  Medvedev,  belongs 
above  all  his  solution  of  Post’s  reducibility  problem,  on 
which  .we  shall  dwell  especially  in  the  next  section.  *  "  Vi 


1.  Yu.  T.  Medvedev,  Degrees  of  Difficulty  of  Mass  Prob¬ 
lems,  Dissertation,  Moscow  state  University,  1955. 
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7.  Post’s  Reducibility  Problem  and  Problems  Related 

With  It. 

1.  The  theory  of  enumerable  sets  i@  of  interest  in 
connection  with  problems  of  solvability.  Historically,  this 
term  was  first  applied  to  problems  of  solvability  of  logi¬ 
cal  calculi,  under  which  were  meant  problems  of  construc¬ 
tion  of  an  always  applicable  (i.e.,  not  partial)  algorithm, 
which  permits,  in  accordance  with  the  form  of  the  formula 
of  a  certain  calculus,  to  solve  the  problem  whether  it  Is 
provable  in  this  calculus  or  not.  As  a  consequence,  prob¬ 
lems  of  solvability  (see  Section  6)  of  the  set  M  have  begun 
to  assume  the  meaning  of  any  mass  problem  consisting  of  the 
construction  of  a  calculable  function,  which  assumes,  for 
example,  a  value  1  if  the  object  belongs  to  M  and  0  if  it 
does  not.  (It  is  clear  that  instead  of  "the  belonging  of 
the  objects  to  the  set  M"  one  can  speak  of  "its  having  the 
property  S  which  defines  M.") 

As  already  noted,  it  is  most  natural  to  imagine  an 
enumerable  set  as  a  set  M  of  constructive  objects,  succes¬ 
sively  generated  one  after  the  other  in  some  regular  process. 
If  this  process  continues  without  limit,  then  the  problem 
of  the  belonging  to  an  arbitrary  object  a  to  a  set  M  is  sol¬ 
ved  effectively  (in  the  sense  of  the  existence  of  an  algo¬ 
rithm  which  recognizes  whether  a  belongs  to  the  set  M  or  not) 
only  under  the  condition  that  not  only  the  set  M  itself  is 
enumerable,  but  also  its  complement.  If  the  complement  to 
the  enumerable  set  M  is  not  enumerable,  then  the  set  M  is 
unsolvable. 

With  the  aid  of  the  diagonal  procedure  it  is  easy  to 
construct  an  enumerable  but  unsolvable  set  thereby  obtain¬ 
ing  an  example  of  an  algorithmically  unsolvable  problem  of 
solvability.  And  then  the  solution  of  the  problem  of  the 
non-solvability  of  any  mass  problem  of  solvability  P  can  be 
sought  already  along  the  ways  of  algorithmic  reduction  to 
the  problem  P  of  another  algorithmic  problem  Q,  the  unsolva¬ 
bility  of  which  has  already  been  proved.  It  was  precisely 
in  this  manner  that  the  most  important  results  were  obtained, 
pertaining  to  the  unsolvability  of  mass  problems,  beginning 
with  the  problems  of  solvability  of  a  narrow  calculus  of 
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■predicates  (in  this  case  also  the  results,  considered  in  • 
Section  9»'  of  A.  A.  Harkov,  Pi  S.  Novikov,  3.  A.  Adyan, 

G.  3.  Tseyt'in,  and  others).  In  all  these  cases  the  prob¬ 
lem  Q  (which  they  reduced  to  the  considered  problem  P) 
can  be  chosed  to  be  in  the  same  problem  which  plays  the 
role  of  a  standard,  for  example,  the  problem  of  solvabi¬ 
lity  of  the  predicate  (Bx)Tl(a,a,x)  ^  (or  the  correspond¬ 
ing  enumerable  set:  z{£i)r,(r, z.x))  *).  This  predicate 

has  the  highest  degree  of  unsolvability  compared  with  any 
predicate  of  the  type  (£x)R{a,x)  ,  where  H  is  a  recursive 

two-place  predicate  (a  predicate  of  the  type  (Ex)  ft  (q,  x)  , 
and  can  define,  as  is  known,  any  enumerable  set).  In 
particular,  any . enumerable  but  not  solvable  set  reduces 
by  solvability  to  a  set  T;  e(£x)Tt(z,  t,*)  ,  The  question 

arises  naturally  whether  the  reverse  is  true;,  do  there 
exist  enumerable  but  unsolvable  sets  with  a  smaller  de¬ 
gree  of  unsolvability  than  in  T?  Can  one,  in  other  words, 
reduce  (by  solvability)  I  to  any  enumerable  but  not  sol¬ 
vable  set?  This  problem  was . raised  in  1944  by  Post  and 
is  known  as  Post ’  s  reducibility  problem.  -For  its  solu¬ 
tion,  naturally,  it  was  found  convenient  to  analyze  the 
construction  of  the  set  of  all  enumerable  sets  and  ana¬ 
lyze  all  possible  means  of  reducing (by  solvability)  cer¬ 
tain  sets  to  others.  In  the  foreign  literature  very 'many 
papers  devoted  to  this  problem  have  been  published,  most 
important  of  which  are  those  written  by  Post,  Kleene, 
Turing,  Reis,  Pecker,  Spector,  Priedberg  and  others.  Prom 
among  the  Soviet  mathematicians,  at  the  initiative  of  P. 

3.  Novikov  and  A. .  N.  Kolmogorov,  who  attracted  to  these 
problems  the  attention  of  the  -students,  were  engaged  £.  A, 
Trakhtenhrot ,  A.  V.  Kuznetsov,  V*  A',  tlspenskiy,  Yu.  T. 
Medvedev,  and  A.  A.  Muchnik.  The  Post  problem  was  solved 
almost  simultaneously  and  almost  independently  of  each 
other  by  the  young  mathematician  A.  A.  Muchnik  and  the 
American  mathematician  Priedberg  (certain  additional 
results  obtained  by  Muchnik  are  lacking  in  Priedberg’ s 
work) .  But  the  works  proceeding  the  results  of  Muchnik 
and  Priedberg  and  pertaining  to  problems  of  classifica¬ 
tion  of  enumerable  sets,  construction  of-  their  system,  and 

1.  See  S,.  C.  Kleene,  Introduction  to  Meta-Mathematics,  • 
Moscow,  Poreign  Literature  Press,  1957,  p.  255. 
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the  interrelation  of  various  types  of  enumerable  opera-  ' 
tors,  retain  their  significance  independent  of  the  Post 
problem.  .  . 

2.  The  problem  of  reducibility ,  which  was  formu¬ 
lated  by  Post  in  connection  with  the  general  premise, 
created  in  the  region  of  problems  of,  solvability  of  for¬ 
mal  logical-mathematical  calculations,  was  found  to  be, 
as  was  noted  for  example  by  Myhill  *,  connected  in  a 
certain  sense  with  the  famous  theorem  of  Goedel  concern¬ 
ing  the  incompleteness  of  formalized  systems,  containing 
arithmetic.1  A  set  of  provable  formulas  of  such  systems 
is  enumerable,  but  not  solvable,  i.e.,  their  complement 
is  not  enumerable.  Furthermore,  for  any  formal  system 
.S  .(with  effective  rules  of  deduction),  permitting  to 
record  in  its  terms  all  equalities  of  the  form  f(x)  =  y» 
where  f  is  a  computable  (i.e.,  specified  by  some  algo¬ 
rithm)  numerical  function  such  that  the  equalities 
f(x)  =  y  are  provable  by  the  means  of  the  E  system  if 
and  only  if  they  are  contentfully  true,  the  following 
situation  takes  place:  a.)  the  set  D  of  Goedel  numbers  of 
provable  formulas  of  such  a  system  is . enumerable ;  b)  the 
complement  i>»  to  the  set  D  is  not  enumerable;  c)  among 
the  subsets  of  set  D*  there  is  an  infinite  enumerable  - 
set;  d)  among  the  subsets  of  set  D’  there  is  no  "maximal " 
infinite  enumerable  set  R  ("maximal"  in  that  sense,  ths,t 
the  difference  M\R  no  longer  contains  an  infinite 
enumerable  set);  e)  there  exists  a  computable  (and  even  a 
general-.re cursive )  "reproducing"  function  p  such  that  if 
n  is  a  Goedel  number  of  an  infinite  enumerable  set  **££'  , 
then  the  number  p(n)  belongs  to  the  difference  1>'\P  • 

In  other  words,  the  set  D*  of  the  provable  formulas 
Of  the  system  £  (we  note  that  this  sytem  is  non-contra¬ 
dictory,  since  not  all  of  its  formulas  are  provable)  such 
that  one  can  add  to  it  any  infinite  enumerable  set  P*, , 
of  formulas  that  are  not  contained  in  them,  and  neverthe¬ 
less  one  finds  effectively  after  this  a  formula  v;hich  is 
not  contained  in  the  junction  *  To  this 

TT  J.  Hyhill,  Creative  Sets,  Zeitschr.  Mathem  Logik  u. 
Grundlagen  Math.  1,  (1955)  *  97  —  108.  , 

2.  The  asterisks  are  used  here  because  we  have  changed 
over  from  Goedel  numbers  of  formulas  to  the  formulas 
themselves. 


■  union  one  can  add  again  an  infinite  enumerable  set  P* 
of  formulas  not  contained  in  it  and  again,  from  the  ^ 
Goedel  number  of  this  set,  one  can  effectively  indicate 

ai^>0rmu‘*’a  :ai0*'  contained  in  the  union  D*  [j /»* jj  p*  f 

etc,  ) 

Ihe  sets  of  natural  numbers  with  properties  a)  _ 

e),  were  called  by  Post  creative,  Phe  enumerable  set, 
having  the  property  b) ,  but  not  having  the  property  c) 
(i»e.,  such  that  its  complement  is  infinite,  but  does 
not  contain  an  infinite  enumerable  subset),  he  called 
simple.  Among  the  enumerable  sets  the  creative  ones 
(all  of  them! )  have  one  in  the  same,  higher,  degree  of 
unsolvabxlxty :  any  enumerable  set  is  reduced  to  them  by 
solvability,  (Phe  "standard"  P,  v;hich  we  discussed  in 
item  1,  is  consequently  such  a  creative  set.)  But  is  a  ■ 
creative  set,  for  example,  reduced  to  any  simple  one?  Phe 
Post  problem  would  be  solved  were  it  possible  to  answer 
this  question  in  the  negative.  But  do  simple  sets  exist 
at  all?.  And  how  can  one  prove  the  unsolvability  of  suoh 
a  set  without  resorting  t©  reducing  the  standard  to.it? 
Already  in .1944  Post  succeeded  in  constructing  an  exam¬ 
ple  of  a  simple  set  P,  the  proof  of  the  unsolvability  of 
which  did  not  consist  of  reducing  (of  the  proposed)  stan¬ 
dard  P  to  P,  However,  the  question  of  whether  P  never¬ 
theless,  reduces  to  a  simple  set  constructed  by  it  was  an¬ 
swered  in  the  afx'irmative :  "It  reduces."  Phe  "simplici¬ 
ty"  of  the  set  by  itself. was  thus  found  to  be  insuffi¬ 
cient  in  order  for  P  not  to  be  reduced  to  it.  Then  Post 

1.  As  shown  by  V.  A.  Uspenskiy  /~14j7  in  item  e)  it  is 
possible  to  replace  the  enumerable  function  p,  whioh  re¬ 
produces  the  number  p(n),  belonging  to  the  difference 

,  by  means  of  a  computable  function  g,  which  re¬ 
produces  the  Goedel  number  g(n)  of  a  certain  infinite  enu¬ 
merable  set  Q S  A  s/*  ,  i.e.,  one  can  speak  not  of  an  ef¬ 

fective  searching  for  a  formula  not  contained  in  the  union 
,  but  of  an  effective  definition  of  an  infinite 
enumerable  set  of  puch  formulas.  In  the  same  note  /~"l4j7, 
V.  A,  Uspenskiy  constructed  an  example ‘of  an  enumerable 
set,  the  complement  of  which 'has  the  properties  b)-d) 
but  for  which  e)  is  not  true.  ' 


separated  among  the  simple  sets  a  particular  class  of 
hypersimple  ones,  (a  hypers irnple  set  is  an  enumerable  set 

H,  the  complement  of  which  H'  is  infinite,  and  such  that 
there  exists  no  enumerable  set  or  pairwise  non-intersect¬ 
ing  corteges,  each  of  which  intersect  with  H')  and  attem¬ 
pted  to  prove  that  the  creative  set  does  not  reduce  to  the 
hypersimple  one*  By  way  of  methods  of  reduction  he 

.used  in  this  case  a  special  apparatus  (Post's  tables), 

'developed  by  him  specially  for  the  reducibility  by  sol¬ 
vability,  i.e. ,  pertaining  to  predicates  ("arithmetic" 
functions,  which  assume  one  and  only  one  of  two  values, 

0  or  1).  It.  was  found  that  with  the  aid  of  this  appara¬ 
tus  the  creative  set  does  not  reduce  to  the  hypersimple 
one.  But  the  question  remained  open  of  whether  this 
remains  true  also  for  the  more  general  concept  of  algorith¬ 
mic  reducibility.  To  answer  this  question  it  was  neces¬ 
sary  to  investigate  above  all  various  possible  methods  of 
re&xiction  —  the  mutual  relationship  between  various 
classes  of  enumerable  operators.  This  problem  was  espe¬ 
cially  investigated  by  B.  A.  Trakhtenbrot  /_  3,  12 _/,  who 
was  later  joined  by  A.  ?.  Kuznetsov  /  2 

3.  In  his  papers  /  3,  12 J  Trakhtenbrot  investi¬ 
gated  the  mutual  relationship  between  the  following  types 
of  enumerable  operators;  a)  primitive-recursive  j 
b)  those  he  called  Post  "operators"  “ ?  c)  general-recur¬ 
sive^*;  d)  partially-re cursive. 

I.  The  expressions;  a)«  where  T  is.  a  primitive- 

recarsive  operator,  ana  b)  "  p  ‘  is  uniformly  primitively— 
recursive  relative  to  t|/  "  denotes  the  same  thing.  See 

Kleene,  Introduction  ijo  Meta-Mathematics,  Moscow,  Foreign 
Literature  Press,  1957,  p.  210  —  211. 

2.  Post  operators  correspond  to  Post's  tables*  As  estab¬ 

lished  by  B.  A.  Trakhtenbrot  /  J>j\  a  Post  operator  can  be 
represented  in  the  following  form;  we  consider  a  primitive- 
recursive  operator  T,  which  processes  a  set  of  n  functions 
P  ,  f  ,.*.,f„  into  the  function  f,  and  we  place  instead 
o?  f  1 2 3a  certaindefined  general-recursive  function  y  . 
The  obtained  operator  Tf'j*  /ftj  -*v  f  yi—X)  indeed. a  Post 

operator  of  n  -1  functional  variables. 

3.  A  partially-recursive  operator  is  called  general-recur¬ 
sive  if  it  transforms  any  everywhere -defined  function  into 
one  everywhere-def ined. 
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It  was  found  that  between  these  classes  of  operators 
there  exist  relations  of  strict  inclusion,  i.e.,  each  suc¬ 
cessive  class  is  broader  than  the  preceding  one.  It  was 
found  further  that  a  creative  set  does  not  reduce  to  a  hyper- 
simple  one  hot  only  by  means  of  Post  operators  but  even_by 
general-re cursive_op<enatorS  (Hi  A.  Trakhtenbrot  £  3,  5_y, 

A.  Y.  Kuznetsov  /  2 _/.  Yet  Pecker  observed  that  the  situa¬ 
tion  is  different  in  the  case  of  partially  recursive  opera¬ 
tors  t  for  each  creative  set  K  there  exists  a  hyper-simple 
one  H,  to  which  K  reduces  by  means  of  a  partially  recursive 
operator1 2*.  This  naturally  did  not  exclude  the  possibility 
of  their  existing  among  the  hyper-simple  sets  themselves 
part ially-re cursive  operators  that  do  not  reduce  one  to  ano¬ 
ther,  i.e.,  that  hyper-simple  sets  can  have  different  deg¬ 
rees  of  unsolvability.  The  problem  raised  by  Post  for  enu¬ 
merable  sets  has  shown  thus  an  analogous  problem  for  hyper¬ 
simple  sets. 

At  the  same  time  the  following  problems  arose; 

a)  study  of  the  structure  of  a  system  of  hyper-simple  sets; 

b)  clarification  of  the  role  of  partially-re cursive  operators 
which  are  not  general-recursive.  The_first  of  these  was 
first_engaged  in  by  Yu.  T.  Medvedev  [_  4 _/,  V.  A,  Uspenskiy 

/  14  A  and  A,  Y.  Kuznetsov  (concerning  the  latter,  see 
l_  14 _/,  for  example).  Together  with  solving  the  Post  prob¬ 
lem,  the^problem  was  completely  solved  by  A.  A.  Muchnik 
/_  1,  3J  *.  The  fact  that  operators  which  are  partially 

1.  In  fact,  Decker  has  also  shown  that  for  each  non-enu- 
merable  set  E^  there  exists  a  hyper-simple  set  E_,  to  which 
E  can  be  reduced  by  a  partially  recursive  operator. 

2.  A  detailed  exposition  of  the  results  of  A.  A,  Muchnik, 
pertaining  to  Post's  problem  (with  complete  proofs)  is  found 
in  his  dissertation  "Solution  of  the  Post  Solvability  Prob¬ 
lem"  (the  abstract  was  sent  out  on  14  November  1958).  The 
contents  of  his  two  papers  at  the  Moscow  Mathematical  Soci¬ 
ety  of  16  October  1956  and  17  December  1957  werepublished 

in  two  artioles:  "Solution  of  the  Post  Reducibility  Problem 
and  Certain  Other  Problems  in  the  Theory  of  Algorithms,  I" 
and  "Isomorphism  of  Systems  of  Recursive-enumerable  Sets 
with  Effective  Properties"  (Trudy  Moskovskogo  Matematiches- 


—  _L 

recursive  but  not  general  recursive  can  play  a  very  sub-  ‘ 
stantial '  role  _as  a  reduction  method_v/as  explained,  in 
particular,  by  A.  V.  Kuznetsov  £ 2j  and  B.  A.  Trakhten- 
brot  £5 J  in  their  joint  paper.  It  is  with  this  work 
that  we  now  begin  an  examination  of  the  second  of  the 
foregoing  problems  (item  5  is  devoted  especially  to  the 
first  one). 

4.  Corresponding  to  the  intuitive  meaning  of  a 
"reduction"  of  the  calculation  of  one  function 
to  others  is  essentially  indeed  the  concept 

of  the  partially  recursive  (or  computable)  operator,  which 
permits,  given  enough  information  on  the  values  of  the 
functions  -  j  fk  to  calculate  the  values  of  the  func¬ 

tions  vj/  (if  they  are  defined).  A  general-recursive 
operator  (we  shall  confine  ourselves  for  simplicity  to- the 
;ase  k  =  1)  is  also  partially  recursive,  but  satisfies  the 
idditional  requirement  that  any  every-where  defined  func¬ 
tion  is  converted  by  it  again  into  one  everywhere -defined. 
Et  could  happen,  incidentally,  that  an  operator  which  con¬ 
certs  any  one  everywhere-defined  function  into  one  not 
everywhere  defined,  is  perhaps  not  worthy  of ‘ the  name 
'computable  operator." 

Such  a  point  of  view  v/as  particularly  tempting  in 
;onnection‘with  the  results  of  V.  A.  Trakhtenbrot  Z  3 J, 
,'hich  is;  shown  that  from  a  a  hypersimple  set1*  it  is  impos- 
ible  to  obtain  a  creative  set  by  any  general-recursive 
perator.  (v/ere  it  possible  to  neglect  partially-re cur¬ 
sive  operators  in  the  statement  of  the  Post  problem,  then 
;he  Post  problem  could  'be  thus  solved)  .  During  the  course 
if  a  discussion  that  took  place  on  the  Seminar  on  Mathema- 
ical  Logic  at  the  Moscow  State  University  in  connection 
dth  the  paper  by  B.  A.  Trakhtenbrot  (November  1954) ,  Which 
contained  a  detailed  proof  of  this  result,-  arguments 
igainst  this  point  of  view  were  raised  by  ?.  A.  Uspenskiy 


^ootnote  (2)>  cont.  from  Pg.  81  . . .  kogo  obehchestva  . 

/  Works  of  the  Moscow  Mathematical  Society^/  7  (1958),  pp, 
391  —  405  and  407  ~r  412.  His  solution  to  the  Post  prob¬ 
lem  was  reported  by  A.  A.  Muchnik  to  the’  participants  of 
the  Seminar  on  Mathematical  Logic  at  the  Moscow  State 
university  at  the  end  of  1955* 

l.  Phe  set  is  identified  here  with  the  corresponding 
•jharacteristic  function. 
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:  (published  in  /  13 J ,  theorem  11)  and  A.  V.  Kuznetsov,  “V 
who  constructed  examples  of  partially-recursive  operators 
which  are  not  general-recursive,  and  nevertheless  reduce 
any  general -re cursive  function  into  a  general-recursive 
one.  She  value  of  partially-recursive  but  non-general 
recursive  operators  was  particularly  emphasized  thereby 
in  connection  with  considerations  pertaining  to  the  con- 
jcept,  proposed  by  A.  V.  Kuznetsov,  of  "general-definite¬ 
ness”  and  "field  of  general-definiteness"  of  an  operator. 
The  participants  of  the  seminars  led  by  P.  S.  Novikov, 
and  the  students  at  his  courses  on  the  fundamentals  of 
mathematics  and  on  the ' descriptive  theory  of  functions, 
usually  consider  (particularly  since  1954)  everywhere- 
defined  single-placed  numerical  functions  as  point  in 
the  Baire  space .  This  method  of  working  with  arithmetic 
function  was  illustrated___in  greater  detail  in  the  article 
by  V.  A.  Uspenskiy  /  13j?) .  The  system  of  all  single- 
placed  numerical  functions  (including  those  not  every - 
where  defined)  is  identifiable,  following  V.  A.  Uspenskiy 
(Z  ^3_y,  Section  10)  with  the  generalized  Baire  space  J  . 
The  function  P  is  called  general-defined  at  the  point 
^  £  J  ,  if  P  is  defined  at  the  point  CL  and 
(i.e.,  if  the  operator  P  converts  cL  into  an  eve rywhe re¬ 
defined  function) *  The  aggregate  of  all  points  of  ordi¬ 
nary  Baire  space  J  (i,e»,  of  all  everywhere-defined 
single-placed  numerical  functions)  in  which  the  function  P 
is  general-defined,  is  called  the  region  of  general-defi¬ 
niteness  of  the  function  (operator)  P. 

Let  ■*  be  any  everywhere-defined  arithmetic  func¬ 
tion,  the  complement  to  the  graph  of  which  is  an  enume¬ 
rable  set.  A.  A.  M’achnilc  has  shown  that  the  set  J\!?i 
(i.e.,  the  set  of  all  the  points  of  ordinary  Baire  space, 
different  from  *  )  is  the  region  of  general-definite¬ 

ness  of  a  certain  partially-recursive  operator.  If  in 
this  case  the  function  i  ■-  is  not  general— recursive,  this 
proves  in  itself  the  existence  of  a  partial-recursive 
operator,  which  although  it  is  not  general-recursive,  ne¬ 
vertheless  it  not  only  transforms  any  general-recursive 
function  into  a  general— recursive  one, '  but  in  general 
behaves  differently  from  the  general-recursive  operator 
only  as  applied  to  one  not  too  good  function.  A  simple 
example  of  a  function  .  *  which  is  general— recursive  was 
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constructed  by  A.  V.  Kuznetsov  /_  2 Furthermore,  it  ~~ 
was  found  that  an  operator  of  this  kind  is  far  from'' 
being  a  rare  exception:  as  shov/n  by  A,  V.  Kuznetsov, 
the  class  of.  functions  ^  ,  for  which  there  exists  a 

part ially-re cursive  operator  7 *  ,  general-defined  in 

all  points  of  a.Baire  space  J,  with  the  exception  of  a 
single  f  ,  is  such  that  is  enough  to  substitute  in 

Tfe)  in  place  of  x  only  primitive-recursive  functions  x, 
so  as  |o  obtain  all  single -placed)  hyper-arithmetic  func¬ 
tions.  •  *  leaning  on  one  of  the  results' of  Kleene,**  A.  V. 
Kuznetsov  has  constructed  later  an  example  of  such  a  par¬ 
tially -re  cursive  operator,  which  is  not  general-recursive, 
but  is  general-defined  in  all  hyper-arithmetic  points. 

What  is  'required  of  a  set  of  points  of  Baire  space 
in  order  that  this  set  could  be  a  region  of  general-defi¬ 
niteness  of  any  par tially-re cursive  operator?  The  answer 
to  this  question  is  the  criterion  obtained  (independently 
of  each  other  )  in  November  1954  by  A.  V.  Kuznetsov  /  2_J 
and  B.  A  Trakhtenbrot  /_  5 •  for  each  formulation  it  \ 
was  found  convenient  to  obtain  a  certain  effectivization 
of  the  concept  of  open,  closed  and  6*  sets,  on  which  we 
shall  dwell  in  greater  detail  in  Section  12.  In  terms  of 
this  effectivization,  the  Kusnetsov-Trakhtenbrot  theorem 
(theorem  2)  reads  as  follov;s: 

For  the  existence  of  a  partially-recursive  opera¬ 
tor  (respectively,  functional)  having  as  the  region  of 
general-definiteness  the  set  /Ifcy  ,  it  is  necessary  and 
sufficient  that  M  be  an  effective  <J8  set  (respectively, 

1.  In  Kleene's  generalized  (by  adding  to  the  quantor  pre¬ 
fix  quantors  by  functions)  hierarchy  of  forms  of  predi¬ 
cates,  there  corresponds  to-  arithmetic  functions  also 
predicates  (which  define  these  functions),  which  are  res¬ 
ponsible  in  both  single-function  quantor  forms.  In  the 
article  by  A.  V.  Kuznetsov  /  2__/  and  B.  A,  Trakhtenbrot 

/  5 _/  these  functions  figure  as  "reducible  to  effectively 
olosed  points."  In  Section  8  of  the  present  survey  they 
are  called,  following  A.  V.  Bhiznetsov,  B*  functions. 

2.  The  theorem  that  there  exists  a  general-recursive  pre¬ 

dicate  R(n,x)  (where  *  is  a  functional  variable)  such 
that  (&<)(*)#(«.  *)  is  true,  while  (*)  /#«,-*)  is  false  for 
.any  hyper-arithmetic  «  i  . 
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an  effective  open  set).  (She  proof  of  this  theorem)  pro¬ 
posed  by  V.  A.  Uspenskiy,  was  given  in  /"l3  7»PP.  140  — 
141). 

These  and  other  ideas  and  results  of  A.  V.  ICuznetsov, 
B.  A,  Trakhtenbrot*  and  V.  A.  Uspenskiy  have  found  applica¬ 
tion  to  the  solution  of  many  problems,  concerned  with  the 
cons tructivization  of  the  concept  and  methods  of  mathemati¬ 
cal  analysis  (see  Section  12), 

5.  Two  sets  of  natural  numbers  E’  and  EM  are  called 
isomorphic  if  there  exists  a  mapping  that  converts  E»  exact¬ 
ly  into  E*  *  and  is  realizable  by  a  general-recursive  func¬ 
tion  m  =  f(n),  which  mutually  uniquely  maps  the  natural  se¬ 
ries  on  itself.  Important  examples  of  non-isomorphic  enu¬ 
merable  (but  unsolvable)  sets  are  obtained  directly  from 
the  results  of  Post  (1944) .  *  At  the  Seminar  on  Recursive 
Arithmetic  at  the  Moscow  University  (1954),  A.  N,  Kolmogorov 
formulated  the  general  problem  of  how  rich  a  . class  of  pair- 
wise  non- i s om o rjfii i d_e nume r ab  1  e  (hut  unsolvable )  sets  can  be. 

In  remarks  /  4__/ ,  Yu.  T.  Medvedev  answered  this  ques¬ 
tion,  explaining  how  strikingly  large  the  variety  of  even 
pairwise  non-isomorphic  hyper-simple  sets  can  be.  Yu.  T. 
Medvedev  obtained  his  answer  by  seeking  a  clear  and  conve¬ 
nient  characteristic  property  of  hyper-simple  sets,  which 
was  also  independently  discovered  by  V.  A.  Uspenskiy  /  14 / 
and  A.  Y.  Kuznetsov  (ibid.  p.  166). 

It  is  natural  to  connect  with  the  set  M  of  the  natu- 
ram  numbers  a  function  f ,  which  enumerates  M  strictly  in 
order  of  increasing  of  its  elements.  Such  a  function  A.  V. 
Kuznetsov  proposed  to  call  a  direct  enumeration  of  the  set 
M«  Possessing  of  computable  direct  enumerations  are,  as  is 
well  known  (established  by  Post)  infinite  solvable,  and  only 
such  sets.  Of  substantial  interest,  however,  are  also  those 
oases,  when  the  direct  enumeration  of  this  set,  although  not 
computable,  is  nevertheless  majored  by  a  general— recursive 
function.  What  is  this  class  of  sets  for  which  that  is 
impossible?  And  incidentally  this  question  is  given  by  one 


1.  Concerning  the  results  of  A.  A.  Muohnik,  pertaining  to 
isomorphic  systems  of  enumerable  sets,  see  Section  8. 
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*  theorem  of  V.  A.  Uspenskiy  (/~14_y,  theorem  4) ,  which  we"~* 
shall  not  give  here,  but  with  which  is  closely  related  a 
theorem  of  the  characteristic  property  of  a  hyper-simple 
set,  obtained  by  Yu.  T.  Medvedev  and  A. ' V.  Kuznetsov.  We 
give  it  in  the  formulation  of  A.  V.  £u£netsov: 

An  enumerable  set  H  is  hyper-simple  when  and  only 
when  its  complement  H*  is  infinite  but  .such  that  a  direct  ,, 
enumeration  of  the . set  H*  is  npt-majored  by  any  general-  : 
recursive  function.  . 

Yu.  T.  Medvedev  introduces  into  consideration  not 
the  direct  enumeration  of  the  set  IT  of  natural  numbers, 
but  a  different  function,  which  he  denotes  E(n) ,  which  is 
taken  to  mean  the  number  of  points  of  the  set  E  on  the 
interval  (l,n)".  If  there  exists  such  a  general— recursive 
function  )•;  that 

|^(«(n))>£i(»)  2,  ...), 

then  Yu.  T.  Medvedev  says  that  the  set  E_  ia  not  less 
dense  than  the  set  E.. .  This  relation  defines  naturally 
the  relations  of  uniform  and  large  density.  The  fact  that 
the  set  E^’  is  denser  than  the  set  E^  is  written  as  follows: 

\El‘K  Et  ' .  Using  this  terminology,  it  can  be  said  that 
!;he  characteristic  property  of  a  hyper-simple  set  H  con¬ 
sists  of  that  H  is  an  enumerable  set  with  an  infinite 
jomplement  H1 ,  but  a  less  dense  one  than  a  natural  series 
>f  numbers  «<  N  .  Since  the  isomorphic  sets  have  Uni-  • 
form  density,  then  the  following  theorem  (^/~4 theorem 
0  gives'  a  sufficiently  clear  representation  of  the  supply 
>f  non-isomorphic  hyper-simple  sets: 

For  any  constructive  transfinite  i®  there  exists 
x  sequence  of  the  type  j*  ..  of  ever  denser  complements  to 
ijhe  hyper-simple  sets:  . 

This  theorem  is  an  obvious  consequence  of  the  cir¬ 
cumstance  noted  by  Yu.  T»  Medvedev:  by  adding  to  H  or  by 
removing  from  the  hyper-simple  merely  one  point,  we  obtain 
a  new  set  (also  hyper-simple)  the  complement  to  which  has 
a  different  "density"  than  the  complement, to  the  initial 
sets. 

6.  As  already  noted  (Section  6,  item  4),  the  semi- 
lattice  of  degrees  of  unsolvability  of  arbitrary  sets  of.; 


of  natural  numbers  (relative  to  the  reducibility  by  par- 
tially-recursive  operators)  have  been  investigated  by 
Kleene  and  Post*  This  still  did  not  solve  Post's  problem, 
since  the  latter  pertains  especially  to  enumerable  sets. 

The  complexity  of  constructing  a  system  of  enumerable  sets 
should  bring  to  toindj  however,  the  existence  of  different 
degrees  of  unsolvability  also  in  the  system  bf  enumerable 
sets.  We  have  already  remarked  (Section  6,  item  4)  that 
Yu.  T.  Medvedev  formulated  the  problem  of  reducibility  as 
a  mass  problem  in  his  definition.  But  the  mass  problem  in 
the  sense  of  Yu.  T.  Medvedev  is  the  problem  of  the  construc¬ 
tion  of  an  arithmetic  function,  satisfying  definite  require¬ 
ments.  Of  what  function  can  one  speak  in  Post's  problem  of 
reducibility?  The  Post  problem  can  be  formulated  as  follows: 
it  is  necessary  to  ascertain  whether  for  any  pair  of  enume¬ 
rable  but  not  solvable  sets  A  and  B  there  exists  a  partial- 
ly-recursive  operator  T  which  transforms  the  t sest  A  (its  * 
characteristic  f  )  into  a  set  B  (the  function  f) .  But  a 
partially -re cursive  operator  is  still  in  itselfBnot  an  arith¬ 
metic  function.  It  is,  however,  difficult  to  give  a  func¬ 
tional  representation  for  a  par tially-re cursive  operator. 

Such  representations  were  proposed  by  various  authors.  The 
best  known  is  that  proposed  by  Kleene.  *  Other  represents* 
tions  are  contained  in  the  dissertation  of  Yu.  T.  Medvedev,1 2* 
in  the  work  by  A.  V.  Kuznetsov  /~*2j7  and  B.  A.JTrakhtenbrot 
Z  5.7,  and  in  the  article  by  V.  A.  Uspenskiy  /  13_7,  who 
identify  computable  operators  with  constructively  continuous 
functions  on  a  generalized  Baire  space  (concerning  this,  see 
Section  10).  Yu.  T.  Medvedev  considers  operators  which  con¬ 
vert  everywhere-defined  arithmetic  functions  (i.e.,  sequen¬ 
ces  of  points  of  ordinary  Baire  space)  in  everywhere-defined 
arithmetic  functions.  By  means  of  the  conversion,  realizable 
by  operator  T,  which  converts  the  function  f  into  the  func¬ 
tion  g,  there  is  induoed  a  conversion  of  each  cortege  f  (0), 
f(l,,,.,f(n)  into  a  certain  cortege  g(0) ,  g(l) , . . . ,g(m) ,  and 


1.  See  S.  C.  Kleene.  Introduction  into  Meta-Mathematics, 
Moscow,  Foreign  literature  Press,  1957,  p.  308. 

2,  Yu.  T.  Medvedev,  Degrees  of  Difficulty  of  Mass  Prob¬ 
lems,  Dissertation,  Moscow  State  University,  1955. 
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vice  versa,  such  a  conversion  of  corteges  a.  ,  a?,...,a  i 
into  corteges  b-, .  bg,  .  .:i',bn  at  which  there  1  21 

occurs  with  increasing  n,  at ^the  very  most,  only  an  addi¬ 
tion  to  an  already  obtained  cortege  of  new  terms,  defines 
also  a  conversion  of  one  function  (infinite  sequences) 

CL  into  another  one  .  Corresponding  to  the  operator 
?,  which  converts  functions  into -functions is  thus  (mutu- 
lly  uniquely)  an  operator  A  ,  which  converts  oorteges  t-- 
nto  oorteges.  But  all  pairs  of  corteges  can  be  effeo- 
;ively  renumbered,  and  thereby  even  with  a  pTimitive-re- 
jursive  function.  Thus  there  will  correspond  to  the  set 
)f  all  pairs  of  corteges,  defined  by  the  operator 
(and  consequently,  to  the  corresponding  operator  T)  a  cer¬ 
tain  sequence  of  numbers,  i.e. ,  an  everywhere  defined 
trithmetio  function  ^  ,  about  which  we  shall,  together 

/ith  Yu.. T.  Medvedev  and  A.  A.  Muohnik,  that  it  "realizes 
;he  functional  representation  of  the. operator  I." 

As  proved  by  Yu.  T.  Medvedev, , *  for  eaoh  partially- 
.-ecursive  operator  T  there  exists  a  primitive-recursive 
?unction  £  ,  which  realizes  its  functional  representation. 

furthermore,  for  all  part ially-re cursive  operator’s 
which,  convert  the  predicates  (i.e.,  the  characteristic 
.'unctions  of  sets)  into  predicates,  there  exists  a  univer-  . 
ml  functional  representation,  i.e.,  a  primitive-recursive 
unction (X,  Hkj  such  that  the  functional  representation,  of 
he  operator  T  is  realized  by  the  function^,  • 

he  operator  corresponding  to  this  function  will  be  deno- 
edTx  . 

To  each  pair  y  CsJ-  of  sets  there  corresponds  a 
ilass  of  functions  q>x  of  .operators  T  ,  which  convert  any 
me  of  the  characteristic  functions  f.xor  f  into  another.  . 
;ince  the  functions  A  are  primitive-recursive  (i.e.., 
chey  are  known  to  be  general-recursive),  then  the  (mass) 
oroblem  of  reducibility  of  at  least  one  of  the  sets  A,  B 
into  another  is  not  solvable  when  and  only  when  the  class 
of  functions  fX  or  of  operators  T  corresponding  to  it 
is  empty,  i.e.,  when  not  one  of  the  sets  A, B  reduces  to 
another  by  partially-re.cur'sive  operators.  An 'example  of 

l.  Yu.  T.  Medvedev,  Degrees  of  Difficulty  of  Mass  Prob¬ 
lems,  Dissertation,  Moscow  State  University,  1955. 
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such  two  enumerable  but  not  solvable  sets  H.  and  H  ,  for 
which  the  corresponding  class  3?  was  empty,  was  indeed  cons¬ 
tructed  by  A.  A.  Muchnik  (/XT?  1‘  theorem  1)  who  solved 
thereby  the  Post  problem.  The  results  of  A.  A.  Muchnik 
prove  the  exist^nde  of  incomparable  with  each  other  degrees 
of  unsolvability  of  enumerable  sets.  Furtherfore,  the  sets 
constructed  by  A.  A*  Muchhik  are  hyper-simple.  Thus,  even 
in  the  system  of  hyper-simple  sets  there  exist  sets  with 
incomparable  degrees  of  unsolvability.  A,  A.  Muchnik  has 
strengthened  considerably  this  result,  by  proving  (/l J, 
theorem  2)  that  there  exists  an  enumerable  sequence  of 
hyper-simple  H_,  ,H^,  the  terms  of  which  are  pairwise 

not  reducible  to  each  other  by  part ially-re cursive  operators, 
At  even  further  strengthening  it  the  rather  unexpected2 3 4* 
(inasmuch  as  both  in  the  structure  of  degrees  of  difficul¬ 
ties  of  Yu.  T.  Medvedev  (see  Section  6,  item  4)  and  in  the 
semi-lattice  of  degrees  of  unsolvability  of  Kleene-Post, 
the r^ exist  minimal  (non-vanishing)  degrees  of  unsolvabi- 
lity  ),  is  the  theorem  3,  proved  by  A,  A,  Muchnik,  that  no 
what  the  enumerable  but  unsolvable  set  G  may  be,  there  exists 
a  hyper-simple  H,  of  smaller  degree  of  unsolvability,  i.e., 
one  that  reduces  to  G  but  to  which  G  does  not  reduce  by  a^ 
partially-recursive  operator.  As  noted  by  Harley  Rogers,  * 
this  result  is  missing  from  the  work  of  the  American  mathe¬ 
matician  Friedberg,  who  also  solved  (independently  of  A.  A. 
Muchnik)  the  Post  problem.  But  indeed  this  result  is  of 
particular  interest  in  connection  with  the  Post  problem, 


1.  The  heading  of  the  note  ("Unsolvability  of  the  Problem 
of  Reducibility  of  the  Theory  of  Algorithms")  is  explained 
by  the  statement  of  the  problem  clarified  above. 

2.  See,  for  example,  Abstract  by  Hartley  Rogers  (in  the 
Journal  of  Symbolic;  Logic,  22,  (1957),  pp.  218  —219), 

3.  In  the  lattice  of  degrees  of  difficulties,  this'is  the 
degree  of  difficulty  of  the  construction  of  a  function  which 
is  not  general-recursive.  With  respect  to  the  Kleene-Post 
semi-lattice  see:  Clifford  Spector,  On  Degrees  of  Recursive 
Unsolvability,  Journal  of  Symbolic  Logic.  21  (1956),  p.  Ill, 

4.  See  the  abstract  by  H.  Rogers,  Journal  of  Symbolic  Logic. 

22,  (1957),  p.  219,  - - - 
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since  it  follows  from  it  that  among  the  unsolvable  enumerable 
sets  there  is  none  that  can  serve  as  a  standard,  suitable 
for' proving  the  unsolvability  of  any.;  unsolvable  enumerable 
set*  .  .  ■ 

8.  Descriptive  Properties  of  Arithmetic  Sets* 

Problems  of  Classification  oif  Sets,  Functions, 
and  Other  Objects.  * 

1*  P.  S.  Novikov  and  his  students  spend  much  time 
on  questions  connected  with  the  analogy  between  the  enume¬ 
rable  sets  of  natural  numbers  and  A  sets.  The  solvable  sets 
in  this  analogy  correspond  to  B  sets.  This  analogy  is  based 
on  the  fact  that  enumerable  sets  are  obtained  from  solvable 
by  projection,  i.e,,  the  same  way  that  A  sets  are  obtained 
from-  B  sets.  It  is  natural  that  many  questions  and  concepts 
arose,  analogous  to  those  studied  in  the  descriptive  theory 
of  sets'.  An  example  of  such  a  concept  is  the  universal  enu¬ 
merable  set,  an  example  of  which  is  the  question  of  separa¬ 
bility  of  enumerable  sets  by  solvable  ones.  But  while  the 
universal  enumerable  set  is  perfectly  analogous  (in  its 
definition  and  role)  to  the  universal  A  sets,  from  the  an¬ 
swer  to  the  question  of  the  separability  there  is  already 
obvious,  a  certain  violation  of  the  complete  analogy.  Indeed, 
P.  S.  Novikov,  and  later  B.  A.  TrakhtenbrOt  /  2 __/  construc¬ 
ted  many  examples  of  pair  of  non-intersecting  enumerable  sets, 
which  are  rec^rsive-non-separable  (i.e,,  not  separable  by 
solvable  sets^’). 

While  any  two  non-intersecting  A  sets  are  separable 
by  B  sets,  it  is  not  the  analogies  of  A  sets,  i.e.,  enume¬ 
rable  sets,  that  are  recursive-separable  but  their  comple¬ 
ments,  i.e,,  the  analogues  of  CA  sets..  Connected  with  the 
fact  of  separability  for  the  latter  was  indeed  the  first 
example  of  a  pair  of  non- intersecting  recursive-non- 

1.  This  section  was  written  with  the  collaboration  of 
A.  V.  Kuznetsov. 

2.  The  first  example  of  this  kind  was  published  by  Kleene 
in  1951,  who  obtained  it  independently  of  P.  S.  Novikov. 
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separable  enumerable  sets,  constructed  by  P.  8.  Novikov"^*! 
in  analogy  with  his  example  of  CA  sets,  not  separable  by 
B  sets.  .  . 

At  the  sane  time  it  was  possible  to  solve  for  enu¬ 
merable  sets  several  problems,  the  analogies  of  which  in 
the  theory  of  A  sets  entail  principal 'difficulties.  One 
of  such  problems,  formulated  by  P.  S.  Novikov,  was  solved 
by  A.  A.  Muchnik  /  2_J .  We  proceed  to  a  discussion  of 
this  problem  now. 

2.  In  the  theory  of  enumerable  sets  one  frequently 
makies  use  of  the  following  modification  of  the  ordinary 
concept  of  the  universal  enumerable  set:  an  enumerable  set 
U  of  natural  numbers  is  called  universal,  if  for  any  enu— 
me r able  set  V  of  natural  numbers  there  exists  such  a 
mutually-unique  general -re cursive  function  ,  that. 

Vx(x  e~f(x)e  v). 

In  all  the  above-mentioned  examples  of  recursively 
inseparable  enumerable  sets,  the  latter  ones  are  universal. 
P.  3.  Novikov  raised  the  question  of  whether  there  exist 
non-universal  recursive  non-separable  enumerable  sets.  An 
answer  _co  this  question  was  obtained  by  A.  A.  Muchnik. 

L  1  who.  introduced  a  concept  of  strongly  non-separable 
enumerable  sets  and  who  proved  the  existence  of  such. 
Indeed,  it  was  found  that  strongly  non-separable  sets  are 
recursively  non-separable,  but  not  universal.  With  the 
aid  of  these  A.  A.  Muchnik.  obtained,  in  addition,  a  posi¬ 
tive  answer  to  two  problems  raised  by  V.  A,  Uspenskiy 
(Z  problems  I  and  II),  which  we  shall  discuss  in  con¬ 

nection  with  problems  of  incompleteness  and  incompleteabi- 
lity  of  logical  calculus  (see  .Section  12). 

In  the  same  paper  /_  2__/  A.  A.  Muchnik  introduced 
into  consideration  such  sets  (’’sets  of  pairs”)  for  which 
there  exist  sets  that  are  strongly  non-separable  from  them, 
and  proved  many  theorems  concerning  these  and  also  concern¬ 
ing  the  universal  and  simple  seta  of  Post.  He  also  ob¬ 
served  still  another  example  of  violation  of  the  analogy 
between  A  sets  and  enumerable  sets  (Z~2_/,  theorem  10) . 

To  one  of  the  questions  raised  by’  A.  A.  Muchnik  in 


1.  See  the  editor* s  remak  on  p,  277  in  the  book  of  Kleene 
(Meta-Mathematics). 
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the  same  place  (/  2_7,  Section  III,  problem  2),  he  later  on 
obtained  an  answer,  which  states  that  any  unsolvable  enume¬ 
rable  set  can  be  represented  in  the  form  of  a  union  of  two 
recursively  non-separable  sets#  Since  such  a  representa¬ 
tion  is  impossible  for  solvable  sets,  this  establishes  a 
direct  connection  between  non-solvability  and  non-separa¬ 
bility# 

Many  other  results  were  obtained  by  A.  A,  Muehnik 
pertaining  to  properties  of  enumerable  sets  and  are  con¬ 
tained  in  /  1,  2 * 

3*  The  idea  of  the  analogy  between  enumerable  sets 
and  A  sets  arose  in  connection  with  the  work  by  Kleene,  in 
which  a  certain  glassification  ("hierarchy")  was  constructed 
for  "elementary"  *  predicates  by  their  quantor  prefixes.  As 
noted  in  the  work  by  Kleene,  the  analogy  between  logical 
operations,  expressed  by  Quantors  of  existence  and  genera¬ 
lity,  and  the  geometrical  operations  of  projection  and  inter¬ 
section  (respectively)  is  known,  (He  had  in  mind  here  the 
works  by  Tarski  and  others),  leaning  on  Goedel  and  Ulem, 
Kleene  advanced  the  suggestion  of  the  possibility  in  con¬ 
nection  between  his  results  and  the  theory  of  Borel  and 
Baire.  In  a  survey  paper  to  the  Moscow  Mathematical  Society 
on  4  December  1945  ("Computable  Sequences  and  ther  Value  in 
Investigations  of  the  Fundamentals  of  Mathematics")  A.  N. 
Kolmogorov  has  concretized  this  analogy,  relating  the  re¬ 
sults  of  Kleene  concerning  the  existence  of  an  enumerable 
but  unsolvable  set,  with  the  well-known  theory  of  M,  Ya, 
Suslin,  on  the  existence  of  an  A  set  which  is  not  a  B  set. 

In  the  winter  1946/1947  of  the  academic  year,  a  seminar  was 
in  session  under  the  leadership  of  P,  S,  Novikov,  in  which 
problems  were  investigated  connected  with  this  analogy. 


1,  Certain  of  these  have  been  published  together  with  de¬ 
tailed  proofs  in  the  Seventh  volume  of  Trudy  Moskovskovo 
Matematicheskovo  Obshchestva  (Works  of  the  Moscow  Mathema¬ 
tical  Society). 

2,  In  the  Russian  translation  of  the  book  by  Kleene  these 
predicates  are  also  called  "arithmetic  in  the  sense  of  Goe¬ 
del."  In  this  section  they  (and  also  the  sets  that  they  de¬ 
fine)  will  be  called  briefly  "arithmetic,"  In  many  papers  of 
Soviet  authors  they  were  called  recursive-projective# 
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P.  S.  Novikov  was  interested  in  these  questions  in  con¬ 
nection  with  the  difficult  problems  in  descriptive 
theory  of  sets,  which  we  discussed  in  Section  1  of  the 
present  article.  The  greater  simplicity  of  the  nature  of 
subsets  of  the  natural  series'  compared  with  the  subsets  of 
the  continuum  has  given  rise  to  the  hope  that  the  solu¬ 
tion  of  problems  in  the  theory  of  "arithmetic”  sets  will 
suggest  the  answers  that  can  be  expected  for  analogous  r 
questi'ons  in  descriptive  theory  of  sets.  In  particular, 
the  hypothesis  of  the  existence  of  a  non-denumerable  CA 
set  without  a  perfect  kernel  (see  Section  1,  . intern  1  of 
the  present  article)  was  considered  as  a  corresponding 
Post  theorem  on  the  existence  of  a  simple  set  (enumerable 
set,  the  complement  to  which  is  infinite,  but  does  not 
contain  an  enumerable  subset)  (see  Section  7,  item  2). 

The  carrying  cat  of  an  analogy  between  the  afore¬ 
mentioned  classification  of  Kleen®  (it  was  known  to  us 


for  a  long  time  only  from  the  work  of  Eleene,  although 
actually  it  is  the  Kle ene-Mo st owski  hierarchy)  and  the 
classification  of  protective  sets  has  made  it  possible 
to  raise,  in  the  theory  of  "arithmetic”  sets,  questions 
analogous  to  the  problem  of  separability  of  projective 
sets  of  higher  classes.  A  solution  of  these  problems 
involves  no  difficulty.  The  loss  of  separability  for 


sets,  defined  by  predicates  with  n-quantcr  prefixes  of 
the  type  3  X-i  3 X 3 Vx ¥  an(i  a  recursive  sub- 

quant  or  portion  R  (A.  Moetowski  denotes  subsets  by  the 
symbol  P  and  their  complements  by  the  symbol  Q  )  were 
found  tonbe  (for  n  =  1,  2,  3,...)  analogous  to  the  laws 


of  separability  for  A  sets,  established  earlier  by  P.  S. 
Novikov,  but  not  analogous  (this  was  already  noted  in 
above  in  item  1)  to  the  laws  of  separability  for  sets 
(i.e.,  A  sets).  In  spite  of  the  latter,  the  analogy  (in 
the  classifications)  between  P  sets  and  A^  sets  predic¬ 
ted  the  hypothesis  that  for  ^  Z  "t^ie  ^-aws 

separability  for  A  sets  are  analogous  to  the  laws  of 
separability  for  sets,  the  non-contradiction  of  which 
was  indeed  proved  later  by  P.  S.  Novikov,  for  sufficiently 


large  n  (see  Section  1,  item  1). 

Incidentally,  mahy  other  questions  in  the  theory 
of  arithmetic  sets,  analogous  to  the  well-known  problems 
of  descriptive  theory  of  sets,  were  raised  and  solved 


along  with  the  above.  Many  results  (including  those  men¬ 
tioned  above)  were  expounded  in  detail  in  the  lectures  by 
P.  S.  Novikov,  which  he  delivered  at  the  Moscow  University 
in  the  spring  of  1952.  Among  these  are  included  also  the 
results  pertaining  to  problems  in  the  laws  of  unformization 
for  certain  classes  of  "arithmetic"  sets.  In  particular, 
the  question  was  raised  of  the  possibility  of  separating  in 
any  set  of  a  given  class  a  uniformizing  subset  of  the  same 
class.  P.  S.  Novikov  has  shown  in  his  lectures  that  for 
classes  of  primitive-recursive,  solvable,  and  enumerable 
sets  this  question  is  answered  in  the  affirmative,  wherein 
the  case  of  the  first  two  of  these  classes  the  uniformizing 
subset  of  a  given  set  can  be  taken  to  be  the  set  of  his  lo¬ 
wer  points.  Later  on  V.  A.  Uspenskiy  4_/  proved  that  in 
the  case  of  a  class  of  enumerable  (i.e,,  P^)  sets  the  latter 
generally  speaking  is  not  true,  since  there  exists  such  an 
enumerable  set,  the  set  of  lower  points  of  which  is  not  enu¬ 
merable. 

4.  The  already  noted  incompleteness  of  the  analogy 
between  the  enumerable  sets  and  A  sets  as  a  part  of  the  ge¬ 
neral  analogy  between  the  P  and  A  sets  has  raised  ques¬ 
tions  of  the  refinement  of  ^he  limits  of  the  analogy  for  the 
purpose  of  its  subsequent  perfection  or  replacement  by  ano¬ 
ther,  deeper  analogy.  Thus,  P.  S.  Novikov  expressed  the 
idea  that  the  analogy  is  incomplete  only  for  the  beginnings 
of  the  classifications  as  a  consequence  of  the  specific  pro¬ 
perties  of  A  sets  compared  with  the  properties  of  projective 
sets  of  higher  classes.  On  the  other  hand,  A.  V.  Kuznetsov 
even  in  January  1949  (Seminar  on  Mathematical  Logic  at  the 
Moscow  University)  attempted  to  lay  the  grounds  for  an  ana¬ 
logy  of  a  different  kind,  at  which  the  class  of  A  sets  is 
compared  not  with  the  class  of  enumerable  sets,  but  another 
broader  class.  The  latter  consisted  of  the  results  of  the 
application  to  solvable  sets  of  an  operation  analogous  to 
the  well-known  A  operation  of  P.  S.  Aleksandrov,  and,  as  was 
proved  later,  was  broader  than  the  class  of  "arithmetic" 
sets.  Hov/ever,  the  fact  that  other  aspects  of  this  analogy 
have  not  been  v/orked  out  has  hindered  the  possibility  of 
making  it  sufficiently  convincing.  In  addition,  at  that 
time  it  was  apart  from  the  principal  trend  in  the  work  on 
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mathematical  logic,  which  had  a  greater  tendency  of  con-* 
cent rating  around  the  problem  of  the  theory  of  algorithms 
and  cohstructivization  of  mathematics,  The  value  of  the 
development  of:  problems  connected  with  classification  of 
sets  which  are  not  ''arithmetic1'  to  provide  answers  for 
many  questions  ih  the  constructive  mathematics  itself* 
begin  to  become  clear  only  later.  ‘  ’  ; 

Nevertheless j  A,  If*  Kuzhetsov  refilled  gradually 
the  principles  of  the  new  analogy,  proposed  by  him.  He 
first  noted  that  it  is  possible  to  carry  out  a  sufficien¬ 
tly  good  analogy  between  Kleene’s  hierarch  of  "arithmetic' 
sets"  and  the  Borel  hierarchy  of  those  classes  of  B  sets', 
the  numbers  of  which  are  finite  in  the  latter  hierarchy. 

This  analogy- was  based  on  the  correspondence  between  the 
quanto rs  of  generality  and  existence  (relative  to  nume-!  :'  - 
rical  variables)  and  the  operations  of  (denumerable)  in¬ 
tersection  and  joining.  In  addition,  he  established 
thereby  a  closely  related  analogy  between  Baire's  hier¬ 
archy'  6f  the  first  «  classes  of  B  functions  and  a  cer¬ 
tain  natural  hierarchy  of  "arithmetic"  functions,  i.e  .  *•  . 
functions  the  graphs  of  which  are  "arithmetic"  sets) . 

The  latter. are  classified  here  (as  in  the  case  of  a  Baire 
hierarchy)  by  the  number  of  symbols  of  the  limiting  transi-' 
tions,  with,  as  shown  during  the  same  time  (1949  — 1951) , 
the  n-th  class  includes  those  and  only  those  "arithmetic" 
functions,  the  graphs  of  which  are'  simultaneously  also 
Pn+1  and  Qq+i  Sets;  Lateh  on,  (already  in  1952)  A.  V. 

Kuznetsov  simplified  the  above-mentioned  analogue  of  the 
A  operation' (after  which  it  appears  as  follows 

s( *v  -M  ?(?'),  ar„  ....  zk), 

where  S  is  the  result'  of  applying  ah  operation  to  the  pre¬ 
dicate  R)  and  constructed  a  corresponding  analogue  between 
the  Luzin  sieve  operation,  and  also  showed  that  with  the 
aid  of  the  existence  quant or  over  a  variable  that  runs  over 
a  continual  region  (for  example,  the  region ' of  numerical 
predicates  or  numerical  functions) ,  it  is  possible  to  cons¬ 
truct  an  analogue  of  the  ordinary  projection  operation,'  . 
which  serves  as  the:  basis  for  the  Luzin,  .classification  of 
projective  sets.  All  these  operations  (the  analogues  of 
A  operation,  net  and  projection)  were  found  to  yield  upon. 
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single  application  to  general-recursive  predicates  the  same 
class  of  predicates,  which  A.  V.  Kuznetsov  called  A*  predi¬ 
cates.  The  laws  of  separability  for  (the  corresponding)  A* 
sets  were  found  to  be  quite  analogous  to  the  laws  of  sepa¬ 
rability  for  A  sets.  With  this,  the  analogues  of  B  sets, 
called  B1  sets,  were  defined  analogously  to  the  ordinary 
manner  (i.e.,  as  sets  which  are  simultaneously  both  A* 
sets  and  complements  of  such  sets).  For  the  sieve  analogue 
there  was  constructed  an  apparatus  of  indices,  analogous 
to  the  well-known  one  for  the  ordinary  sieve,  and  it  was 
noted  that  upon  application  of  the  sieve  to  solvable  sets 
(to  general— recursive  predicates)  the  indices  cannot  be  dif¬ 
ferent  from  primitive-recursive  (in  that  sense,  that  they 
are  transfinite,  defined  by  primitive-recursive  orderings). 
From  this  A.  V,  Kuznetsov  obtained  in  the  same  year,  1952, 
the  following  theorem: 

Any  B*  transfinite  is  primitive -re cursive.  (A  tri¬ 
vial  consequence  of  this  is  that  any  A*  transfinite  is 
primitive  recursive.) 

It  was  thus  found  above  all  that  the  general  concept 
of  a  constructive  transfinite  cannot  be  described  even  by 
B»  predicates:  in  the  opposite  case  one  could  by  the  dia¬ 
gonal  procedure  construct  a  B'  transfinite  which  is  not 
constructive  (i.e.,  which  is  known  to  be  not  primitive- 
recursive)  •  This  example  is  a  good  illustration  of  the 
great  role  that  can  be  played  by  considerations,  which  ap¬ 
pear  to  be  utterly  non-constructive,  for  the  clarification 
of  the  nature  of  constructive  mathematical  objects  and 
theory. 

Later  on  (1955)  A.  V.  Kuznetsov  observed  that  the 
concept  of  the  B»  function  is  closely  related  with  the 
regions  of  general-definiteness  of  parti ally-re cursive  ope¬ 
rators  (see  Section  7  of  the  present  article).  In  the 
joint  work  of  A.  V.  Kuznetsov  /~2j7  and  B*  A*  Trakhtenbrot 
2  5 _7  there  was  introduced  the  concept  of  an  effectively 
closed  point  of  Baire  space  J.  It  was  found  that  the  ef¬ 
fectively  closed  point  is  such  a  point  for  which  there 
exists  a  partially  recursive  functional,  general-defined 
everywhere  in  J,  in  addition  to  this  point,  and  that  B' 
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functions1,  are  such  functions,  which  are  primitive ly-re cur¬ 
sive  relative  to  the  functions  that  are  effectively  closed 
points  in  J.  Prom  this  it  follows  that  no  matter  how  far 
in  the  classification  of  B*  functions,  for  example  in  the 
transfinite  classification  of  Kleene-Mostowski,  there  are 
effectively  closed  points  and  this  means  that  there  exist 
partially-recursive  functionals,  which  are  generally  de¬ 
fined  everywhere  with  the  exception  of  these  effectively 
closed  points,  which  as  far  as  desired,  i«e.,  partially- 
recursive  functionals,  which  are  as  close  as  desired  to  ge¬ 
neral-recursive,  This  again  cannot  be  observed  by  purely 
constructive  means,  although  we  are  speaking  of  objects  that 
have  a  direct  relation  to  the  theory  of  algorithms. 

Somewhat  later  (1952  —  1956),  A.  V.  Kuznetsov  rioted 
that  it  is  possible  to  construct  the  arithemetic  analogies 
of  C  sets,  investigated  by  Ye»  A.  Selivanovskiy  —  C’  sets, 


obtained  frpm, 
of  sieve  and 

and  complementation),  the  class  of  which  was  found  to  be 
narrower  than  the  class  of  analogues  of  projective  sets 
(i.e.,  sets  which  Kleene  called  later  on  "analytic")*  In¬ 
deed,  the  analogue  of  the  well  known  theorem  that  any  C 
sets  belong  already  to  a  second  class  of  projective  sets, 
was  found  to  be  true. 

5.  By  virtue  of  the  well-known  Goedel  theorem,  any 
"arithmetic"  predicate  can  be  obtained  with  the  aid  of  ope¬ 
rations  of  narrow  calculus  of  predicates  from  the  predi¬ 
cates  "x  +  y  «  z+  and  "x  ■»  y  »  z,"  It  is  natural  to  raise 
the  question  of  what  predicates  and  what  means  can  yield 
all  the  B’  predicates,  and  their  analogues  in  the  descrip¬ 
tive  set  theory  —  B  predicate  —  and  also  the  analogues  of 
"arithmetic"  predicates  in  the  sense  of  the  previous  analogy 


—projective  predicates.  Examples  of  answers  to  these 
questions  (or  on  the  corresponding  questions  concerning  the 
functions) g are  the  following  theorems  obtained  by  A,  V, 
Kuznetsov.  * 


1,  In_the  work  of  A.  V.  Kuznetsov  and  B.  A.  Trakhten- 

brot  /  5J7  the  B*  functions  are  referred  to  as  "functions 
reducible  to  effectively-closed  points." 

2.  Certain  of  these,  and  also  some  earlier  mentioned  results 
were .  reported.%i^e3gy|^,.af^|)^|^^dd^l^hii<p,!;|Ia|hematical 
Congress  (July  1956). 
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X.  Prom  the  predicates  "x  +  y  «  z,rt  "x  •  7  *  z"  ! 
(considered  as  those  following  in  the  object  region  of 
real  numbers) ,  "x  —  integer"  and  all  possible  predicates 
of  the  form  "x  »  e"  where  c  is  a  real  number,  it  is  pos- 
sible  to  obtain,  with  the  aid  of  the  operations  of  the 
narrow  calculus  of  predicates,  all  the'  projective  predi¬ 
cates  a.nd  only  these  predicates* 

II.  For  any  B*  predicate  S  there  exists  such  a  u 
V  predicate  T  and  such  a  formula  of  narrow  calculus  of 

redicates  Of / Pj  -  Pa ,  Ft)  which  after  insertion  in  the 
>lace  of  the  predicate  variable  P~  of  the  predicate 
"x*  *  y"1*  quel y  defines  (on  the  object  region  of  the 

natural  numbers)  a  pair  of  predicates  S  and  T,  if©»» 
becomes  equivalent  to  the  statement  "P^is'S  and  P2  is 

III.  For  any  B'  function  f  there  exists  such  a. 

B’  function  g  and  such  a  system  .of  functional  equations 

/ ,  which,  uniquely  defines  on  the  region  of  natural 
numbers  a  pair  (of  .everywhere  defined)  functions  f  and 
%  and,  apart  from  the  signs  of  these  defined  functions 
and  the  functions  x* ,  contains  no  other  signs  of  func- 
ijioii.s  • 

IV. .  The  same  as  in  III,  with  replacement  of  B  for 

B'  everywhere,  the  natural  numbers  of  real  numbers,  and 
the  functions  x'  by  functions  x  +  y,  x  •  y,  and  all  pos¬ 
sible  constants.  .  . . 

A#  V*  Kuznetsov  raised  questions  concerning  tne 

continuation  of  the  foregoing  analogies  further  and  con¬ 
cerning  search  for  new  analogies.  In  particular,  the 
question  was  raised  of  what  is  the  class  of  those  predi¬ 
cates,  defined  on  the  object  region  of  real  numbers; 
tfhich  can  be  obtained  from  projective  predicates  (or 
from  the  much  more  simpler  ones,  listed  in  theorem  I  of 
the  present  item),  with  the  aid  of  operations  of  calcu¬ 
lation  of  predicates  of  the  second  degree  (i.e. ,  with 
quantors  by  variable  predicates).  As  noted  by  A.  V. 

l7  ihe  function  "prime"  relates  tb  the  natural  number  x 

the  following  number  x  +  1.  ■-  _  :  .  ... 

2.  See  N.  N.  Luzin,  Certain  New  Results  of  Descriptor 

Theory  of  Functions,  Mosoow-Leningrad,  ONTI,  1935* 
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;  Kuznetsov  (1952)  ,  the.  class  •  of  suck  p-'re  ducat  e  e  Is .  broader" 
than  the  class  of  predicates  corrfe  spending'  '-to-sete  "that  ,  . 
enter*'. in  the  well-known  classification- of. -effective  sets 
by  P.  S.  Novikov."1'*  :  : 

■  :  .6*  In  studying  various  types:- of '''definitions  of 
the-: concepts  of  the  S’,  functions, A.  V.  Kuznetsov  observed 
that,  the' B*  . function  can  be  characterized  iri  a  certain  ^ 
sense  as '  computable  ’  with  the  rule  olYinfihite.  induction.  -1.  ■ 
!  In  fact";  for  any  "B*  function  f(  x  ,n..  .)  there  exist  . 

such'  g-  hnd  <g  which  satisfy  all  the  conditions  of  the" 
theorem.  Ill,  -  item  '5 y-  -and  -  in-  addition,  the  following  con-' 
dition:  by  means  of  rules  a)  of- substitution  of  terms,  •  V  ' 
b).  replacement  of  \a-  tei-m  by  an  eq.ua!  term,'  end  c) rule  of'., 
infinite  Induction,  for  all  natural  numbers  a, , *  1.  *an»  k  ' 
the  equality:  f(-ary:. ...  ,a-  }  b  is  derivable  -  from-  <&  -/ '  when 
and-  only  when  it^is  t.rue  iv  •  T-his--  was  generalized  by.  A.  -  -V.  ■ 
Kuznetsov  at  the  Third, Ali^Uniofc  Mathematical iGbngressq 
in  July  1956.  On:  the  ;sam.e.!  day.  and  ;in  connection  .with- 
these  -  results ,  and.  also  -several '.results  reported  at ; that : 
time,  by  ,B.  "fa.-  Belevich  (see  Section  12.,.  item-  8)'  at  the';/.  : 
Session  of-  the  -Section'  of  .Mathematical/ logic  of  the. .  Cpn*^- 
gressj-a  conversation  .arose,  on  the  possibility : of- cons-  g 
tructization  of .  these  results.--  P.  -S.v  Novikov  proposed 'a- 
constructivized,  variant  of .  the  rule -of.  infinite  .induction,'  - 
which,  was  called  the  ''constructive  Oar-nap  '  rule, " 'or;  ruley 
of  cbnStructi.velyr infinite  •  induction.  ,P.  B.  .Bovikoy,  - 
raised-,  in,. particular,  the  question.,  of  whether  it -is  enough 
to  add  •  this  •  rule  ..to.,  the*  ordinary  'logical-arithmetic  cal¬ 
culus,  in  order  to  make -the  -latter  one  complete^'  fhis’-" 
question  was  answered  in  the  affirmative  in  the  fall  of 
the  same  year  by  A.  7,  Kuznetsov  (reported  in  detail  at 
the  Seminar  on  Mathematical  logic  at  the  Moscow  Universi¬ 
ty,  Pebru ary —March  1957  and  'at  the  S e s s_i o n__o f  the  Moscow 
Mathematical  .Society  on  12  March  1957  l  5__/)  *  Ke  arrived 


1.  See  N.,  H. . Luzin,  Certain  Hew  Results  of  Descriptor. 
Theory  of  Functions,  Koseow-Lehingrad,  Olffl,  1935.  '  -. 

2,  She  rule  of  infinite,  induction';  (in.  other,  words,  the 

Carnap  'rule)  'consists,  of.  'the  following;  if  all  the  for¬ 
mulas  of  the  sequence  <M  (6),  iu  .(i),  ...,  K  (n),  ' 

are  proved,  then  the  formula  Vx  Oi(x)  is  also  proved. 
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at  this 'result  by  descriptive  estimates  of  the  correspond¬ 
ing  classes  of  formulas,  detailed  analysis  of  the  analogue 
of  the  sieve  operation,  and  the  chain  of  reducing  certain 
calculus  to  others,  although  in  the  final  proof  the  first 
two  of  these  items  were  eliminated, 

The  Corresponding  completeness  theorem  was  proved 
thereby  also  for  the  Case  when  the  logical^arithmetic  cal¬ 
culus  contains  Such  formulas  with  predicate  and  functional 
variables,  although  in  the  latter  case  only  on  the  one  side: 
any  identically  true  formula  is  provable.  For  the  refuta*- 
bility1*  of  any  formula  in  the  last  Calculus,  which  is  not 
identically  true,  the  addition  of  the  above-mentioned  rule 
was  found  to  be  insufficient,  owing  to  the  fact  that  the 
set  of  such  formulas  is  not  a  CA’  set  (i.e.,  is  not  a  com¬ 
plement  of  the  A*  set). 

The  question  of  the  constructiveness  of  the  formula¬ 
tion  of  the  result  of  A.  V.  Kuznetsov  £tt  least  for  the  oases 
of  ordinary  logical  arithmetic  calculus)  has  given  rise  to 
a  discussion  (at  the  Seminar  on  Mathematical  logic),  arising 
at  the  initiative  of  A.  A.  Markov,  which  casts  doubts  on  the 
constructiveness  of  the  definition  of  the  rule  of  construc- 
tively-infinite  induction  in  view  of  its  connection  with  the 
general  concept  of  constructive  transfinite,  the  definition 
of  which,  as  noted  above  (item  4)v,  contains  non- constructive 
moments.  In  this  connection  P,  S.  Novikov,  in  a  paper  read 
at  the  Seminar  on  Mathematical  logic  on  22  May  1957,  indica¬ 
ted  several  ways  for  further  constructivization  of  the  con¬ 
cept  of  constructive  transfinite,  the  concept  of  a  formula 
provable  with  the  rule  of  constructively-infinite  induction, 
and  an  entire  class  of  related  conoepts. 


1.  The  refutability  of  a  formula  is  taken  here  to  mean,  for 
example,  in  that  sense,  that  its  addition  as  a  new  axiom 
makes  the  calculus  contradictory  (it  is  assumed  that  the 
rule  of  substitution  is  contained  in  it). 
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Chapter  III 

MATHEMATICAL  APPLICATIONS  OP  THE  THEORY  OP  ALGORITHMS 

■  1 
9.  Algorithmic  Questions  of  Algebra 

1.  As  soon  as  ah'  exact  definition  of  the  concept 
of  the  algorithm  v/as  found,  it  became  possible  to  prove 
the  presence  of  unsolvable  algorithmic  problems  in  mathema¬ 
tics  .  This  was  first  made  by  the  American  mathematician 
Church,  who  proved  the  unsolvability  of  the  "general  prob¬ 
lem  of  solvability"  for  the  calculus  of  predicates.  The 
algorithmic  problem  the  unsolvability  of  which  was  proved 
by  Church,  is  formulated  in  mathematical  logic  itself. 

This  result  alone  could  not  solve  the  problem  of  the  place 
of  the  unsolvable  algorithmic  problems  in  mathematics,  .The 
following  question  remained  unclear:  can  such  problems  be 
actual  algorithmic  problems,  concerning  very  widely,  spread 
functional  concepts  of  mathematics? 

This  question  was  solved  partially  in  1947  by  the 
Soviet  mathematician  A.  A.  Markov  /  30 _J  and  by  the  Ameri¬ 
can  E,  Post,  who  simultaneously  and  independently  of  each 
other  constructed  examples  of  associative  systems,  i.e., 
semigroup)  with  an  unsolvable  problem  of  identity.  The  prob 
lem  of  identity  is  connected  with  one  of  the  widespread  me¬ 
thods  of  specifying  algebraic  systems  (groups,  semigroups, 
etc.),  namely  specifying  them  with  the  aid  of  forming  and 
defining  relations.  With  this,  the  elements  of  the  speci¬ 
fied  system  are  represented  by  words  made  up  of  formants, 
while  the  same  element  is  represented  by  an  entire,  class  of 
words  which  are  generally  speaking  different  in  their  nota¬ 
tion.  The  words  that  represent  the  same  element  in  such  a 
specification,  are  called  "equivalent"  or  "equal.",  The  prob 
lem  of  identity,  which  is  formulated  for  finite-definite 
systems,  i.e. ,  for  systems,  specified  by  a  finite  number  of 
formants  and  relations,  consists  of  finding  an  algorithm 
that  makes  it  possible  to  ascertain  whether  an  arbitrary 

1.  This  section  was  written  by  S,  I,  Adyan, 
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pair  of  words  of  the  considered  System  are  equivalent  to 
each  other,  in  this  system  or  not. 

By  unsolvability  of  any  particular  algorithmic  prob¬ 
lem  is  understood  the  impossibility  of  a  corresponding 
algorithm. 

The  proof  of  the  unsolvability  of  this  problem  of 
identity  for  associative  systems  made  it  possible  to  solve 
the  question  of  solvability  of  many  other  algorithmic  prob¬ 
lems,  concerning  groups,  semigroups,  matrices,  etc.  An 
example  of  a  semigroup  with  Construction  with  an  unsolvable 
identity  problem  was  constructed  by  the  Englishman  Turing 
in  1950. 

It  should  be  noted  that  the  concepts  of  an  associa¬ 
tive  system  (semigroup)  and  a  semigroup  with  contraction 
appeared  in  mathematics  as  a  result  of  a  logical  analysis 
of  the  concept  of  a  group,  which  is  one  of  the  most  impor¬ 
tant  and  widely  spread  oncepts  in  mathematics.  Therefore 
the  problem  of  identity  in  group  theory,  formulated  already 
in  1912*  has  occupied  a  place  of  Special  significance  among 
other  problems  of  this  kind.  It  was  studied  by  many  ooviet 
and  foreign  mathematicians.  In  1952  the  Soviet  mathemati¬ 
cian  P.  S.  Novikov  /  27 _/  proved  the  unsolvability  of  this 
problem,  by  constructing  an  example  of  a  finite-definite 
group  with  unsolvable  problem  of  identity.  In  1957,  a 
paper  by  P.'S,  Novikov  /  30 >_/,  devoted  to  the  proof  of  this 
result,  was  awarded  the  Lenin  prize;  as  expected,  on  the 
basis  of  this  result  within  a  relatively  short  time,  nume¬ 
rous  other  results  were  obtained  by  P.  S.  Novikov,  A,  A. 
Markov,  S.  I.  Adyan,  G,  S.  Ts ey tin,  and  K.  A.  Mikhaylova. 
These  results  will  be  discussed  later. 

This  has  led  to  the  formulation  of  a  new  trend  in 
mathematics,  engaged  in  problems  of  existence  of  certain 
algorithms . 

2.  Algorithmic  problems  for  associative  systems 
were  studied  by  A.  A.  Markov  and  his  student  G.  S.  Tseytin, 

The  problem  of  right  (left)  divisibility  for  asso¬ 
ciative  systems  is  formulated  in  the  following  manner: 
it  is  required  to  find  an  algorithm,  by  means  of  which  one 
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i  oould  for  any  two  elements  Q  and  R  of  the  system  \ 

recognize  whether  there'  exists  in  @  such  an  element  X, 
that  the  relation  XQ  =R  (or  respectively  QX  -  R)  is  sa¬ 
tisfied  in  the  system  I  %'■  .  7  An  example  of  an  associative 
system  with  unsolvable  problem  of^right-  divisibility  was 
constructed  by  A.  A.  Markov  £  32 _/  in  1947 »  and  in  this 
associative  system  were  solved  both  the  problem  of  iden¬ 
tity  and  the  problem  of  the  left- divisibility. 

A.  S.  Markov  in  1951  [_  44 _J  proved  the  unsolvabi- 
lity  of  the  general  problem  of  commutabilit^of  matrices, 
which  is  formulated  in  the  following  manner:  let 
U  ,  U  , »,.,U  be  square  integer  matrices  of  order  n.  We 
snail  say  of^a  matrix  U  of  order,  n  that  it  can  be  repre¬ 
sented  in  terms  of  U_ ,  TJL#...,U  if  there  exist  natural 

•  ••  ^  ■  -A. rr  ^ 

numbers  j  such  that 


V 


X 

V®a| 


The  general  problem  of  representability  fer  matrices  of 
order  n  consists  of  finding  an  algorithm,  by  means  of 
which  it  is  possible  to  recognize,  for  any  system  of  ma¬ 
trices  U^,  Ug,,..,!!  of  order  n,  whether  an  arbitrary 
matrix  tJ  is  representable  in  terms  U^,  ♦ 

The  particular  problem  of  commutability  ro-r  a 
fixed  system  of  matrices  U_,  , ...  •  ,U  of  order  n  con¬ 

sists  of  finding  an  algorithm,  by  mea&s  of  which  it  would 
be  possible  to  reconize  whether  any  matrix  U  of  the  same 
order  is  representable  in  terms  of  U  ,  U  ,  .  ..,U  .  In 
1951  A.  A.  Markov  /  44 J7  constructed  a  system  or  102  ma¬ 
trices  of  sixth  order,  for  which  the  particular  problem 
of  representability  is  unsolvable,  i.e.,  the  algorithm 
sought  in  the  problem  is  impossible.  It  followed  from 
this  that  the  general  problem  of  representability  is 
unsolvable  for  any  n>6  *  later  on  (at  the  Seminar  on 
Mathematical  Logic  at  the  Moscow  University,  October 
1957)  A.  A,  Markov  showed  that  the  general  problem  of  re- 
‘  presentability  is  unsolvable  already  for  [*>4'  • 

The  simplest  example  of  an  associative  system  with 
unsolvable  problem  of  identity,  given  by  A.  A,-.  Markov 
^~48_7,  contained  13  forming  and  33  defining  relations. 

Or.  S.  Tseytin  in  1956  £ 3__7,  leaning  on  the  result  of 
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P.  3.  Novikov  concerning  the  .'existence  of  a  group  with  ! 
unsolvable  problem  of  identity,  constructed  an  associative 
system  with  five  forming  elements  and  seven  defining  rela¬ 
tions  and  with  an  unsolvable  identity  problem.  In  recent 
time,  using  this  example  of  G-.  3.  Tseytin,  A.  A.  Markov 
constructed  a  system  of  27  matrices  of  sixth  order,  for 
which  the  corresponding  particular  problem  of  represen- 
tability  is  unsolvable.  The  same  result  by  G»  S.  Tseytin.. 
makes  it  possible  to  simplify  the  example  of  the  group  of 
P.  3.  Novikov  with  unsolvable  problem  of  identity. 

By  K- system  we  shall  take  to  mean  henceforth  a 
finite-definite  associative  system,  i.e.,  associative  sys¬ 
tems  with  finite  alphabet,  and  a  finite  number  of  defining 


relations. 

An  arbitrary  property  &  of  K  systems  is  called 
invariant  if  any  K  system,  which  is  isomorphic  to  any 
other  K  system  with  a  property  ,  has  .  in  itself  that'  pro¬ 
perty!''  al-:''" 

phabet  A,  there  is  formulated  the  problem  of  recognition 
of  the  property  of  cL  for  the  alphabet  A.  It  is  re¬ 
quired  to  find  an  algorithm  by  means  of  which  one  could 
for  any  finite  system  of  defining  relations,  written  in 
the  alphabet  A,  indicate  '-hether  the  K  system  defined__by 
it  has  the  property  8,  .  In  1951  A,  A.  Markov  £^>J 

proved  the  following  theorem. 

Let  di  be  an  invariant  property  of  K  systems.  If 
there  exist  both  a  K  system  with  this  property  as  well  as 
a  K  system  that  is  not  included  in  any  K  system  with  this 
property,  then  there  exists  an' alphabet,  for  which' the 
problem  of  recognizing  the  property  cl  is  •  unsolvable. 

If  at  the  same  time  there  is  a  K  system  with  property  , 
defined  in  p  letters,  then  for  alphabet  with  number  of 
letters  greater  than  p  4  4  the  problem  of  recognizing  the 
property  is  unsolvable.  Among  the  properties  <at  which 
satisfy  the  conditions  of  this  theorem,  are,  for  example, 
the  following  properties:  1)  unitarity,  2)  finiteness, 

3,  semigroup  property,  4)  inclusion  in  group  calculus, 

5)  solvability  of  the  identity  problem,  etc. 

A  general  theory  of  associative  calculi,  which 
represent  the  specification  of  K-system  with  the  aid  of 
forming  and  defining  relations,  together  with  a  proof  of 
his  foregoing  result^,' were  treated  4>y;fA.  iAi  ;JMarkov  in  ■  i  ;h: 
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1  his  monograph  £  48 , _  _  . ! 

G.  8.  Tseytin  £  2 w/  improved  the  last  result  of 
A,  A.  Harkov,  proving  that  the  theorem  is  true  for  alpha¬ 
bets  which  contain  not  less’  than  p  +  2  letters.  He  proved 
in  the  same  place  that  this,  theorem  in  the  formulation 
given  cannot  he  extended  to  a  p  +  1  /letter  alphabet,  it 
proved  that  for  any  flfO  there  -exists  an  invariant  pro¬ 
perty  U  of  K  systems  such  that  there  exists  a  K  system  ._ 

!  not  included  in  any  K  system  with  the  property  U  ,  and 
there  exists  a  K  system  in  a  p-letter  alphabet,  Saving 
the  property  U  ,  but  for  any  alphabet  containing  more 
than  p  +  1,  thl  problem  of  recognition  of  the  property  tJ 
is  solvable.  Such  a  property  II  is  the  following  pro-  ^ 
pertyj  "To  be  isomo-rphio  to  a  frle  associative  system  with 
p  formants.” 

From  1954  through  October  1957  a  seminar  was  in 
session  at  the  Moscow  State  Pedagogical  Institute  imeni 
V.  I.  Lenin  on  algorithmic  problems  of  algebra,  under  the. 
leadership  of  P,  S,  Novikov  (henceforth  identified  as  the 
•’Seminar  of  the  MGPI ” ) .  Many  of  the  results  on  algorith-  • 
mic  problems,  concerning  groups,  semigroups,  universal- 
algebras,  eto„,  were  obtained  by  members  of  this  seminar 
P.  8.  Novikov,  S.  I,  Adyan,  A.  V.  Kuznetsov,  and  K.  A. 
Mikhaylova'. 

To  prove  the  unsolvability  of  the  problem  of  iden¬ 
tity  of  group  theory,  P.  8.  Novikov  developed  a  theory  of 
transition  and  quadratic-transition  letters,,  proving  a 
system  of  lemmas  on  the  transformation. of  words  into 
groups  with  participation  of  the  indicated  letters.  These 
lemmas,  which  permit  establishing  the  inequality  of  various 
types  of  letters  in  groups,  have  found  application  in  the 
proof  of  other  algorithmic  and  purely -algebraic  results  of 
P.  3 ,  Novikov  and  8.  I.  Adyan. 

A  trivial  consequence  of  the  unsolvability  of  the 
identity  problem  of  group  theory,  proved  by  P»  S.  Novikov 
/“30_7  is  the  unsolvability  of  the  well-known  general  prob¬ 
lem  of  conjugateness.  A  particular  problem  of  oonjugate- 
ness  for  a  given  group  P  consists  of  finding  an  algorithm, 
which  permits  for  anj?  two  elements  X  and  Y  of  group  P  to 
recognize  whether  they  are  conjugate  to  each  other  in  P  or 
not  (two  elements  X  and  X  of  group  P  are  called  conjugate 
in  P  if  and  only  if  there  exists  in  P  such  a  third  element 
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Z  such  that  X  =  ZYZ~  in  group  P) .  In  the  general  problem 
of  conjugateness  it  is  necessary  to  find  a  single  algorithm 
for  all  groups.  Here  the  unsolvability  of  the  general  prob- 
men  is  also  proved  by  indicating  an  example  of  an  unsolvable 
particular  problem t  namely ,  in  a  group  with  an  unsolvable 
problem  of  identity  one  cannot_solve  the  problem  of  conju¬ 
gateness.  P.  S.  Novikov  /” 29 _/  has  also  constructed  a 
simple  example  of  a  group  with  unsolvable  problem  of  con¬ 
jugates  ss. 

Both  the  problem  of  identity  and  the  problem  of  con¬ 
jugateness  of  group  theory  have  a  topological  interpreta¬ 
tion.  As  is  known,  any  finite-definite  group  is  a  funda¬ 
mental  group  of  a  certain  polyhedron.  To  each  word  in  the 
fundamental  group  there  corresponds  a  closed  path  on  the 
polyhedron,  passing  through  a  fixed  point  0,  With  this, 
two  closed  paths,  passing  through  a  point  Q,  will  be  con- 
nectively  homotopic  (i.e.,  continuously  deformable  one 
into  another  for  a  moving  point  0)  if  and  only  if  the  cor¬ 
responding  words  of  the  fundamental  group  are  conjugate  to 
each  other.  Prom  this  we  obtain  the  following  interpreta¬ 
tion  of  the  results  of  P.  S.  Novikov. 

There  exists  such  a  polyhedron  that  it  is  impossible 
to  obtain  an  algorithm  that  would  permit  for  any  pair  of 
paths,  passing  through  a  fixed  point  of  the  polyhedron, 
to  recognize  whether  they  are  connectively  homotopic  to 
each  other  or  not  (respectively  for  problems  of  conjugate¬ 
ness  s  whether  they  are  freely  homotopic  to  each  other  or 
not)  • 

4.  The  general  problem  of  isomorphism  consists  of 
finding  an  algorithm,  which  would  permit  for  any  pair  of 
groups,  specified  with  the  aid  of  a  finite  number  of  form¬ 
ing  and  defining  relations,  to  recognize  whether  they  are 
isomorphic  to  each  other  or  not. 

A  particular  problem  of  isomorphism,  formulated  for 
a  specified  finite-definite  group  P,  consists  of  finding  an 
algorithm  that  would  permit  for  any  finite-definite  group 
to  recognize  it  is  isomorphic  to  the  group  P  or  not.__ 

P,  S.  Novikov,  on  the  basis  of  his  work  /  30^  proved 
(March  1955),  (Seminar  of  MGPI)  the  unsolvability  of  the 
general  problem  of  isomorphism.  His  student  S.  I.  Adyan 
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/  1 leaning  on  the  same,  investigation,  proved  in  1955  i. 
that  the  particular  problem  of  isomorphism  for  any'  "finite- 
definite  group  is  un solvable .  At  the  same  time  he  proved 
the  unsolvability  of  a  broad  Glass  of  algorithmic  prob¬ 
lems  of  recognition  of  group  properties.  In  particular  he 
proved  the  non-re cognizabi lit y  of  such  group  properties  as 
unitarity,  finiteness,  periodicity,  commutativity,  sim- 
iplicity,  nilpotehoe,  solvability,  freedom,  ability  of  *' 
having  a  free  subgroup,  eto.  In  the  proof  of  these  re¬ 
sults  S.  I.  Adyan  introduced  the  concept  of  a  quasi¬ 
transition  letter  and  proved  for  it  several  lemmas,  ana- 
lagous  to  the  lemmas  of  P.  S.  Novikov,  for  transition  let-  • 
ters,  and  particularly  the  lemma  of  the  exclusion  of  the 
insertions  of  'a  quasi-transition  letter  in  sequences  of 
conversions  of  words.  Unlike  the  transition  letters,  the 
quasi-transition  letters  have  that  characteristic  feature, 
that  even  as  a  result  of  transformations  that  do  not  con¬ 
tain'  ihsertiohs^^f^lAsi*  letter#!  their  ^Wease 

without  limits.  They  so  to  speak  "generate  each  other,." 

Leaning  on  one  of  these  results  (specifically,  on 
the  non-re cogniza'bility  of  unitarity  groups),  A.  A.  Markov 
proved,  the  unsolvability  of  the  problem  of  homeomorphism 
of  polyhedra.  He  constructed  such  a  four-dimensional 
polyhedron,  that  it  is  impossible  to  obtain  an  algorithm 
which  would  define  for  any  arbitrary  four-dimensional  poly¬ 
hedron  whether  it  is  homeomorphic  to  this  polyhedron  or 
not.  (The  polyhedron  constructed  by  him  is  a  maniforld). 
This  result  was  reported  by  A.  A.  Markov  at,  the  Seminar  on 
the  Applications  of  Theory  of  Algorithims  at  the  Mathema¬ 
tical  Institute  imeni  A.  A.  Steklov  on  23  January  1.958. 

Using  the  same  methods  as  in  reference  ^/,  S.  I. 
Adyan  /  5 _/  proved  the  following  theorem  on  unsolvable 
problems  of  recognition  of  group  properties,  analogous  to 
the  above-mentioned  theorem  of  A.  A.  Markov  on  unsolvable 
problems  of  recognition  of  properties  of  associative 
systems: 

Let  .«*"  be  a  certain  invariant  group  property.  ,  If 
there  exists  both  a  finite-definite  group  'having  the  pro¬ 
perty  *  and  a  finite-indefinite  grou£  which  cannot  be 
imbedded  in  any  finite-definite  group  with  this  property, 
then  it  is  impossible  to  obtain  an  algorithm  that  would 
permit  us  to  recognize  whether  any  finite -definite  group.  3? 
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has  the  property  <n  or  not.  ' 

An  algorithm* that  defines,  for  any  finite-definite 
group,  whether  it  coincides  with  its  commutant  (i.e., 
whether  it  becomes  unit  group  or  if  one  adds  the  commu¬ 
tation  relation  for  the  formants),  is  very  simple  to  cons¬ 
truct.  This  is  an  algorithm  that  permits  to  ascertain 
whether  any  Abel  group  is  unitary  or  not,.  Therefore  from 
the  last  theorem  of  Adyan  it  follows  that  any  finite- 
definite  group  is  imbeddable  in  a  finite-definite  group, 
which  coincides  with  its  commutant . 

The  class  of  finite-definite  groups  we  shall  call 
complete  if  any  finite-definite  group  is  isomorphic  with 
any  other  subgroup  of  a  certain  group  of  this  class.  It 
is  obvious  that  in  every  complete  class  of  groups  there 
is  a  group  with  an  unsolvable  identity  problem.  Conse¬ 
quently,  for  any  complete  class. of  groups  it  is  impossible 
to  obtain  an  algorithm  that  solves  the  problem  of  identity 
for  all  groups  of  this  class.  S,  I.  Adyan  calls  a  class 
of  finite-definite  groups  K  as  effectively  complete,  if 
there  exists  an  algorithm,  which  in  accordance  with  any 
finite-definite  group  F  indicates  a  group  F*  from  the 
class  K,  with  a  certain  subgroup  to  which  F  is  isomorphic 
and  furthermore  in  such  a  way,  that  if  the  group  F  belongs 
to  class  K",  then  the  corresponding  group  F*  coincides  with 
F^  He  established  that  the  theorem  proved  in  reference 
£  5 on  the  unsolvability  of  problems  of  recognition  of 
group  properties,  remains  in  force  if  instead,  of  the  class 
of  all  finite-definite  groups  (which  obviously  is  effec¬ 
tively  complete)  one  considers  any  prescribed  effeetively- 
complete  class  of  groups,  i.e.,  if  one  requires  of  the 
sought  algorithm  that  it  solve  the  problem  not  for  all 
finite-definite  groups,  but  also  for  groups  of  a  speci¬ 
fied  eff ectively-complete  class  (Seminar  on  Application 
of  the  Theory  of  Algorithms  at  the  Mathematics  Institute 
imeni  V.  A.  Steklov,  20  February  1958). 

We  shall  call  a  f inite-definite  group  as  condi - 
tionally-unitary  relative  to  a  given  system  of  identical 
relations,  if  the  addition  to  the  relation  of  this  group 
of  the • considered  identity  relations  converts  it  into  a 
unit  group.  S.  I.  Adyan  proved  that  the  class  of  groups, 
which  are  conditionally  unitary  relative  to  any  given 
system  of  non-trivial  identical  relations  (i.e.,  relations 
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which  are  satisfied  not  in.  any  group),  is  complete.  ~~i 
Proved  in  the  same  place  that  the  class  of  finite- 
definite  groups,  specified  by  a  finite  system  of  mutual- 
ly-conjugate  formants,  is  .complete.  Both  theorems  are 
proved  by  effective  embedment  of  an  arbitrary  finite- 
definite  group  in  a  group  of  a.  class,  the  completeness 
of  which  is  proved.  ,  .  •  _  __  ■  .  ,  . 

5.  In  1955,  3.  I.  Adyan.  2_J  proved  the  non- 
'  solvability  of  the  problem  of  right  (left)  divisibility 
for  semigroups  with  contraction  (as  indicated  above, the 
corresponding  problem  for  associative  systems  was  solved 
by  A.  A.  Markov).  The  problem,  of  whether  there  exists 
in  a  half  group  with  contraction  and  non-solvable  problem 
of  right  (left)  divisibility  and  solvable  problem  of 
identity,  remained  open,  since  in  the  semigroup  given  by 
S.  I.  Adyan  with  contraction,  the  problem  of  identity  is 
also  not  solvable.  ■  • 

The  par ^the  existeiSc&e-  »ibihan’®i~ 
verse  element  for  a  given  semigroup  G  with  rule  of  can¬ 
cellation  and  with  unity  lies  in  discovering  an  algorithm, 
which  would  permit  for  any  element  to  indicate 

whether  there  exists  in  G  an  element  inverse  to  it,  or ■ 
not  (the  element  is  called  inverse  for  'X'(£G'  If 

and  only  if  the  equality  Ti  ~  1  is  satisfied  in  G).  In 
the  general  problem  of  the  existence  of  an  'inverse  ele¬ 
ment  it  is  neoessary"  to  find  a  single  algorithm  for  all 
finite-definite  semigroups  with  cancellation.  In  1955 
S.  I.  Adyan  proved  /  2 _J  that  the  general  problem  of  the 
existence  of  an  inverse  element  is' not  solvable,  although 
it  is  impossible  to  construct  a  specific  f inite-definite 
semi-lattice  with  unsolvable  particular  problem  of  exis¬ 
tence  of  the  inverse  element.  (Up  to  then  the  uhsolvabi- 
lity  of  any  general  algorithm  problem  was  proved  by  cons¬ 
tructing  an  example  of  an  Unsolvable  particular  problem. 
Here  this  road  was  closed.)  3.  I.  Adyan  gave  also  an 
example  of  a  semigroup  with  an  enumerable  number  of  ef¬ 
fectively  speoified  defining  relations  and  unsolvable  prob¬ 
lem.  of  existence  of  the  inverse  element.  ' 

The  methods  used  to  prove  the  .unsolvability  of  al¬ 
gorithmic  problems  have  permitted  3.  X.  Adyan  to  clarify 
the  role  of  the  law  of  cancellation  in  the  specification 
.  .of  semigr  oups  ..9£.^g£i»ing'  re  la t  i ons ,  ^  The  v:. . 
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:  following  question  was  raised:  can  one  speoify  any  • 

finite-definite  semigroup  with  cancellation  rule  as  a.  . 
semigroup  without  the  'cancellation  rule  (i.e.,  as  an  as-, 
sociative  system)  and  furthermore  also  finite-definite. 

If  one  does  not  require  finite-definiteness,  then  an 
af firmative  answer  to  this  question  is  obvious,  S,  I. 
Adyan  /  6_J?  constructed  a  finite -definite  semigroup  with 
.cancellation  rule,  which  cannot-  be  specified  without  the  ... 
rule  of  cancellation  by  a  finite  number  of  defining  rela¬ 
tions.  It  was  found  that  the  cancellation , .rule 

<  XA  ®* X.9  A  a*  B 

cannot  be  replaced  even  by  a  finite  number  of  mixed  rela¬ 
tions,  i.e,,  relations  which  can  be  written  only  by  equa¬ 
lity  of  words,  in  which  together  with  the  formants  there 
are  also  variables.  This  res’alt  shows  that  finite-defi¬ 
nite  subgroups  with  contraction  law  cannot  be  included  in 
the  general  concepts  of  finite-definite  algebraic  systems. 

6.  The  detailed  proof  published  in  1955  by  P.  S. 
Novikov  of  the  unsolvability  of  the  problem  of  identity  of 
the  theory  of  groups  lean.®  on  the  resiilt  of  Turing  on  the 
unsolvability  of  the  problem  of  identity  for  semigroups 
with  cancellation.  '*  Since  the  Turing  paper  with  this 
result  was"  carelessly  written  and  contained  incorrect 
lemmas,  the  question  was  raised  of  a  proof  of  the  theorem 
of  P.  S.  Novikov  without  using  the  indicated  result  by 
Turing.  P.  S,  Novikov  used  the  restxlfc  of  Turing  only  to 
construct  a  semigroup  with  one-sided  cancellation  and  an 
unsolvable  identity  problem,  on  the  basis  he  then  const¬ 
ructed  a  group  with  unsolvable,  identity  problem.  'In  1957 
P.  S.  Novikov  and  S,  I.  Adyan1 2*  constructed  jointly  an 
example  of  such  a  semigroup  based  not  on  the  result  of 
Turing,  but  on  the  result  of  A.  A.  Harkov  and  of  Post  on. 
the  associative  system  with  unsolvable  identity  problem. 

P.  S.  Novikov  says  that  the  semi-group  G  is  repre¬ 
sentable  by  means  of  group  P,  if  one  can  separate  in  F  a 


1.  A.  M.  Turing,  The  Word  Problem  in  Semi-Groups  with  Can¬ 
cellation.  Annals  o/  Mathematics,  52  (1950),  491  —  505. 

2.  P.  S.  Novikov  and  S.  I.  Adyan.  The  Problem  of  Identity 
for  Semi-Groups  with  One-Sided  Cancellation.  Z.  F.  math* 
Logik  and  Grundl.  d.  Math.  (1958),  Yol.  4,  1  —  24.  ~J 


i  subset  of  elements  F* ,.  which  is  algorithmically  reduced  "i 
in  a  mutual-unique  correspondence  with,  a  set  of  elements 
of  the  semi-group  Cr  in  such  a  manner,  that  equal  elements 
in  G-  corresnond_to  equal  elements  in  F and  vice  versa.  In 
his  paper  /  30 _J  he  proved  also  the  following  theorem, 
which  is  of  independent  interest. 

For  each  finite-definite  semi-group  0  there  exists 
•a  finite-definite  group  F,  with  the  aid  of  which  it  is 
'possible  to  represent  the  semi-group  G-. 

7.  In  spite  of  the  unsolvability  of  the  general 
problem  of  identity  for  semi-groups  and  for  groe.ps,  it  is 
of  interest  to  solve  the  problem  of  identity  for  various 
classes  of  groups,  semi-groups,  eto. 

As  early  as  in  1947  V.  A.  lartakovskiy  proved  that 
if  the  left  halves  of  the  defining  relations  of  a  finite- 
definite  group  "do  not  superpose  one  on  another  strongly" 
then  the  problem  of  identity  for  this  group  is  affirma¬ 
tively  solved.  She  degree  of  superposition  of  the  defin¬ 
ing  relations  is  characterized  by  Tartakovskiy  in  his  \ 
paper  ££ 26^/  with  the  aid  of  the  property  of  k-canoellabi- 
lity  of  the  basis  of  the  group  (and  the  greater  the  super¬ 
position,  the  smaller  the  natural  number  it),  and  he  solves 
the  problem  of  identity  for  groups  with  a  k-cancelle'd  basis 
for  all  kyC  .  __  _  ' 

In  1955  A.  I.  Mal’tsev  £  42  ~J  published  an  algorithm 
that  solves  the  problem  of  identity  for  niipotent  groups. 

In  1957  he  solved  a  more  general  problem  for  niipotent 
groups.  He  proved  that  for  any  niipotent  group  it  is  pos¬ 
sible  to  map  horn omor phi cal ly  in  a  finite  group  in  such  a 
way  that  two  arbitrary  prescribed  subgroups  of  the  con¬ 
sidered.  niipotent ' group ,  intersecting  only  in  a  single  ele¬ 
ment,  are  mapped  into  subgroups  of  a  finite  group,  also 
intersecting  in  only  a  single  element. 

She  problem  of  identity  for  Abel  groups  was  solved 
simply,  and  the  corresponding  algorithm  was  .known  for  a 
long  time.  The  commutative  semi-groups  with  cancellation 
are  embedded  in  the  commutative  groups,  from  which  one 
obtains  an  algorithm  for  them,  too.  For  cbmmutative  semi¬ 
groups  without  the  law  of  cancellation,'  :  the  problem  of 
identity  was  solved  simultaneously  in  1956  by  G,  8.  Isey- 
tin  and  by  a  student  of  A.  I.  Mal’tsev,  V.  A.  Yemelichev. 

8.  The  problem  of  entry  for  a  given  group  F  is  ,_j 


formulated  in  the  following  manner:  it  is  necessary  to  ! 
find  such  an  algorithm,  which  would  permit  for  each  semi¬ 
group,  generated  by  a  finite  number  of  elements  of  group 
p  and  arbitrary  element  A  of  group  P,  to  recognize  whe¬ 
ther  A  belongs  to  this  sub-group  or  not*  The  problem  of 
entry  is  formulated  also  in  weak  form,  when  one  seeks  for 
each  subgroup  of  group  P  its  own  algorithm.  Prom  the 
solvability  for  any  one  group  of  the  problem  of  entry  L> 
1  even  in  the  weak  form  follows  the  solvability  of  the  prob¬ 
lem  of  identity  for  this  gro up.  '  r 

On  the  basis  of  the  aforementioned  paper  £  42 J 
of  A.  I.  Mal’tsev,  it  is  easy  to  construct  an  algorithm 
that  solves  the  problem  of  entry  for  nilpotent  groups. 

Many  problems  connected  with  the  problem  of  entrj 
were  raised  by  P*  S.  Novikov*  His  student,  K*  A.  Mikhay¬ 
lova,  is  now  engaged  on  these  problems.  On  the  basis  of 
the  results  of  P.  S.  Novikov . she  has  proved  that  for  a 
direct  reproduction  of  two  free  groups  with  two  formants 
the  problem  of  entry  is  not  solvable  in  weak  form.  This 
result  was  used  by  A.  A.  Markov  to  prove  the  unsolvabi- 
lity  of  the  problem  of  representability  (see  above,  Sec¬ 
tion  2)  for  matrix  of  order  .  K.  A.  Mikhaylova 

proved  that  the  problem  of  entry  for  a  direct  product  of 
an  Abel  group  and  a  group  with  solvable  problem  of  entry 
is  solvable.  She  also  established  that  it  is  impossible 
to  prove  the  unsolvability  of  the  weak  entry  problem  for  a 
direct  product  of  a  group  with  a  solvable  weak  entry  prob¬ 
lem  and  another  group  with  a  solvable  entry  problem,  each 
subgroup  of  which  can  be  specified  by  a  finite  number  of 
forming  elements  and  defining  relations.  The  foregoing 
results  were  reported  by  K.  A.  Mikhaylova  in  1957  at  the 
MGPI  Seminar  and  at  seminars  on  mathematical  logic  and  on 
algebra  at  the  Moscow  University. 

9.  Many  necessary  and  sufficient  conditions  oi 
solvability  of  the  problem  of  identity  for  univex’sal  al¬ 
gebras  was  given  by  A.  V.  Kuznetsov. 

An  algebra  is  called  finite-generated  if  it  has  a 
finite  number. of  formants  and  operations.  A.  V.  Kuzne- 
tsov  calls  a  finite-generated  algebra  finite-definite,  if 
it  is  specified  by  a  finite  number  of  defining  relations 
of  general  type  (i.e.,  relations  in  which  together  with 
the  formants  there  participate  also  variable  symbols). 
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He  proved  (MGPI  Seminar,  November  1956)  that  for  • 
solvability  of  the  problem  of  identity  in  a  finite-gene¬ 
rated  algebra.  it  is  necessary  and  sufficient  that 

this  algebra  be  covered1*  by  a  certain  simple  finite- 
definite  algebra  ■>  (Under  simple  algebra  is  mfeant 
here  an  algebra  which  has  no  noh-trivial  homomorphisms. ) 
The  consequence  of  this  theorem  is  the  solvability  of 
the  problem  of  identity  for  simple  finite-definite  groups. 

A.  V.  Kuznetsov  gave  for  this  particular  case  a  very 
bimple  algorithm* 

The  second  necessary  and  sufficient  condition  of 
solvability  of  a  problem  of  identity  for  finite-genera¬ 
ted  algebras',  found  by  A.  V.  Kuznetsov  is  formulated  in 
terms  of  the  concepts  of  the  general-recursive  algebra. 

A.  Y.  Kuznetsov  calls  an  algebra  general-recursive 
if  it  is  either  finite,  or  is  isomorphic  to  a  certain  al¬ 
gebra,  the  elements  of  which  are  natural  numbers,  on  the 
operations  of  which  apfiu, general-recursive  functions.  He 
proved  (MUM  Seminar,  March  1955)  that  for  solvability  -of 
the  problem  of  identity  in  a  finite-generated  algebra 
it  is  necessary  and  sufficient  that  it  be  general-recur¬ 
sive.  Still  another  necessary  and  suf f i c i e nt_c on d i t i o h 
can  be  found  in  the  note  by  A»  V.  Kuznetsov  £,  3 _/• 

V/itii  the  aid  of  methods,  based  on  the  close  rela¬ 
tionship  between  the  concepts  of  finite-definite  algebra 
and  general-recursive  function,  A.  V.  Kuznetsov  proved 
that  it  is  impossible  to  construct  a  ’’partial  algorithm," 
which  would,  give  a  complete  solution  of  the  .problem  of 
identity  for  any  such  algebra,  for  which  the  problem  of 
identity  is  solvable  (here  one  does  not  require  at  all 
that  the  "partial  algorithm"  solve  the  problem  for  a  given 
algebra,  with  a  solvable  identity  problem  or  not.) 

10.  Two  invariant  group  properties  and  ?  , 
which  cannot  be  satisfied  simultaneously  in  one  in  the 
same  finite-definite  group,  are  called  recursive  separa¬ 
ble,  if  there  exist  such  an  algorithm,  which  upon  specifi¬ 
cation  of  any  finite-definite  group  F  yields  one  of  the 
answers,  positive  or  negative,  whereas  if  in  group  F  the 

1.  One  says  that  an  algebra  33  covers  an  algebra  if 
the  sets  of  their  elements  coincide  and  any  operation  of 
the  algebra  ^  is  also  an  operation  of  algebra  ^  .  ... : 
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i  the  property  &  is  satisfied,  then  the  answer  is  affir-  * 
mative ,  and  if  jg  is  .'satisfied,  then  the  answer  is 
negative.  A,  V.  Kuznetsov,  introducing  this  concept, 
indicated  several  simple  examples  of  recursively  sepa¬ 
rable  properties.  The  unitarity  and  infiniteness  are, 
as  he  showed,  recursively  non-separahle  properties. 

Groups  F  and  G  are  called  constructively  different 
<  if  the  property  "to  be  a  group, -  isomorphic  to  group  F"  and 
!  "to  be  a  group,  isomorphic  to  group  G"  are  recursively 
separable.  This  concept  was  introduced  byJU  A*  Markov 
(Seminar  on  Mathematical  Logic  at  the  Moscow  University, 
February  1957)  who  advanced  the  hypothesis  that  any  two 
groups,  coinciding  with  their  commutant,  are  construc¬ 
tively  non-distinguishable .  A.  V.  Kuznetsov  proved  that 
a  non-Abelian  group  of  eighth  order  and  the  results  of 
its  Abelization  (i.e»,  addition  of  the  commutability  of 
all  pairs  of  elements  to  their  relations  of  this  group) 
are  constructively  distinguishable. 

10*  Constructive  Interpretation  •• 
i  of  Mathematical  Formulations.  Y 
Constructive  Mathematical  Analysis*  i 

1.  In  all-modern  mathematical  thinking,  an  import 
tant  position  is  occupied  by  the 'difference  between  "cons¬ 
tructive11  and  "non-constructive . "  Recently  among  the  ob¬ 
jects  investigated  by  the  mathematics  there  have  been  • 
coming  to  the  forefront  "constructive-definable  objects," 
examples  of  which  are  the  natural  and  rational  numbers, 
words  in  a  certain  alphabet,  and  other  objects,  which, 
roughly  speaking,  can  be  constructed  in  a  finite  number 
of  steps  and  presented  for  examination.  There  exist  dif¬ 
ferent  points  of  view  with  repect  to  the  methods  which  are 
admissible  in  a  study  of  constructive-definable  objects. 
One  of  these  consists  of  admitting,  in  the  study  of  cons¬ 
tructive  objects,  any  means  used  in  mathematics.  Another 
admits  only  specific  constructive  methods.  A  study  of 
constructive  objects  by  special  constructive  methods  is 
the  subject  of  the  constructive  trend  in  mathematics.  In 
the  USSR  this  trend  began  to  be  developed  in  Leningrad, 
in  the  school  of  A.  A.  Markov.  J 
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The  abstractions  that  serve  as  the  basis  for  mo- 
dern  constructive  trend- in  mathematics  were  indicated  by 
A.  A.  Markov  in  his  article  /~ ''ll _/.  These  include  the 
abstraction  of  identification,  which  permits  to  identify 
"identical"  constructive  objects,  and  the  abstraction  of 
potential  realizability,  which  permits  imagining  cons¬ 
tructive  objects  of  as  large  a  "dimension"  as  convenient, 
j These  do  not  include  the  abstraction  of  actual  infinity, 
and  therefore  within  the  framework  of  the  constructive 
direction  one  delineates  a  sphere  of  action  of  the  law 
of  excluded  third.  Thus,  from  the  point  of  view  of  the 
constructive  trend  a  study  of  constructive  objects  re¬ 
quires  its  "constructive"  logic.  The  principles  of  such 
logic  were  already  layed-down  by  Brouwer.  In  the  works 
of  the  representatives  of  the  constructive  trend,  cons¬ 
tructive  logic  receives  further  development.  Thus,  A,  A. 
Markov  advanced  /_  49,  51 ,  as  belonging  to  the  construc¬ 
tive  mathematical  logic,  the  following  principle,  which 
we  shall  call  the  Markov  principle:  if  there  is  an  -algo¬ 
rithm  that  permits  ascertaining  for  any  natural  whether 
it  has  a  property  C,  and  if  the  proposition  of  non-exist¬ 
ence  of  a  natural  number  with  property  0  has  been  refuted, 
then  there,  exists  a  natural  number  with  the  property  C. 

A.  A.  Markov  has  shown  that  this  principle  is  used  in 
proving  many  mathematical  statements,  to  some  of  which  it 
is  equivalent.  In  particular,  the  Markov  principle  is 
equivalent  to  the  fact  that,  any  formula  of  the  type 

(6) 

is  realizable  (in  the  sense  of  IQeene).  Here  x  is  the 
variable  and  P  is  the  formula  of  logic-arithmetic  calculus 
of  Kleene.  At  the  same  time,  as  shown  by  A.  A.  Markov, 
the  formula 

(Va(A(a)  v 

is  not  derivable  in  the  purely  intuitionistio  calculus  of 
predicates. 

The  problem  of  constructive  understanding  of  mathe¬ 
matical  opinions  concerning  constructive  objects  was 
..raised  already  by  Brouwer,  who  advanced  the  principle  of. 


5 constructive  understanding  of  the  opinion  on  the  existencte 
of  constructive  object's  and  disjunctions.  But  no  deve¬ 
loped  sufficiently  complete  theory  of  constructive  inter¬ 
pretation  of  mathematical  opinions  was  proposed  by  him. 

The  first  important  step  in.  this  direction  was  made  by 
A.  N.  Kolmogorov  /  34J/,  who  developed  the  semantics  of 
the  theory  of  problems  formulated  by  means  of  logical 
j connections  of  calculus  of  formulation,  and  established 
1  that  the  logical  formulas,  derived  in  the  intuitionistio 
calculus  of  formula. ti on,  expressed  types  of  these  prob¬ 
lems,  which  admit  of  a  constructive  solution.  The  ideas 
of  A.  N.  Kolmogorov  were  refined  and  developed  (on  the 
basis  of  an  exact  concept  of  arithmetic  algorithm)  by 
Kleene. 

Bach  constant  logical -arithmetic  formula  is  con¬ 
sidered  by  Kleene  as  an  incomplete  information  on  the  sol¬ 
vability  of  a  certain  constructive  problem;  the  interpre¬ 
tation  of  the  formula  lies  indeed  in  displaying  this  probr- 
lem.  N.  A.  Shanin  15 ,  VtJ%  In  criticizing  the  rules 
proposed  by  Kleene  for  interpretation,  advanced  new  prin¬ 
ciples  of  constructive  understanding  of  mathematical  opi¬ 
nions.  According  to  N.  A.  Shanin  not  all  opinions  are  na¬ 
turally  considered  as  information  concerning  the  solvabi- 
lity  of  a  constructive  problem.  Opinions,  in  which  the 
logical  connections  V.  and  i  do  not  participate  are 
not  considered  in  this  manner,  and  understood  on  the 
basis  of  extrapolation  of  a  definite  part  of  classical 
logic.  As  concerns  those  opinions,  which  contain  cons¬ 
tructive  problems,  rules  are  proposed  (different  from  the 
Kleene  rules)  for  displaying  such  a  problem. 

2,  The  separation  of  constructive  objects  from 
among  the  subjects  studied  in  mathematical  analysis,  and 
a  study  of  these  constructive  objects  by  constructive  me¬ 
thods,  is  the  subject  of  constructive  mathematical  analy¬ 
sis  (see  N.  A.  Shanin/  1  \J.  In  classical  mathematical 
analysis  a  real  number  is  defined  as  a  fundamental  se¬ 
quence,  considered  with  accuracy  to  equivalents  of  ra¬ 
tional  numbers.  In  the  constructive  mathematical  analy¬ 
sis  this  concept  is  donstructivized.  first,  only  compu¬ 
table  sequences  of  rational  numbers,  are  admitted,  i.e., 
sequences  for  which  there  exists  a  computable  function, 
which  gives  the  n-th  term  from  its  number  n.  Secondly, 


from  among  these  sentiences  one  chooses  only  the  compute—  V 
lily -converging  ones,  i.e. ,  those  having  a  computable  re¬ 
gulator  of Convergence  (the  function  f  is  called  a  regu- 
convergence  for  a  seouenee  foj.  if  from  the  !»©• 


lator  of 


quality  **/0)j*/(  0  follows  the  inequality  [#4 — «,}< 2~‘); 

here one  can  restrict  oneself  only  to  regularly-converging 
sequences,  i.e,,  those  for  which  from  the  inequalities 
,  -k<l  there  follows  the  inequality 
(as  is  known,  not  only  monotonic  and  bounded  computable 
sequence  of  rational  numbers  is  cbmputably-converging. ) 

Thus,  the  constructive^ computable )  real  number' is 
de .Lined  by  A.  -A,  Markov  ^  49 __/ ’ as  considered  with  accu¬ 
racy  to  equivalents  computable  and  regularly— converging 
sequence  of  rational  numbers.  I.  D.  Zaslavskiy  6 / 
Proposed  two  other  variants  of  the  concept  of  construc¬ 
tive  real  number,  starting  with  the  concepts  that  he 
introduced  for  a  constructive  Dedekind  cut^nd  a  cons¬ 
tructive  successively  contracting  llfeegral^  'afl1  three 
variants  of  the  introduction  of  constructive  real  numbers 
were  found  to  be  cons t rue tively-isomor phi o. 

For  constructive  real  numbers  one  defines  relations 


of 


also 


of  the  action  on  them. 


quality  and  order,  and 

One  introduces  the  concept  of  computable  and  fund&mental 
sequences  of  real  numbers,  limits,  etc.  There  arises  a 
unique  " constructive  continuum"  which  differs  in  its  pro¬ 
perties  from^the  ordinary  classical  continuum  (see  N,  A. 
Shanin  /  .  In  particular,  as  shown  by  I.  D.  Zaslav- 

s^-xy  L  §_/  there  exists  such  a  constructive  sequence  of 
finite  sets  of  segments  '(with  rational  ends)  ,  that: 

1)  * 

2)  ^ 

3)  There  exists  no ' constructive  real"  number,  con¬ 
tained  in  all  <8^ 

A.  A.  Markov  £~ 49_?"  introduced  the  concept  of  a 
computable  or  constructive  function  of  real  variable.  To 
each  computable  real  number  one  can  assign  G’oedel  numbers 
that  define  this  number  of  regularly-convening  computable 
sequences  of  rational  numbers.  Any  such  number  we  shall 


1.  E.  Speaker,  Nieht  Konstruktivbeweisbare  Satze  der 
Analysis.  Journal  of  Symbolic  Logic  14,  No.  3,  (1949), 
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;  agree  to  call  as  the  writing  of  the  considered  real  num-  ! 
her.  A  partially  recursive  function  of  one  variable  is 
called  single-valued  on  the  given  computable  real  number, 
if  it  first  is  definite  for  any  notation  of  this  number, 
secondly',  it  converts  each  such  notation  into  a  notation 
of  a  certain  constructive  real  number,  and  thirdly  it 
converts  all  such  notations  into  notations  of  one  in  the 
:  same  number* 

Any  part ially-re cursive  function  x  generates, 
obviously »  the  function  of  one  computable  real  variable, 
defined  for  those  numbers,  on  which  x  is  single  valued; 
functions  so  specified  were  called  by  A* 'A.  Harkov  cons¬ 
tructive  or  computable.  _  . 

In  the  same  paper  /  49, _/  A.  A.  Markov  introduced 
the  concept  of  constructive  discontinuity  and  has  shown 
that  the  constructive  function,  of  real  variables  does  not 
have  a  constructive  discontinuity  at  any  point*.  Later  on 
(J.  S.  Is  ay  tin  [_  proved  that  any  constructive  function 
defined  pn  all  constructive  real  numbers,  from  an  arbitrary 
interval,  is  continuous  in.  the  constructive  sense  on  this 
interval. 

Already  from  these  results  by  A.  A.  Markov  and  ff. 

S.  Tseytfn  it  is  seen  that  the  classical  and  constructive 
fxmctions  of  real  variable  "behave"  differently.  Many 
theorems  in  this  direction  belong  to  I.  D.  Zaslavskiy 
L  3,  5,  ej-  Thus,  he  established  the  following  theorems: 
1^  There  exists  a  function,  continuous  but  not  bounded  on 
L  o.  A/i  2)  there  exists  a  function,  continuous  and  boun¬ 
ded  o n/  0,  ij,  but  not  having  an  exact  (smallest)  upper 
limit  on  it;  3)  there  exists  a  function,  continuous  un¬ 
bounded,  but  not  uniformly  continuous  'on  /  0,  l^,  whereas 
for  there  does  not  exist  a  corresponding  *>0 

4)  There 'exists  a_function  which  is  uniformly  continuous 
in  the  interval  £  0,  1_/,  which  assumes  on  it  all  values 
between  0  and  1,  but. which  does  not  assume  values  equal  to 
its  upper  limit  1.  It  should  be  noted  that  the  terms  en¬ 
countered  in  these  theorems  suchas  "continuous,"  "exact 
upper  limit,",  "interval  /  0,  1 are  understood  in  the 
constructive  sense;  fhus ,  for  example,  the  interval 
fo,  1 J  is  considered  to  consist  only  of  constructive 
real  numbers.  _ 

In  their  paper  /  4 __/  I.  L.  Zaslavskiy  and  G.  3.  . 


Tseytin  established  the  existence  of  a  function  which  is 
not  integralable  for  any  of  the  generalization  integrals 
that  they  define.  In  paper  [  5 J  I.  L.  Zaslavskiy  intro¬ 
duced  the  constructive  analogues  of  the  concept  of  a  func¬ 
tion  ©f  bounded  variation  and  of  an  absolutely  continuous 
function  and  investigated  their  properties. 

G,  S.  Tseytin  1,  5  _J  considered  constructive  ana¬ 
logues  of  the  following  theorems  and  mathematical  analy¬ 
ses:  1)  Any  sequence  of  closed  intervals  included  in  each 
other  has  a  common  point;  2)  the  first  Cauchy  theorem  (on 
the  vanishing  within  an  interval  of  a  continuous  function, 
assuming  different  signs  on  its  ends);  3)  the  second  Cauchy 
theorem  (that  a  function,  continuous  in  a  closed  interval, 
assumes  there  all  the  values  intermediate  between  its 
values  on  the  end); -4)  the  Rolle  theorem,  5)  the  Lagrange 
theorem  (the  finite-increment  formula). 

The  formulations  of  all  these  theorems  have  a  cer¬ 
tain  similar  appearance.  In  fact,  it  is  stated  in  each  of 
these  that  for  any  object  of  a  defined  type  there  exists 
a  real  number,  which  is  in  a  definite  relation  to  this  ob¬ 
ject.  If  one  reinterprets  all  these  theorems  constructive¬ 
ly,  wherein  not  only  the  objects  themselves  (numbers,  func¬ 
tions,  etc.)  are  replaced  by  corresponding  constructive  ob¬ 
jects,  but  the  logical  connections  are  also  constructively 
interpreted,  then  each  theorem  becomes  a  statement  of  the 
existence  of  an  algorithm,  which  gives  from  the  writing  of 
a  certain  object  the  writing  of  a  constructive  real  number. 
However,  as  shown  by  G,  S.  Tseytin,  for  all  the  five  state¬ 
ments  obtained  such  algorithms  are  impossible.  With  this, 
for  the  Cauchy  and  Rolle  theorem  of  included  segments  such 
algorithms  will  be  possible,  if  one  changes  the  concept  of 
writing  of  a  constructive  real  number  in  such  a  way,  that 
in  the  writing  (in  the  new  sense  of  the  word)  is  contained 
information  on  the  computable  sequence  which  defines  a  real 
number,  but  not  on  its  regulator  of  convergence  (although 
it  should  exist1  *).__  __ 

In  article  /_  14 _/,  N.  A.  Shanin  noted  a  method  of 
constructing  a  constructive  measure  theory.  The  concept 


1.  "It  cannot  not  exist,"  in  the  terms  of  constructive 
logic. 
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proposed  by  him  of  a  measurable  set  is  not  (as  in  clas- 
sical  mathematics)  a  specialization  of  the  concept  of  the 
set.  'Measurable  sets  according  to  N.  A.  Shanin  do  not  have 
any  elements!  A  measurable  set  is  defined  as  a  converging 
(in  a  definite  sense),  computable  sequence  of  f inite'eol- 
lections  of  segments,  with  rational  ends.,  and  the  measure 
of  the  measurable  set  is  the  limit  of  the  measures  .;( hat u- 
raliyjlef ined)  of  these  finite  collections.  In  article 
/_  iAJ  there  are  introduced  concepts  of  .sequences  of  mea¬ 
surable  sets  and  limits  of  such  a  sequence  and  the  ques¬ 
tion  of  the  similarity  and  differences^ between  construe-’ 
five  and  classical  -measure  theory  are  analyzed;  ways  are. 
also  indicated  of  developing  the  concepts  of  constructive 
functional  analysis. 

■  3.  In  order  to  understand  the  results  of  the. cons¬ 
tructive  trend,  it  is -not  essential  to  adhere  to  the 
point  of  view  of  constructive  logic.  These  results,  as 
were  seen  above,  are  converted  in  classical  "language”  ; 
with  the  aid  of  the  concept  of  the  algorithm  and  a  compu¬ 
table  function.  Y.  A.  Uspenskiy  in  the- article  /  .13 _/ 
undertook  to  attempt  to  expound  several  ideas  of  the  cons¬ 
tructive  trend  (using  a  specific  example  of  the  theorem 
on  uniform  continuity)  from  classical  positions.  In  par¬ 
ticular,  .  in  this  article  there  are  refined,  on  the  basis 
of  the  concepts  of  the  theory  of  algorithms,  the  concepts 
"functio  discrete,"  "functio  mixta,"  and  "function  con¬ 
tinue,  "  which  were  introduced  as  V/eyl  as  early  as  in  1921. 
In  the  article  is  found  a  constructive  analogue  of  the 
concept  of  continuous  function’  from  the  point  of.Baire. 
space  J.  Each  continuous  function  F  can  be  specified  on 
Baire  space  by  means  of  a  certain  function  ,  which 
converts  the  corteges  of  natural  numbers  into  corteges, 
so  that  if  '  ■ 

ae^K  ...»  ... 

is  an  increasing  sequence’'"*  of  segments  of  the  point 

±~.  That  is,  each  successive  cortege  is  a  continuation 
of  the  preceding  one. 
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is  an  increasing  sequence  of  segments  of  the  points 

If  is  a  computable  function,  then  the  function 
F  it  generates  is  called  constructively  continuous  (a 
constructively  continuous  function,  considered  on  computa¬ 
ble  points,  is  taken  to  be  as  the  constructive  analogue 
: of  a  continuous  function).  In  a  similar  manner  the  con- 
cept  of  constructive-continuous  function  is  also  intro¬ 
duced  for  the  generalised  Baire  space  (see  Section  6  of 
the  present  survey).  The  points  of  the  generalised  Baire 
space  can  be  visualised  as  functions  that  are  defined  on 
subsets  of  a  natural  series,  and  consequently,  a  function, 
on  a  generalized  Baire  space  can  be  visualized  as  an  ope¬ 
rator  on  a  system  of  such  f inactions .  From  the  earlier 
results  of  Y.  A.  Uscenskiv  f~ 6.  /  there  follows  the  theo¬ 
rem,  formulated  by  him  in  _/,  that  a  function  on  a 
generalized  Baire  space  (with  values  from  the  same  space) 
is  a  computable  operator  when  and  only  when  it  is  cons¬ 
tructively  continuous.  This,  circumstance  makes  it  pos¬ 
sible  to  obtain  the  Kuznetsov-Trakhtenhrot  theorem  on  the 
region  of  general -definite ness  of  a  computable  operator. 

In  turn,  the  constructive  analogues  of  principal  topolo¬ 
gical  concepts  introduced  by  A.  V.  Kuznetsov  [_  2 _J  and 
B.  A.  Trakhtenbrot  /  5_/,  i.e.,  concepts  of  the  effec¬ 
tively  open,  effectively  closed,  etc.,  sets,  is  widely, 
used  in  article  /.  13__/?  a  simpler  example,  than  that  given 
hy  Kleene,  is  constructed  for  a  function  which  is  cons¬ 
tructively  continuous  on  a  constructive  compact,  but  is 
not  uniformly  continuous  on  it. 


Chapter  IV 

LOGICAL  AND  LOGICAL-MATHEMATIC  CALCULI 

11,  Constructive  Calculi  from  the  Classical 
and  Constructive  Points  of  View. 


1,  The  constructive-logical  and  logical -arithmetic 
calculi  have  attracted  the  attention  of  Soviet  mathemati¬ 
cians  as  early  as  in  the  Twenties  of  the  current  c^entury. 
The  well-known  works  of  A.  N.  Kolmogorov  /  8,  3 and  V. 

I,  Glivenko  4,  5 _/,  devoted  to  the  clarification  and  the 
relations  of  classic  and  constructive  logical  and  logic- 
arithmetic  calculi.  (Under  constructive  we  understand 
here  those  formalizations  proposed  by  A.  N.  Kolmogorov, 

V.  I.  Glivenko  and  A.  Heyting  of  ''intuitionistic''  arithme¬ 
tic  and  logic,  *  which  makes  no  use  of  the  law  of  excluded 
third  as  applied  to  finite  sets  of  objects,  i.e. ,  which 
does  not  admit  of  abstraction  of  actual  infinity.)  In 
reference  / "8  J  A.  N.  Kolmogorov  first  proposed  such  an 
interpretation  of  the  derivable  formulas  of  classical . 
arithmetic,  under  which  they  are  transformed  into  deriv¬ 
able  formulas  of  constructive  arithmetic,  i.e.,  into  for¬ 
mulas  ,  in  the  derivation  of  which  one,  does  not  admit  the 
application  of  excluded  third.  In  /_  3 A.  N.  Kolmogorov 
gave,  to  the  contrary,  an  interpretation  of  the  Heyting 
logical  calculus  as  a  calculus  of  problems  (and  not  propo¬ 
sitions)  of  ordinary  (''classical1')  mathematics. 

l7  As  was  already  noted  (see  introduction),  Soviet  mathe¬ 
maticians  and  logicians  consider  the  use  of  the  terms 
"intuitionistic  logic"  or  "intuitionistic  arithmetic"  by- 
persons  who  are  far  from  philosophy  of  intuitionism  as  in¬ 
troducing  confusion,  and  incorrect.  The  calculations  of 
A.  N.  Kolmogorov  and  V.  I.  Glivenko  were  proposed  indeed  in 
order  to  separate  the  specific  results,  obtained  in  the ^ 
school  of  " intuit ionists"  founded  by  Brouwer,  from  his  in¬ 
tuitionistic  philosophy.  Things  are  different,  naturally, 
for  the  representatives  of  the  Heyting  intuitionism. 
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At  the  end  of  the  Thirties  P.  S.  Novikov  (/  17 _/, 
published  in  1942)  proposed  a  proof  of  non-contradiction 
of  classical  (i.e,,  making  free  use  of  the  laws  of  exclu¬ 
ded  third)  arithmetic,  based  on  a  certain  extention  of 
constructive  principles  of  "intuitionistic"  mathemati®s 
to  logical  sums  (products  of  a  denumerable  number  of  com¬ 
ponents  (factors).  In  all  these  directions,  work  was  con¬ 
tinued  also  in  the  period  of  interest  to  us  now.  In  the 
school  of  A.  A.  Markov  particular  attention  was  paid  to 
the  development  of  constructive  logical  and  logical -mathe¬ 
matical  calculi. 

2.  In  interpreting  the  Brouwer  logic  as  calculus 
of  problems,  A.  N.  Kolmogorov  ^  34  J  did  not  dwell  on  the 
questions  of  what  is  a  “problem,1’  what  does  it  mean  “to 
solve  an  elementary  problem, "  what  does  it  mean  “to  reduce 
a  solution  of  problem  A  to  a  solution  of  problem  b,“  in 
what  meaning  is  the  "reduction  of  problem  A  to  problem  B" 
can  be  considered  in  turn  as  a  "problem"?  Some  of  these 
questions  concerning  the  relations  between  the  provability 
in  the  Heyting  calculus  (which  was  directly  interpreted  by 
A.  N.  Kolmogorov)  and  solvability  as  applied  to  problems 
it  was  difficult  to  answer.  In  the  development  of  the 
ideas  of  A.  N.  Kolmogorov,  S,  C.  Kleene1, 3 *  proposed  a  spe¬ 
cial  method  of  “realization"  of  logical-arithmetic  formu¬ 
las,  which  has,  as  shown  by  D.  Nelson^*  that  property  that 
any  formula,  provable  in  constructive  arithmetic,  is 
"realizable"  in  the  sense  of  Kleene.  (The  inverse, is  found 
to  be  untrue  even  for  the  calculus  of  projections'5*)  A 
student  of  A.  N.  Kolmogorov,  Yu.  T.  Medvedev,  proposed  in 

1.  S.  C.~Kleene,  On  the  interpretation  of  Intuitionistic 
Number  Theory.  Journal  of  Symbolic  Logic,  10,  No.  4  (1945). 
109  —  123,  see  also  S.  C.  Kleene,  introduction  to  Meta- 
Mathematics,  Moscow,  Foreign  Literature  Press,  1957, 

Section  82. 

2.  D.  Nelson,  Recursive  Functions  and  Intuitionistic  Num¬ 
ber  Theory,  Transactions,  American  Mathematical  Society, 

61  91947)  307  --  368.  “  ' 

3.  Concerning  this  result  by  Gene  Rose,  see  at  the  end 

of  item  4  and  in  item  9. 
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his  dissertation  *  (see  also  remarks  /  5,6 _/  a  second  : 
refinement  of  the  above-mentioned  concepts  and  expressions 
as' applied  especially  to  "mass  problems"  (in  the  sense  of 
Medvedev)  and  their  "algorithmic  solution." 

Inasmuch  as  the  concepts  of  the  mass  problem  in  the 
sense  of  Medvedev  we  have  already  dwelled  on  in  Section  6, 
it  is  enough  to  mention  here  only  that  since  a  partially, 
ordered’  set  Q,  of  degrees  of  difficulty  i|,  as  shown  by 
Yu.  2.  Medvedev,  an  implicative  structure,  *  any  class 
.Q/'  of  mass  problems  0,^^.  ,  where  e  Is  a  certain 
fixed  degree  of  difficulty,  is  found  to  be  an  exact  in¬ 
terpretation  of  constructive  logic  (Dissertation,  theorem 
4).  With  the  aid  of  this  interpretation  it  is  possible  to 
compare  with  each  logical-arithmetic  formula  a  certain 
mass  problem  the  degree  of  difficulty  of  which  characte¬ 
rizes  the  "degree  of  non-constructiveness"  of  the  predic¬ 
tion  stated  by  this  formula.  If  we  give  the  name  of  "ef¬ 
fectively  true"  to  those  logical-arithmetic  propositions, 
to  which  correspond  the  solvable  mass  problems,  we  obtain 
a  new  definition  of  constructive  truth  in  arithmetic  as 
proposed  by  Yu.  !.  Medvedev  in  his  dissertation. 

3.  A  student  of  A.  A.  Yanovskaya,  B.  Yu.  Pil’chak, 
engaged  in  constructive  calculi  equivalent  to  the  calculus 
of  V.  I.  Glivenko,  In  her  dissertation"1 2 3  *  and  in  /  3_/» 

B.  Yu.  Pil’chak  gave  first  of  all  a  general  characteristic 
of  this  class  of  calculi,  as  having  seven  properties  which 
she  listed,  of  which  we  shall  note  the  following:  3)  *“** 

4)  the  connection  between  the  implication  and  the  deriva- 
bility  (theorem  on  the  deduction  and  modus  ponens) ;  6.)  the 
provability  of  the  disjunction  A\/B  when  and  only  when 
at  least  one  of  the  formulas  A  or  B  is  provable;  7)  prova¬ 
bility  of  negation  when  and  only  when  the  premise 

of  the  provability  of  formula  A  leads  to  a  contradiction; 

1.  Yu.  T.  Medvedev,  Degrees  of  Difficulty  of  Mass  Problems, 
Dissertation,  Moscow  State  University,  1955. 

2.  In  other  words,  structure,  dual  to  a  structure  with 
relative  pseudo— complements  (See  Birkhoff ,  Lattice  lheory , 
Moscow,  Foreign  Literature  Press,  1952,  p.  273). 

3.  B.  Yu.  Pil’chak,  On  the  Calculus  of  the  Problems  of 
A.  N.  Kolmogorov,  Dissertation,  Moscow,  1950. 
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2)  provability  of  any. formula  0  under  the  condition  that"' 
any  false  formula  is  provable,  She  description  given  by 
B,  Yu.  Pil'ehalt  is  complete,  'inasmuch  as1,  any  calculus* 
that  has  the  property  l}.-  7)  is  equivalent  to  the  calcu¬ 
lus  of  Glivenko. 

“As  is  well  known  (this  is  proved  by  Goedel  as  early 
as  in  1930)  there  exists  no  finite  matrix  (set  of  values 
;  of  truth  values  on  which  truth  functions  corresponding  to 
'  logical  couplings  are  defined)  in  which  the  “identically 
true" • (assuming  only  separated  values  for  anfl distribu¬ 
tion  of  truth  values  with  respect' to  the  variables  that 
enter  in  them)  formulas  were  not  only  those  which  are 
proved  by  the  Hey ting  calculus  at  predictions.  In  1936 
the  Polish  mathematician  Jaskowski  constructed  a  sequence 
of  finite  matrices  such  that  the  formula  A  is  proved 

in  the  Hey ting  calculus  if  and  only  if  it  is  "identically 
true"  in  all  I.  The  proofs  of  his  theorem,  Just  like 
the  proofs  of  the  theorem  on  the  canonical  ("regular") 
representation  of  formulas  proposed  by.  him  (with  accuracy 
to  deductive  equality  in  the  Hey ting  calculus) ,  was  not 
published  by  Jaskowski.  In  her  dissertation  (May  1950) 

B.  Yu.  Pil ‘clink  not  only  proved  Jaskowski  *  s ^propositions  f 
but  also  found  such  a  proof  (published  in  /  3^7)  which 
permitted  her. to  construct  a  much  simpler  algorithm  than 
that  proposed  earlier  (by  Gentzen  and  Wajsberg),  one .which 
solves  the  problem  of  solvability . for  the  Heyting  calculus. 

4.  In  1954/55  Academic  Year,  P.  S*  Novikov  deli¬ 
vered  at  the  Moscow  University  a  course  of  lectures  on 
constructive  logic,  which  is  presently  being  readied  for 
print,  The  basis  of  the  course  was  the  classic  calculus 
of  predictions  (and  later  also  predicates),  broadened  by 
adding  to  it  the  provability  operator,  defined  by  certain 
axioms  and  a  rule  of  deduction.  The  calculus  thus  ob¬ 
tained  was  called  by  P»  S,  Novikov  B- cal cuius.  Already 
in  1931  Goedel  stated  a  guess,  which  was  later  proved  by 
many  authors,  that  a  calculus  of  this  kind  can  serve  as 
an  exact  classic  interpretation  of  intuitionistic  logic 
(for  example,  the  Heyting  calculus).  ("Exact"  in  that 
sense,  that  any  formula  A  is. provable  "intuitionistically" 

1.  B.  Yu.  Pil'chak,  On  the  Calculus  of  the  problems  of 
A.  N.  Kolmogorov,  Dissertation,  Moscow,  1950, 

125 


when  and  only  v;hen  its  "translation"  A'  into  the  language? 
of  the  D  calculus  is  provable  in  the  latter.)  In  his 
course,  P.  S.  Hovikov  gave  a  new  simple  proof  of  an  ana¬ 
logous  statement  and  constructed  an  arithmetic  model  of 
D  calculus,  corresponding  essentially  to  the  situation 
which  arises  during  the  measurements  of  quantities,  which 
are  never  realisable  in  practice  with  absolute  (ideal) 
accuracy*-  ( The  elementary  predicates  in  this  model  have 
the  form  «f(xj>X2,  -  V  ^0^  £  and  g 

are  linear  arithmetic  functions; 

is  true  at  the  point  if  there  exists  a 

vicinity  of  this  point,  in  which  r/J  (%s  ^!rue*) 

Great  attention  was  paid  in  the  course  to  topolo¬ 
gical  models  of  D  calculus. and  to  the  Hey ting  calculus. 

To  prox^e  the  topological  completeness  of  the  Heyting.  cal¬ 
culus  one  constructs  a  space  of  deductive  chains,  in 
which  the  topology  is  introduced  by  specifying  elementary 
open  sets  £}?/  ,  which,  are  treated  as  an  aggregate  of  de¬ 
ductive  chains,  containing  the .  formula  .  It  is  ^proved 
that  if  1J  enters  in  all  the  deductive  chains,  then  it 
is  provable  in  the  Heyting  cal cuius,  later  on  the  space 
of  all  the  deductive  chains  is  replaced  by  a  similar  space 
horae omo rphic  to  Baire  space.  On  the  basis  of  3)  calculus 
of  predicates,  there  was  constructed  in  the  course  an 
arithmetic  (recursive  functions  were  introduced  together 
with  the  concept  of  the  Goedel  numbering,  and  the  incom¬ 
pleteness  theorem  was  proved).  The  course  was  completed 
with  an  examination  of  problems  connected  with  the  reali¬ 
zation  in  the  sense  of  Kleene.-  In  particualr,  a  construc¬ 
tive  proof  was  given  for  the  theorem  of  Gene  Rose  *  on  the 
constructive  incompleteness  of  the  Heyting  calculus  of 
prediction  (i.e„,  that  nor  every  "realizable"  formula  (in 
the  sense  of  Kleene)  in  the  calculus  of  prediction  is 
provable  in  the  calculus  of  Heyting),  and  the  existence 
was  also  proved  of  an  arithmetic  formula  which  expresses 
realizability. 

~  gT  FT  Rose",  Propositional  Calculus  ahd  Realizability. 
Transactions,  American  Mathematical  Society.  75  (1953), 

1  —  19.  See  also  S.  0.  Kleene,  Introduction  to  Meta- 
Mathematics,  Moscow,  Foreign  Literature  Press,  1957,  454, 
Translator’s  eoEiment. 
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5.  While  in  the  school  of  P,  3.  Novikov  the 
constructive  logic  was  studied  from  a  broad  (not  refuting 
even  classical,  considerations)  point  of  view,  in  the 
school  of  A*  A*  Markov  the  abstraction  of  actual  infinity 
and  the  corresponding  application  of  the  law  of  excluded 
third  were  not  admitted  even  in  the  investigation  of 
such  .const motive  objects  as  the  formulas  or  proofs  for  ' 

H  logical  dud  logical “arithmetic  calculi*  for  illustration 
of  this  point  of  view  we  give  an  example  pertaining  to  “• 
the  constructive  interpretation,  developed  by  Kleene  and 
Kelson,  of  logical-arithmetic  formulas  with  the  aid  of 
the  so-called  "realisation”  or,  in  the  terminology  of  A, 

A.  Markov,  "filling,”"1"*  The  definition  of  fillability 
is  constructed,  in  such  a  way  that  if  formula  P  is  fill- 
able,  then  the  formula  •;*!/>  (negation  of  formula  P)  is 
not  fillable;  to  the  contrary,  if  formula  P  is  not  fill- 
able,  then  the  "formula, n^'is  Tillable,  The  disjunctions 
of  formulas  A  and  -B  ( 1, e , ,  the  formula,  )  is  fill- 

able  if  at  least  one  of  these  formulas  is  finable  it 
follows  classically  from  this  immediately  that  the  for¬ 
mula  .(which  expresses  the  law  of  excluded  third)  - 

is  fiilable  for  any  P,  which  does  not  contain  three 
variables.,  Prom  the  .constructive  point  of  view,  this, 
however,  is  not  so,  for  speaking  in  this •  manner  of  any 
formula  P  means  a  consideration  of  all  the  Infinite  sets 
of  formulas  P  as  existing  simultaneously ,  i,e„,  from  the 
point  of  view  of  the  abstraction  of  actual  infinity, 
excluded  from  the  constructive  mathematics.  To  .state  the 
existence  of  fillability  for  each  formula  .one 

can  only  if  a  constructive  method  (algorithm)  is  possible ,- 
comparing  with  each  formula  B  of  the  type  a 

*  certain  filling  of  the  formula  B  (see  K,  A,  Shanin 
Z-13_/,  p.  46);  since  an  algorithm  of  this  kind  is  im¬ 
possible,  then  within  the,  framework  of  the.  constructive 
trend  in  mathematics  it  is  impossible  to  advance  as  a 
logical  principle  the  thesis  that  each  constant  formula 
of  the  type  !  <[#y  is  fiilable  (H.  A,  Shanin  /~13  7, 
p.  47). 

1*  This  terminology  Is  apparently  connected  with  the  fact 
that  the  classical  propositions  are  considered  as  incom¬ 
plete  communications,  which  require  filling  with  additional 
information,  which  imparts  to  them  an  effective  charac¬ 
ter, 
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6.;  The  principal,  objects  of  investigation  in  the  ; 
school  of  A*  A.  Markov  during  the  period  'of  interest  to 
us  were  not  the  logical,  but  .'logical-mathematical  calculi, 
the  theory  of  which  according  to  N.  A.  Shanin  (/~13 _/, 

P.  9)  is  an  earlier  chapter  in  modern  mathematical  logic, 
in  the  theory  of  logical  calculi,  since  it  is  closer  to 
mathematics,  i.e. ,  it  hears  a  less  abstract  character*  In 
_i  the  present  section  we  shall  engage  in  special  construe-  .... 
tive  logical-arithmetic  calculus  ■%  ,  obtained  by  adding 
to  the  system  of  axioms  of  Peano  recursive  definitions  of 
addition  and  multiplication  and  logical  axioms  and  rule  of 
deduction,  .equivalent  (in  their  aggregate)  to  the  narrow 
calculus  of  predicates  of  Heyting  (the  law  of  excluded 
third  does  not  figure  in  this  calculus}.  The  addition 'to 
the  calculus  :2  of  all  possible  logical  arithmetical  for¬ 
mulas  of  the  type  of  the  lav/  of  excluded  third  fields  a 
calculus,  which  is  called  by  H*  A.  Shanin  (/_  13_/,  p.  10) 
the  basic,  classic  logical-arithmetic  calculus  and  denoted. 

£*  *  In  papers  /  11,  12,  13 _J  H.  A,  Shanin  engaged  in 

the  development  of  methods,  proposed  by  A.  N.  Kolmogorov 
/  8 J  and  by  K.  G-oedei  (in  1931)  of  "submerging*'  the  clas¬ 
sical  arithmetic  (  '&*  )  in  the  constructive  one  (  , 

i.e.,  a  certain  special  (indirect)  measure  of  constructive 
interpretation  of  the  premises  of  classical  arithmetic* 

V/e  shall  dwell  on  these  investigations  in  greater  detail 
in  the  next  item.  Here  we  shall  note  that  inasmuch  as  va¬ 
rious  methods  are  possible  of  constructive  interpretation 
of  truth  (or  respectively  falsity)  of  judgement,  one  can 
speak  of  different  operations,  which  juxtapose  to  the 
truth  (respectively  false)  judgements  constructively,  (i.e . , 
in  a  stronger  sense) .true  (respectively  false)  ones.  One 
of  such  operations  of  constructive  falsity  was  considered 
in  1943  by  D.  Kelson. 

Ordinary  negation  of  prediction  of  generality 
(~\{z)A{x))  in  a  calculus  of  type  £  is.  true,  if  the 
proposition  that  is  true  leads  to  a  contradiction. 

The  ''construe tive "  negation  derived  by  Kelson  (A.  A.  Markov 
f  40_/  calls  it  "strong”,  negation  and  denotes  it  ) 
differs  in  that  the  prediction  '**{x)A(x)  is  true  if  a 

1.  I>.  Kelson,  Constructable  Falsity,  Journal  of  Symbolic 

Logic.  14,  No.  1  (1949),  16  —  26. 


contradicting  example  is  given  for  the  prediction  (*M {*)  i 
In  two  papers  at  the  Seminar  of  .the  Leningrad 
Division  of  the . Mathemati calkins ti tut e  (LOMI)  on  6  and  8 
October  1949$  A.  A.  Markov  /  40  ~J  expounded  on  a  logical 
arithmetic  calculus,  constructed  by  him  on  the  basis,  of 
the  concept  of  normal  algorithm,  and.  including  along  with 
ordinary  logical  operations  also  the  operation  of  strong 
; negation,  and  proved  various  results  obtained  by  him  for 
'this  operation*  In  particular,  it  was  found  that  the 
strong  law  of  excluded  third,  i.e. ,  the  formula  j  Ay^A  , 
can  be  refuted  with  an  example  (it.  is  possible  to  cons¬ 
truct  such  a  formula  A,  for  which  takes 

place).  It  was  also, found  that  for  strong  negation  in  the 
general  case  the  lav/s  of  contraposition  are  no  longer  true, 
and  therefore  the  "principle  of  spatial! ty”  stops  being 
true  (the  rule  of  replacement  by  an  equivalent).  Since, 
however,  this  rule  retains  its  force  for  the  replacement 
of  P  by  Q  (or,  conversely,  of  Q  by  P)  in  those  cases  when 
along  with  there  takes  place  also  :*•>*  , 

A.  A.  Markov  introduces  for  such  P  and  Q. 'the  concept  of 
complete  equivalence:  ‘PwblQ'  »  It  is  found  /  40 _/,  that 
a  complete  equivalent  takes" place:  '  Pm(P 3 ~*>P)  * 

expressing  the  usual  negation  in  terras  of  a  strong  negation 
and  implication.  • 

7.  The  logical  calculus  of  predictions  lit*:  ,  which 
is  obtained  from  the.  Hey  ting  calculus  by  adding  to  it  .the 
operation  of  strong  negation  ,  defined  by  the  axioms: 

f*vjO  ^ '{pz> f }m\yfi  V  )»!'>'..<£  V  f)  .«* 

p,  pm®"**' “t p,  was  considered  by- a  stu¬ 

dent  of  A.  A.  Markov,  if.  Vorob’yev  /  4 .  ('When  the 
propositional  variables  in  the  proved  formulas  of  the 
calculus  are  replaced  by  arithmetic  formulas,  one  obtains- 
provable  formulas  of  logical -arithmetic  calculus  of  A.  A. 
Markov  with  strong  negation) *  N.  N*  Torch* yev  has  shown 
that  any  formula  of  the  TP  calculus  can  be  reduced  to 
such  a  formula,  at  which  only  elementary  predictions 
(letters)  remain  under  the  sings  of  strong  negation  (if 
such  are  generally  not  excluded,  Furthermore^  the  follow¬ 
ing  theorem  concerning  .normal  form  holds  /  4 

Each  formula  A  of  the  IT*  calculus  can  be  effec¬ 
tively  represented  in  the  foira  of  a  conjunction  of  formu¬ 
las  8lt  g  ,  such  that  in  not  a  single  ff.  contains  the 
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•  signs  fc  or  ~v  ,  only  a  letter  (propositional  varia-1 
ble)  can  be  found  under  the  sign  of  strong  negation,  not 
a  single  B.‘ has  a  part  of  the  form  (p  Vq)ZDr  *  while 
the  formula  A  m  Bt9t . . .  &  Bk  is  itself  provable 
in  ft*  ,  __  _ 

In  reference  /  5 Yorob’yev  constructs  an  algo¬ 
rithm,  which  solves  for  the  (51*'  calculus  the  problem  of 
:  solvability,  i.e.,  which  permits  for  each  formula  A, 

!  written  in  the  language  of  this  calculus,  to  solve  effec- 
■  tively  the  question  whether  A  is'  provable  in  .51*7  or 
not*  With  the  aid  of  this  algorithm  it  becomes  clear,  in 
particular,  that  the  formula,  ^pZy^p.  is  not  provable 

in  51*  *  ; Since  the.  formula  'MO'"! p  .  is  provable  in 

TT*  ,  then  the  name  of  "strong  negation"  for  the  opera¬ 
tion  is  found  to  be  fully  justified. 

Strong  negation  belongs  thus  to  the  number  of  such 
operations  12*  ,  for  which  the  implication  *  is 

constructively  justified  for  any  R*  It  defines,,  conse¬ 
quently,  in  the  terminology  of  M.  A.  Shanin  13 _J\  pp. 

gO  —  81).  a  certain  "particular  type  of  concept  of  cons¬ 
tructive  falsity"'  (analogous,  constructive  justifiability, 
for  example  in  the  sense  of  fillability,  of  any  formula 
denotes  .that  the  operation  |  "defines'  a 
particular  type  of  concept  of  constructive  truth."). 
Furthermore,  inasmuch  as  for  elementary  formulas  (i.e., 
the  equalities  1  -  S,  where  f  and  S  are  terms  in  the 
£  calculus)  the  operation  of  strong  negation  can  be 
eliminated  (it  is  equivalent  to  simple  negation) ,  then 
it  follows  from  the  results  of  I.  F.  Yorob'yev  that  a 
strong  negation  actually  belongs  among  those  operations 
*  with  which  it  is  possible  to  compare  effectively 
to  each  formula  R  of  arithmetic  an  arithmetic  (i.e.,  not 
containing'  the  sign  of  ,i|  )  formula  R* ,  •  the  provability 

of  which  in  the  £;  calculus  can  be  considered  as  estab¬ 
lishment^!  the  constructive  falsity  of  formula  R.  In 
papers  ^11,  12,  1 3_J/,  F.  A;  Shanin  considers  (in  connec¬ 
tion  with  the  problem  of  submersion  of  the  classical  cal¬ 
culus  £  in  the  constructive  calculus  ;  S*  )  several  ana¬ 
logous  operations,  defining  particular  type . of  the  concept 
of  constructive  truth  or  constructive  falsity. 

8.  I1  he  first  submersion  operation,  taken  to  be 
meant  as  an  algorithm,  applicable  to  any  arithmetic  ,_j 
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formula  R  and  convertint  It;  into  another  arithmetic  for-  - 
mtila  R1 ,  and  furthermore,  in.  such  a.  way  that  if  R  is  prov¬ 
able  in  i£%  then  R*  is  'provable  in  :5£i  (and  vice  versa) ,  was 


already  considered  in  1,925 
operation  of  the  same  hind 
G-oedel.)  She  operation  of 


by  -A,  R.  Kolmogorov.  (Anothe: 
was  published  in  1931  by  K. 
Kolmogorov  consisted  of  "hang¬ 


ing"  two-  signs  of  negation  on  each  entry  into  formula  R  of 
jits  sub-formula  (including  R  itself),  -Shis  and  several  u. 
'other  submersion  -  operations 

JL> 


which  'represent  a  modifica¬ 


tion  of  Kolmogorov’s  operation,  but  much  more  simply 
realisable  (requiring  no  "hanging" . of  double  negation  bn 
any  sub-formula  of  formula  R) ,  was  -considered)  in  note 
/  12 J/t  and  also  in  Chapter  II  af'£  13 by  N.  A.  Shanin 


But  the  submersion  operations  !0 


of 


this  type  have,  from 


the  constructive  point  of  view,  that  -effect,,  that  the  very 
transition,  from  formula  R  to  formula  ’lit  is  in  the  gene¬ 
ral  case  not  found -constructively ;  .there  exist  such  for¬ 
mulas  R,  -  for  which  the  implication  is  un.fi liable, 

(The  existence  of  such  formulas  is  due  to  the  fact  that, 
for  example ,  the  formula  j  Vfl  *1  T);  is  derivable 

calculus  (and  " 

;  r 


,  consequently, 


ly  ,' "is  .tillable)  for 
with  one  free  variable .x  (therefore  hega 
t»xon  of  such  a  formula  is  -unfill able)  j  yet  there  exist 
such  "unsolvable"  formulas  •  . IV  (of  the  same  type),  for 


in  the 
any  formula 

4* 


which  the  formula 


is  fillable.  If  one 


takes  R_  to  be  the  last"  formula,  '"then  for  any  submersion 


operation  'f.  ,  which converts  R^  into  a  formula  of  the 

the  premise  will  be  fillable  in. 


type  ;l%np 
the  implication 


'•but  the  conclusion  will  not  be 


j  R,, 

fillable.  This  application,  consequently,  will  not  be 
fillable ) . 

Introducing  into  consideration  certain  new  opera- 
•tions ,  v/hich  define  particular  type  of  concepts  of  cons¬ 


tructive  truth  and  constructive  falsity 


A 


Shanin 


L IS.  13-/  constructed  several  submersion  operations, 
called  by  him.  "regular  submersion  operations, ”•  which  do 
have  this  defect 

Q  TP  Q 


not 


Novikov  in  Ms  paper  /  11  proved  that 


1.  The.  operation  ,*  according  to  N*  A.  Shanin 
p.  59),  is  a  modification  of  the  operation  ,  if  no  mat¬ 
ter  what  the  formula  R,  the  formula  is  deri-  ■- 

vable  in  the  calculus. 
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;  if  in.  classical  arithmetic  one  can  prove  a  .formula  of  the" 
type  3ixB{t)  ,  where  B{r)  expresses  a  solvable  (recur¬ 
sive  }  predicate  ,  then  it  is  possible  to  indicate  effec¬ 
tively  a  number  n,  for  which  B(n)  tabes  place  (so  that  the 
formula  ;  3  xB{i)  is  provable  and  constructive),  (Ibis 
result  permits  in  many  cases  to  extract  constructive,  and 
furthermore  elementary  proofs  from  classical  proofs), 
jHere  use  is  made  of  a  certain  type  of  induction,  which 
'consists  essentially  of  a  transition  from  all- the  elements 
of  recursive  sequence  to  the  sequence  itself.  A.  S, 
Yesenin-Vol* pin  /  4_/  reinforced  this  result  somewhat, 
obtaining  it  by  weaker  means,  namely  by  means  of  induction 
to  the  first  ^-number  £0  .  -This  result  also  pertains 

to  the  result  of  Y,  S»  Novikov,  as  a  proof  of  the  non- 
contradictability  of  the  arithmetic  belong  to  Eentaen  to 
the  proof  of  P.  S.  Novikov  (leaving  aside  the  fact  that 
the  method  of  P.  3,  Novikov,  being  stronger,  makes  it  ' 
possible  to  justify  the  methods  of  transfinite  induction, 
used  by  Hentzen  (1936,  1938)  and  Schutte  (1951)  in  proofs 
of  non-contradiotabillty).,  f  hi s  result  can  be  applied  to 
a  constructive  proof  of  the  theorem  of  G-ene  Hose  on  the 
constructive  incompleteness  of  the  Heyting  calculus  of  pre¬ 
diction,  which  was. done  in  1954-  simultaneously  and  inde¬ 
pendently  of  each  other  by  P,  3.  Novikov  and  A.  S.  Yese- 
nin-Vol'pin. 

12,  logical  Calculi  and  i’heir  Models. 

Problems  of  Solvability,  Completeness  and' 
Non-Oontractability . 

1.  The'  subject  of  the  theory  of  logical  and  logi¬ 
cal  mathematic  calculi  (which  we  shall  call  in  this  section 
for  the  sake  of  brevity  "logical"  or  "deductive"  calculi) 
are  very  closely  related  with  the  theory  of  algorithms, 
both  ordinary  and  conditional  (algorithms  of  reductibility 
or  the  computable  operators  corresponding  to  them).  Also, 
the  rules  of  formation  tof  imaginable  ("correct")  formulas 

1.  S.  C.  Kleene,  Introduction  to  Meta-Mathematics,  Moscow, 
Foreign  Literature  Press,  1957  (p,  454,  remark  of  trans¬ 
lator)  .  , 
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■of  these  calculi,  and  the  rules  of  deduction,  (conversions 
of  certain  formulas  into  others)  usually  have  also  an 
algorithmic  character.  Problems  of  solvability  of  such 
calculi  are  directly  algorithmic  problems.  Problems,  on 
the  other  hand  of  completeness  are  also  in  a  definite 
relation,  (in  which  we  shall  dwell  in  detail  below)  with 
certain  mass  problems  (problems  of . separability ) »  i*e», 
j also  problems  involving  the  search  for  an  algorithm. 
'Therefore  the  theory  of  algorithms  finds  a  direct  appli¬ 
cation  in  the  theory  of  logical  and  logical-mathematical 
calculi,  however,  conversely,  logical  calculi  are  used 
in  algorithm  theory.  Thus,  we  already  mentioned  that  a 
computable  function  can  be  defined'  in  terms  of  a  formal 
derivability  of  certain  formulas  of  the  narrow  calculus 
of  predicates.  Another  refinement  of  the  concept  of  the 
algorithm  (as  an  effective  computing  process)  by  means 
of  the  narrow  calculus  of  predicates  was  proposed  in 
1949  by  B,  A.  Trakhtenbrot  /  1,  2__/x*.  This  definition 
is  based  not  on  the  derivability  of  certain  formulas  in 
the  calculus  of  predicates,  but  a  dual  one  (in  a  defi¬ 
nite  sense)  of  derivability  —  interpretability  (the 
existence  of  a  model  for  performability)  of  the  formula 
of  this  calculus.  It  is  known  that  along  with  processes 
of  formal  derivation,  one  can  indicate  also  another  ef¬ 
fective  process,  applicable  to  formula  of  calculus  of 
predicates.  Namely,,  for  each  such  formula  Ya  an<3-  £°r 
each  finite  set  q.  it  is  possible  to  verify  whether 
can  be  interpreted  on  the  set  q.  or  not,  i,e„,  whether  __ 

Ya  has  a  model  on  the  set  q  (B,  A,  Trakhtenbrot  /. 6 
p.  63).  In  the  papers  of  B.  A,  Trakhtenbrot  /"  6__/  * 

it  is  established  that  the  process  of  simulation  on  fi¬ 
nite  classes  (seta)  and  the  process  of  formal  derivation 
are  equivalent  in  that  respect,  so  that  they  can  serve  to 
an  equal  degree  as  descriptions  of  the  effective  compu¬ 
ting  processes.  Specifically,  a  definition  is  given  for 
a  function,  simulated  on  finite  classes,  and  it  is  proved 
that  this  concept  is  equivalent  to  the  concept  of 


1.  See  also  B.  A.  Trakhtenbrot,  Problem  of  Solvability 
on  Finite  Classes  and  of  the  Definition  of  a  Finite  Set. 
Abstract  of  dissertation,  Kiev,  1950. 


'general-recursive  function  (B,  A.  Trakhtenbrot  {_  6 _/) .  ! 

Tile  paper  >5,  _/  contains  furthermore  complete  proof 
(without  leaning  on  the  Robinson  theorem  used  in  the 
article  by  B.  A.  Trakhtenbrot  /  ij) . 

2.  The  definition  of  an  algorithm  in  terms  of 
simulation  of  functions  on  finite  classes  was  useful  to 
B.  A*  Trakhtenbrot  in  connection  with  his  solution  of  the 
principal  problem  to  which  his  dissertation  was  devoted;  „ 
the  problem  of  solvability  on  finite  classes.  The  problem 
of  solvability  for  a  narrow  calculus  of  predicates  (the 
unsolvability  of  which  was  proved  in  1936  by  Church)  can 
be  formulated  as  a  problem  of  finding  an  algorithm,  which 
recognises  from'  the  form  of  the  formula,#  whether  it  is 
identically  true  in  any  object  region  (finite  or  infinite) 
or  not.  Prom  the  non-existence  of  an  algorithm  for  such  a 
problem  there  still  does  not  follow  the  non-existence  of 
such,  an  algorithm  for  the  case  when,  the  sought  algorithm 
should  recognise  only  whether  the  formula  $  is  identi¬ 
cally  true. in  any  finite  region.  To  the  contrary,  it  may 
even  be  found  that,  in  such,  a  statement  of  the  problem  (we 
shall  call,  it  the  problem  of  solvability  on  finite  classes) 
the  question  perhaps  is  answered  in  the  affirmative. 

Por  formulas-  of  a  certain  particular  type,  Acker- 
matin  solved  the  problem  of  solvability  on  finite  classes. 

1.  I.  Zhegalkin  2  8_/  simplified  the  Ackermann  method 
and  strengthened  its  result,  by  proposing  an  algorithm 

T.  in^ex^laining  the  abstracts  given  here  we  note  that  ^  one 
says  of  a  function  f  (for  convenience  of  exposition,  this 
function  is  assumed  to  be  single— placed  one  says  that  it 
(Z  6_7»  P«  66 )  is  simulated  by  a  formula _  Mm,  ft, (where 
M  and  R  are  single— placed  predicates  variables)  if:  a)  in 
each  finite"  model  of*  the  formula  A  >  tn  which  the  car¬ 
dinality  of  the  volume  of  the  predicate  M+  (placed  in 
lieu  of* M)  is  equal  to  m,  and  the  cardinality  of  the  vo- 
luKie  of  the  predicate  N  (placed  in  lieu  of  K)  is  f\2fl); 
b)  for  each  natural  numt>er  m  there  exists  such  a  finite 
model  of  the  formula  Jt  ,  in  which  the  cardinality  of  the 
volume  M  is  equal  to  m.  Thus,  the  function  £(m)  «  m  +  1. 
is  simulated  by  the  formula 

3* (jr)  (N  (y)  a  M  < y))) 
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which  solves  the  problem  of  solvability  on  finite  classes? 
for  formulas  of  the  type 

■V  -A 

yj  V  •* • '  'J^lt 1 i  »■  ^*6,»  »  (^1  ij’  ^§»  • » **  I",),  -  ('jfj 


where  ~j/.  ♦»  #*  are  two -place  predicate  varia¬ 

bles*  Since  Ackerman  earlier  reduced  (even! )  the  general 
problem  of  solvability  of  the  harrow  calculus  of  predi¬ 
cates'  to  a  similar  one  for  formulas  of  the  type 


V'  * 


*#  ”'S> 


• « i  ,  •  * ,  (^) 


’  (/,  %,  1 . . ., , #v  are  the  same.' here  ss  in  (?)) ,  then  to 

solve  the  problem  of  solvability  on  finite-  classes  it 
remained,  so  to  speak,  to  make,  one  more  step,  generali¬ 
zing  .the  result  of  I.  I.  ZhegaUriLrt.  However,  it  was  Im¬ 
possible  to  realize  this  step.  As  noted  in  dissertation 
of  A.  A  Zykov,  *  the  proposition  of  unsolvability  of  the 
problem  of  solvability  on  finite  classes  was  advanced,  in 
1949  by  ?.  S.  Novikov,  who  remarked  .that’  were  the  sought 
algorithm  available,  it  would  permit  also  to  solve  prob¬ 
lems  analogous  to  the  Permat  problem  (for  example  the 
following  1  construct  an  algorithm  which  recognizes  for 
any  natural  number  n.  whether  there  exists  (a  non-vanish- 
ing  ) natural  number -x,  y,-  k,  such,  that  •  T.V  *:*Jt  \ng 
A  student  of  -  P«  S.  Bovikov,  B.  A.  1’rakhi en.br ot  £  \J  ’  * 
proved,  at  the  end  of  the  •  same  year,  1949,  the  correctness 
of  this  hypothesis  of  r 3*  Novikov,'  *  i.e«,  the  non- 


the  non- 


1*  A*  A.  Zykov.  On  the  Reduction  of  the  Problem -of 
Solvability  in  Logical  Calculi.  Dissertation,  Moscow 
State  "University ,  1950. 

2.  See  also  B.  A.  Trafchtenbrot ,  Problem,  of  Solvability 
on  Finite  Classes  in  the  Definition  of-  ©.  Finite  Set, 
Abstract  of  dissertation,  Kiev,  1950.  _  „„ 

3.  In  his  proof,  B.  A.  frakhtenbrot  £  \J  used  the  pos¬ 

sibility  of  effectively  constructing  for  each' general- 
recursive  formula . f  (of  one  argument)  a  simulating  for¬ 
mula  *(*?,  ...)  .  ’The  point  is  that  the  equation 

f  (m)  w  0  has  an  integer  non-negative,  root  if  and  only  if 
the  formula  \ t has  a  finite  model, 

i.e. ,  when  the  negation  of  this  formula  is  not  identically 


■existence  of  an  algorithm  for  the  problem  of  solvability  ! 
on  finite ■ classes  (/  1 theorem  2). 

From  "this  result  it  was  easy  to  obtain  furthermore 
that  the  class  of  formulas,,  which  are  identically  true 
in  any  finite  region,  does  not  have  the  property  proved  by 
W»  Wajsberg  *  for  classes  Kn  01  formulas,  which  are  iden¬ 
tically  true  in  the  region  containing  n  elements.  lamely, 
while  both  the  joining  to  the  axioms  of  the  narrow  calculus 
•  of  predicates  of  any  formula  from  K  does  make  any  formula 
of  class  K  derivable,  there  exist s:afor  any  formula  St 
from  ;  'Km.  n8uch  a  '  ©  i n:'iT.7  that  is  rot  derivable  - 

even  after  the  joining  of  formula  %  We  already  dis¬ 
cussed  the  expansion  of  this  and  other  results  to  a  broad 
class  of. 'axiomatic  theories  of  sets,  and  also  to  the  rela¬ 
ted  results  of  the  question  of  the  equivalence  of  two  defi¬ 
nitions  of  a  finite  set,  in  Section  1.  We  shall  have 
occasion  to  stop  later  on  on  certain  aspects  pertaining 
to  the_proof  obtained  in  this  manner  by  B.  A.  Irakhten- 
brot  /  2,  11 J  of  the  deductive  incompleteness  of  forma¬ 
lized  systems  of  the  theory  of  sets. 

Footnote  (3)  (cont . )  from  pg.  135 •  .. .true  in  any  finite 

region.  By  constructing  an  algorithm  for  the  problem  of 
solvability  on  finite  classes,  we  would  thus  obtain  the  pos 
sibility  of  extracting  from  it  an. algor ithm,  which  recog¬ 
nises  whether  an  equation  of  the  form  £(m)  =  0  (where  f  is 
arbitrary  (single-place)  general-recursive  formula)  has  an 
integer  non-negative  root  or  not.  But  the  impossibility  of 
such  an  algorithm  was-  proved  by  Ohurch  as  early  as  in  1936. 

1.  W.  Wajsberg,  Math.  Ann.  109  (133).  . 

2.  We  note  here  still  another  proof,  obtained  by  B.  A. 
Trakhtenbrot  (see  Dissertation)  in  passing  (independently 
of  other  authors),  for  the  proposition  made  by  Hilbert  and 
Bernays  (D.  Hilbert  and  P.  Be  mays,  ffrundlagen  der  Mathe- 
matik,  Yol.  1,  p.  124)  concerning  the  deductive  indepen¬ 
dence  in  calculus  of  predicates  of  the  following  two  for¬ 
mulas,  which  are  identically  true  in  ary  finite  region: 

pv. 

(3)  (xyWtxTx)  — >  </?{*,  r>Av  «3d, 

(«>  (*){£»  v) *  (£y) (*>/(*.  id  I  ' 

.  “*  (ExHEy){EuMEv)(F(.x,  u}k  F(y,  u)Bt  F(e,  x)&  f(o.  *J) 


13.6 


3.  The  problem  of  solvability  on.  finite  classes  5 
was  engaged  also  by  another  student  of -P,  S.  Novikov, 

A.  A.  Zykov. 

In  connection  with  the  fact  that  the  algorithm  for 
the  problem  of  solvability  of  the  narrow  calculus  of 
predicates  is  impossible,  particular  significance  attaches 
to  the  effective .  reduction  of  the  problem  of  fulf inabi¬ 
lity  of  the  formula  A  of  the  general  type  to  the  problem  ... 
of  fulf  inability  of  another  formula  B  of  a  special  type, 
leaning  on  the  results  of  Goedel,  Loewenheim,  and  Acker- 
mann,  the  Hungarian  mathematician  Kalmar  and  his  student 
Suranyl  gave  methods  for  reducing  (in. this  sense)  the  for¬ 
mulas  of.  the  narrow  calculus  to.,  any  of  the  following 
forms: 

C*i) {•%)' ■  - •  Sym% (F?  *t,  a*. f j,  «*., g*), 

(**) (%) (%> % (*4)  •  * •  (*,) ••• ,  at*,  y), 

(*i)  ***  (at*) ...»  xR,jr>, 

where  P  is  a  two-space  predicate  variable. 

By  virtue  of  the  result  of  B.*  A*.  Trakhtenbrot , 
there  exists  no  algorithm  also  for  the  problem  of  solva¬ 
bility  on  finite  classes,  and  therefore  the  problems  of 
reduction,  of  the  formula  in  the  same  sense  as  for  the  ful- 
f inability  in  a  finite  region,  has  the  same  significance, 
as  in  the  case  of  the  fulf  inability  in  general.  As  shown 
by  A*  A.  Zykov,  the  reduction  to  the  form  ( 9) »  (10),  and 
(11)  is  possible  in  this  case,  too.  Suitable'  changes  in  ■ 
the  arguments  of  Goedel,  Loewenheim,  Aokermann,  Kalmar  and 
Suranyi  allow  us  to  obtain  theorems  for  the  reduction  in 
the  following  general  formulation:  for  any  formula  A  of 
the  narrow  calculus  (with  the  identity  predicate)  it  is 
possible  to  construct  effectively  a  formula  B  of  any  of 
the  forms  (9),  (10),  or  (11)  such  that  both  formulas  si¬ 
multaneously  are  either  not  fulfillable,  or  else  are  ful- 
fillable  only  in  an  infinite  region,  or  are  fulfillable  in 
finite  regions,  with  the  cardinality  of  the  smallest  of 
the  fulfillable  regions  for  formula  P  being  expressed' by 
a  primitive -recursive  function  of  analogous  cardinality 
and  constructive  parameters  of  the  formula  A. 

By  virtue  of  the  Loewenheim  theorem,  any  function . 1 


m 

m  ; 

(II) 

!■ 


'of  the  narrow  calculus  of  predicates . (with  identity)  is  j 
either  performable  in  any  infinite  region,  or  else  -is 
not  fulfilled  in  any  inf inite  region,  Therefore  it • is 
possible  without  risk  of  falling  into  set-theoretical  an¬ 
tinomies,  to  define  a  spectrum-1*  of  such  a  formula  as  an 
aggregate  of  all  cardinalities  of  these  regions, 

on  which  the  formula  is  fulfilled.  In  the  broadened  cal- 
i  cuius  of  predicates  (of  second  degree)  there  is  no  ana- 
‘  logue  of  the .  Loewenheim  theory,  and  a  naive  definition 
of  the  spectrum  of  the  formula  cannot  be  acceptable.  At 
the  same  time  for  a  concrete  quantitative  (i«©*»  one  not 
containing  free  variables)  formula  and  a  concrete  cardi¬ 
nal  number  ■  tt  •  it  is.  meaningful  to  question  whether  a 
given  formula 'is  fulfilled  in  a  region  of  cardinality  , 
meaning,  the  question  of  a  correct  definition  of  a  spec¬ 
trum  of  a  formula  of  broadened,  calculus  is  not  removed. 

Hot  having  as  yet  such  a  definition,  one  car.  nevertheless 
carry  out  transformations  of  formulas  which  do  not  change 
their  "spectra”  orjwhich  change  them  in  an  observable -man¬ 
ner,  A.  A.  Zykov  /~2„/1 2*  proved  that  for  any  quantitative 
formula  A.  it  la  impossible  to  construct  effectively  such 
a  formula  B,  that  if  A  is  true  in  the  region  of  cardina¬ 
lity  *  ,  then  B  is  true  in  the  region  of  cardinality 

is  the  number  of  places  of  the  most 'mul¬ 
tiple-spaced  predicate  in  A),  and.-  vice  versa,  if  B  is 
true  in  the  region  of  cardinality  1 *  £  ,  therifhas  the  form 
‘t  +  ti  +  P6.  ,  where  is  another  cardinal  number, 

less  than  ,;*»  ,  and  A  is  .  true  in  the  region  of  cardinality 
>  ;  with  this,  B  "has  the  form 


1.  Earlier,  in  note  £\ B.  A.  Trakhtenbrot  defined  the 

related  concept  of  a  spectrum  (single-place)  of  a  predi¬ 
cate  M,  •  entering  in  formula  «S  as  a  subset  C 

of  a  natural  series  such  that  miC,  when  and  only  when 
there  exists  a  finite  model  of  the  formula  1  ,  in  which 

the  cardinality  of  the  volume  of  the  predicate  (see 
footnote  at  the  end  of  item  1)  is  equal  to  in. 

2.  See  Also  A,  A.  Zykov,  On  the  Reduction  of  the  Problem 

of  Solvability  in  Logical  Calculi,  Dissertation,  Moscow 

State  University,  1950. 


where  :V  is  a  two-place  ancLMj?, a- ojie~jpIa.ee  predicate, 
while  !.<{*}>  •  is  a  sequence  of  quant  ore  in  the  object 
variables  of  the  aggregate  ifel: ,  It  follows  from  this 
that  when  searching  for  a  sensible-  definition  of  the  ' 
spectrum  it  is  enough  to'  consider  only  formulas  of  type 
(12).  3?rom  the  same  theorem,  one  obtains  a  new  proof  of 
the  result  of  Ackermans.  concerning  the  unsplvability  of 
the  problem,  of  exclusion,  namely:  if  one  takes  for  A  to 
be  any  formula,  of  the  form  \- 


(i.,e« ,  in  a  certain  sense  a  formula  of  narrow  calculus, 
fulfillabie  only  in  an  infinite  region *  and  one  cons--' 
tructs  from  it  a  formula  B  of  the.  form  (12),  then  it  is 
impossible  to  exclude  Q  from  the  latter  (or  in  the  oppo¬ 
site  we  would  have  obtained  the  formula  of  narrow  calcu¬ 
lus,  which  is  fulfillabie  only  in  a  non- denumerable  re¬ 
gion,  which  is  impossible)* 

So  reduce  the  formulas  in  the  sense  of  equivalence 
(which  also  -does  not  change  the  "spectrum”  in.  the  case 
when  the  formula  is  quantitative)  A*  A*  Zykov  obtained  the 


following  re  suits 


■  formula  can  be  reduced  to  a  be¬ 


forehand  specified  form  in  such  a  way  that'  the  quarters 
in  the  predicates  .proceed  the  quant ora  in  the  objects: 
b)  the  quant or  prefix  of  the  form 


...  SVi 


5)  *  ♦  • 


can  be  reduced,  to  the.  form 


..  <{#}> 


with  the  same  number  of  successive  variables  of  the  type 
as  in  the  quarters  in  the  predicates.  n 

In  treating  the  work  of  A*  A.  Muchnik  £  in 
Section  8,  item  2,  wo  already  spoke  of  his  results,  which 
establish  the  connection  between,  the  problems  of  non-sol¬ 
vability  and  non-separability.  Certain. problems  of  the 
same  kind  were  considered  earlier  (1953)  in  the  paper  by 
B.  A*  Irakhteribrot  /\J7.  Baraely,  B.  A,  I’rakhtenbrot 
showed  that  the  unsolvability  of  both,  problems  of  solva-.. ; 


_L 

; bility  of  narrow  calculus ,  both  the  general  problem  and  A 
that  on  finite  classes,  follows  directly  from  the  cir¬ 
cumstance  that  the  set  of  all  identically  true- formulas 
of  narrow  calculus  of  predicates  is  not  separable  recur¬ 
sively  from  the  set  of  all  formulas  which  are  refuted  in 
the  finite  one.  33xs  note  £  2^J  is  indeed  devoted  to  a 
proof  of  this  non-separability .  That  problems  of  deduc- 
tive  incompleteness  of  a  broad  class' of  axiomatic  theories 
of  set  are  related  with  recursive  non-separability  of  cer¬ 
tain  sets  was  observed  by  B.  A*  Trakhtenbrot  already  in 
the  winter  of  1949/50 .  Leaning  on  the  existence  of  a  pair 
of  non-interseoting  enumerable  sets,  not  separable  recur¬ 
sively,  B.  A*  Trakhtenbrot  in  his  dissertation  (Kiev, 

1950)  proved, ‘and  furthermore  assuming  only  the  formal 
non-contradiction  of  the  axiomatic  theory  of  sets  (of 
type  t  considered  by  him),  the  existence  in  it  of  for¬ 
mally  unsolvable  premises,  which  state  the  equivalence  of 
certain  conditions  of  finiteness  of  a  set,  (In  the  paper 
/  11 which  was  published . later,  and  which  contains '  the 
exposition  of  these  results  of  the  dissertation,  B.  A. 
Trakhtenbrot  changed  the  example  he  first  used  of  a  pair 
of  recursively  non-segar&ble  sets  with  an  example  from 
reference  /  2_7,  which  was  discussed  above),  The  incom¬ 
pleteness  of  set  theory  (in  the  sense  of  the  existence  in 
it  of  unsolvable,  l.e.,  premises  not  provable  and  not 
refutable  by  its  means,  was  thus  proved  to  be  the  conse¬ 
quence  of  the  recursive  non-separability  of  certain  sets. 

Devoted  to  the  general  problem  of  the  connection 
between  incompleteness  (and  incompleteability)  of  forma¬ 
lised  theory  ("logical  calculus")  with  the ' effective  non- 
separability  of  certain  sets  was  the  work  of  V,  A. 
Uspenskiy  /  5„_/ »  '  _  „  ' 

5,  The  work  of  7 ,  A.  Uspenskiy  /  5 _J-  was  in  answer  to 
the  question  advanced  by  A,  N.  Kolmogorov  concerning  the 
general  causes  of  the  incompleteness  of  formalised  theo¬ 
ries  which  contain  arithmetic.  (This  incompleteness 
(which  can  be  treated  both  in  the  sense  of  the  existence 
—  and,  furthermore,  effective  in  a  definite  sense  —  of 
premises  in  the  calculus  under  consideration  which  are  not 
solved  by  its  means,  as  well  as  in  the  sense  of  the  exist¬ 
ence  in  it  of  a  formula  that  is  interpre table  as  content- 
fully- true  prediction  concerning  natural  numbers  and  at  ~r- 
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the  same  time  not  provable  in  this  calculus) ,  was  proved,’ 
as  is  known  by  K.  Goedel  (1931)  in.,, hi s  ’  famous  theorem, 
generalised  later  by  Rosser.  (1936)x’)  .As  noted  by  ¥«  A, 
Uspenskiy,  the  final .formulation  of  the 'general  defini¬ 
tion  of  deductive  calculus  belongs  to  A#  K.  Kolmogorov. 
The  class  of  calculi  (formalized  theories)  which.  fall 
under  this  definition  is  quite  broad.  She  only  limita¬ 
tion  imposed  on  their  rule  of  derivation  lies  in  that 
these  rules  must  bear  an  algorithmic  character  (must  be 
algorithms,  v/hich  convert  certain  formulae  (group's  of  for¬ 
mulas)  into  others).  Also  considered  in  the  work  are 
those  calculi,  the  alphabet  of  which  contains  a  definite 
symbol  (for  example,*  ,'"1  .),  called  the  symbol  of  nega¬ 
tion.  In  the  !  II  calculus  there  is  separated  a  class 
•fjf  of  formulas,  closed  with  respect  to  operations  of 
hanging.,  the  sign  of  negation,  And  such  that  there  exists 
an  algorithm,  which  recognizes  whether  any  formula  of  the 
!  B  calculus  belongs  to  or  not/"*  All  the  concepts 
introduced-  later  on  (non-contradiction,  completeness,' 


strengthening  of  the  calculus,  its  non-oompletability , 
etc.)  are  considered  as  applied  to  a  certain  fixed  set 
'  f§:  „  With  the  aid  of  the  Goedel  numbering,  to  each 
formula  of  II  calculus-  there  corresponds  a  number  - — 
the  number  of  the  formula.  Principal  attention  is  paid,  in 
this  work  to  a  class  of  calculi,  in  which  for  any  formula 
4 €lt  there  follows  from' the  derivability  of  A  the  deri- 
vability  of  ,"1*1  A  and’-  from  the  derivability  1*1  “11  4  • 
there  follows  the  derivabiiity^of  *|4  «  Such  calculi  are 
called  by  V.  A«  IJspenakiy  /(  5 „,/  regular,  (She  construc¬ 
tive  calculi,  considered  in  Section  11,  belong  to  the 
class  of  regular  ones)-.  .  ^ 

She  class  of  formulas  from  ;l|  ,  which  are  deri¬ 
vable  in  the  II  calculus «  we  denote  !  $f  fil|  -5  the  class  of 
formulas  (from "the  same  jf|  ) ,  the  negation  of  which  are 
derivable  in  If  (i.e. ,  contained  in  ’  R  ) ,  we  denote  by 
.  he  set  in  correspondence  to  these  classes  the 


1.  for  bibliography, 1 2  see,  for  example,  the  book  by  S.  0. 
Kleene  (Meta-Mathematics) . 

2.  In  the  usual  interpretation,  it  is  advisable  to  use 
for  H  a  certain  set  of  "imaginable"  formulas. 
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of  the  numbers  of  formulas, 
. . . ^  /*  The 


which"  enter,  (respectively)  in; and;  9py 
L||  calo-ulus  is  called  *  non-contradictory  if 
|«A  ;  it  is  called  complete  if 

'  y $P  .  The  calculus  ■  i8P  is  ,  called  t^ 
strengthening' of  the  calculus  ill  ,  if  rP.P®  I. 

A  calculus  is  called  inoomple table  if  it  does  not  admit 


of  a  complete  and  non-contradictory  strengthening. 

'  ....  It  is  found  that  the  non-separability  of  sets 

<04  and  is  a  necessary  and  sufficient  condition 

for  the  non-eomplet ability  of  the  regular  calculus  (*. •  “ 
(As  applied  to  non-regular  calculi,  the  non-s  e parabil ity 
of  the  sets  £(h}  •  and  -stops  being,  to  be  sure,  a 

necessary  condition  of  the"  non-completability  of  the  cal- 
cuius  "11  ,  however,  it  remains  in  sufficient  condition 

of  the  non-comple tability  of  an  arbitrary  calculus 
(V.  A.  rUspenskiy\,Z  5_/,  theorems  2,  6).)  ,1;,  * 

"Moreover,"  by  introducing  the  concept"  of  effective 
non-separability  and  effective  non-oompletability ,  analo¬ 
gous  to  what  is  done  in  the  definition  of  a  creative  set, 

Y.  A.  TJspenskiy  proved  that  these  theorems  remain  true  al¬ 
so  when  the  words  "non— complet ability’'  and  non—  separabi¬ 
lity”  are  replaced  in  them  by  the  words  "effective  non- 
eompletability ”  and  "effective  non-separability."  (By 
"effective  non-separability "  of  two  sets  and  one  has 
in  mind  the  systens  of  such  a  partially-re cursive “ func¬ 
tion*'^  ‘in)  ' ,  which  is  defined  for  the  numbers  n  and 
n  of  any  enumerable  sets  IL  and  H„»  which  separate  K  and 
E" ,  and  attributes  to  'them  a  natural  number  y  , 

wlich  belongs  to  neither  H,  of  to  H_ .  If  and  H0  are 
sets  of  numbers  of  formulas  of  which  the  first  is  derivable 


1.  On  the  rule  of  the  derivation  of  P  -calculus  one  im¬ 
poses  here  an  additional  requirement  (refined'  somewhat  fur¬ 
ther  by  A.  A.  Markov),  that  to  each  of  these  .there  corres¬ 
pond  a  part tally-recursive  function,  which  converts  the 
number  of  the  formula,  to  which  the  given  rule  of  deriva¬ 
tion  is  applicable,-  .to  the  number  of  the  formula  obtained 
from  this  rule.  Under  this  condition  the  sets  it (fl)  and 

i<m  are  both  enumerable.  ; 

2.  The  indication  of  the  sufficiency  of  this  condition 

belongs  to  A.  ur-holmogorbv.  -  -  f 
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and  the 
the  P 


E.  ,  where  E.,  is 
mirable  sets  E1 


second  - —  refutable  in  any  strengthening  r  of 
calculus,  then’ it  is  clear  that  y  s'b-&)  is 
the  number  of  the  formula  which  is  not  solvable  in  f>*  , 

indicated  effectively  in  this  'manner*  Hie  example,  be¬ 
longing  to  P.  S,  Hovikov  and,  B.  A.  fr&khtenbrot ,  of  re¬ 
cursively  non- separable  non-intersecting  denumerable  sets 
are  at  the  .same  time  examples  of  effectively  non- separable 
sets*} 

If  a  non-contradictory  regular  P  calculus  is  such 
that  it  has  enough  means  to  express  and  prove  ( content¬ 
ful  ly)  the  statement  that  the  number  m  belongs  to  the  set 

one  of  two  effectively  non-separable  dem¬ 
and  E^t  then  it  is  easy  to  obtain  from 
Uspenskiy '  s  th§or|ras  that  the  jp  calculus  is  effectively 
non-completable ,  *  i.e. ,  that  for  any  of  each  reinforce¬ 

ments  one  can  indicate  algorithmically  a  formula  which  is 
not  solvable  in  this  reinforcement.*  Since  the  deductive 
calculi,  which  describes  arithmetic,  are  usually  reinforce¬ 
ments  of  such  a  p  calculus,  this  means  that  for  these 
G-oedel’s  theorem  should  hold.  Other  properties  of  forma¬ 
lised  systems,  containing  an  arithmetic,  were  used  by 
Goedel  in  .proving  his  theorems  (for  example,  the  possibi¬ 
lity  of  expressing  the  syntax  of  a  system  by  means  of 
the  system  itself)  are  found. to  be  thus' not  essential 
conditions  for  its  correctness*  She  essence  of  the  mat¬ 
ter  lies  indeed'  in  the .effective  non-separability  of  sets 
of  numbers  of  proved  and  refuted  formulas  of  the  system 
(or  even  of  its  part  ^3  )*  (fhe  effective  non-separa¬ 
bility  of  these  sets  is  found  to  be  a  sufficient  condition 
of  effective  no»-co.mpleta.bility  of  an  arbitrary  calculus 
including  also  an  irregular  one  (Y.  A.  Uspenskiy  /  5 J7, 
theorem.  8) , )  ~~ 

Erom  among  the  other  theorems  and  concepts,  consi¬ 
dered  in  the  article  by  y.  a.  Uspenskiy  /  5_/,  we  note 
only  the  one  pertaining  to  the  connection  between  solva- 


1.  Y,  A.  Uspenskiy  £  item  5)  gives  a  method  of  ef¬ 

fective  construction  under  very  natural  conditions,  from,  a 
pair  of  effectively  nan-separable  sets  E  and  E,,,  of  such 
a  calculus  P0  ,  which  is  effectively  non-completable  and 
the  reinforcements  of  which  are  all  the  general  deductive 
calculi  that  describe  arithmetic.  ,  : 


r.  ...  JL 

;  bility  and  essential  non-solvability  of  a  calculus  with  ! . 
its  non-completabillty .  (According  to  Tarski ,  a  calcu¬ 
lus  is  essentially  not  solvable  if  it  is  non-contradic¬ 
tory  and  does  not  admit  of  a  non-contradictory  solvable 
reinforcement.  As  in  other  concepts  introduced  by  him, 

V.  A,  ITspenskiy  relat'd vizes  the  concepts  of  solvability 
and  essential  non-solvability ,  assigning  them  to  ^  •) 

Indeed,  it-  is  found  (£  5_/»  theorem  3)  that  a  regular 
calculus  is  essentially  not  solvable  when  and  only  when 
it  is  non-contradictory  and  not  completable ,  If  the 
calculus  is  irregular,  then  this  is  generally  speaking 
not  true;  there  exist  (non-contradictory)  non-comple table 
and  at  the-  same-  time  solvable  (as  -applied  to  the  corres-  . 
ponding  0  }  calculi  (V.  A. '  Uspensltiy 5 _/»  theorem  7; 
the  latter  contains  also  a  description  of  a  certain  class 


of  such  calculi). 

As  already  noted  above  (Section  8,  item  2.) ,  A.  A. 
Mu chnik  •  ah 

the  five  questions  raised  by.  Y.-  A,  Uspenskiy  /  5_/:  •*  '• 
"I.  .Do  there  exist  non- & e par ab 1 e  sets  which  are 
not  effectively  non-separable? 


II.  Do  there  exist  oompletable  calculi,  which  are 
not  effectively  non-comple table ? 

_j6*  ‘  Developing  further  the  ideas  of.  V,  A.  Us p ea¬ 
sily  /  5  J  and  of  J,  My  hill,-  A,  A."  Muchnik1 2*  obtained  se¬ 
veral  theorems  on  the  properties  of  pairs  of  effectively 
non-separable  sets  and  more  generally  such  finite  systems 
of  enumerable  sets,'*  which  he  called  effectively  multi¬ 
ply  non-separable*  In  particular,  it  was  found  that  for 
any  pair  of  non-intersecting  denumerable  sets  ,  E^ 
there  exists  a  general-recursive  function  w  ,  'mutually 
uniquely  mapping  the  natural  series  in  itself,  such  that 
the  sets  of  images  vj/  (f,)  and  fOi)  are  effectively  non- 
separable. 

The  circumstance  that  (theorem  2)  all  pairs  of 


1.  A*  A.  Mu chnik*  ;  Isomorphism  of  Systems' of  Denumerable 
Sets  with  Effective  Properties.  Transactions  Moscow  Ma¬ 
thematical  Society  7  (1958) ,  4-07  —  412  (reported  on 
17  December  1957). 


2.  This ;  .paper ,, re f ^ r s . .- only :  t? p  -Sft|  of  natural  numbers. 
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of  effectively  non~sepg.r&ble  sets  are  isomorphic  to 
each  other,  was  used  to  obtain  further  that  effectively 
non-comple  table'  calculi  are  twice  isomorphic  between  each 
other.  (The  deductive  calculi  and  are  called 
twice  isomorphic  if  there  exists  an  algorithm  which 
placed  in  a  lautually-unique  correspondence  all  formulas 
of  one  system  to  all  formulas  of  another  system,  and  de¬ 
rivable  formulas'  in  L,  correspond  to  derivable  formulas  ...... 

in  L  ,  while  refutable  formulas  in  L.  correspond  to  re¬ 
futable  formulas  in  L„.)-  o 

(The  remark  of  P.  Bernaye  concerning  the  formal 
systems  of  Hyhill,  which  are  '  "non-reducible  to  each  _ 
other,"  pertain  naturally  also  to  tvri.ce -isomorphic  cal¬ 
culi:  any  quite  elementary  system  of  arithmetic  (without 
the  axiom  of  complete  induction)  can  prove  to  be  twice 
isomorphic  to  a  strong  system  of  axiomatic  theory  of 
sets  or  theory  of  types  with  the  assumption,  naturally, 
of  their  non-contradiction. ) 

7,  In  connection  with  the  C-oedel  theorem  (on  |he 
incompleteness  of  formalized  systems  that  describe  arith¬ 
metic)  the  question  arises  naturally  of  whether  it  is 
possible  to  make  the  system  become  complete  by  adding  to 
the  formal  system  of  certain  non-finite,  but  at  the  same 
time  sufficiently  naturally  and  visualiisable  rules  of 
deduction.  The  simplest  of  this  type  of  rules  is  the 
rule  of  infinite  induction,-  of  which  we  spoke  in  section 
3  (item  6)._  We  dwelled  there  on  the  results  of  A.?. 
Kuznetsov  /  5  J  who  proved  that  a  (formalised)  arithmetic 
with  the  rule" of  constructively  infinite  induction  is 
already  complete’.  More  complicated  formalized  systems 
(which  describe  the  classical  mathematical  analysis)  with 
the  ordinary  rule  of  infinite  induction  ("the  Carnap 
rule")  but  which  admits  the  application  of  this  rule  not 
more  than  a  tra.nsfini.te  ordinal  number  ’  £  times,  was 

1.  Systems  of  sets  flsi  ,  4  -  -  >  &  VY  andp^/a,  ara 

called  isomorphic  if  there  exists  a  general  recursive 
function  iL  ,  mutual ly-uni a uely  mapping  -  the  natural 
series  on  ^itself,  so  that  (X)6  £*  (A  -  -  *> 

2.  P.  Be  mays ,  J  ournal  of  Syrob  o  1  i  o Logic.  .22,  (1957), 

73  —  76 . 


' engaged  by  a  student1  of  P.  3.  Novikov  — B.  la.  Pale-  1 
vich.  •  fhe vf irst  chapter  -of  the  dissertation  by.  B.  la. 
Palevich  is  devoted  to  an  answer  to  the  qxiestion  of  B.^ 
Rosser,  raised  as  early  s^s  in  1937*  Rosser  succeeded  in 
showing  that  if  one  adds  to  a  logical-mathematical  sys- 
tme,  which  contains  a  set  theory  with  simple  theory  of 
types  and  system  of  Peano  axioms  for  the  arithmetic  of 
■natural  numbers,  a  deduction  rule  which  permits  the  use  r- 
'  of  the  "Carnap  rule"  &  times,  where  &  is  a  trans- 
finite  ordinal  number  less-  that  ,  then  both  Goedel 

theorems  (both  regarding  the  incompleteness  of  the  cal¬ 
culus  as  well  as  the  non-provability  of  tne  non— contra¬ 
diction  of  the  calculus  by  its  own  means)  retain  their 
force.  Why,  however,  must  <£  he  less  than  ?  Could 
it  be  that  for  larger  £  the  Goedel  theorems  lose 
their  force?  In  his  dissertation,  B.  Ya.  I’alevich  showed 
(to  be  sure,  in  application  to  certain  different  systems, 
whi ch- dltibe  adaly sis) ,  that 

VJ2  enters  here  not  all  because  under  very  broad  condi¬ 
tions  (which  are  satisfied  by  broad  classes  of  construc¬ 
tive  transfinite  d  )  for  systems  admitting  the  applica¬ 
tion  of  the  Carnap  rule  £  times,  both  Goedel  theorems 

remain  in  force.  '  _ 

Another  question  whi ch  engaged  the  attention  of  B. 
la.  Palevich  in  his  dissertation  pertains  to  the  question 
of  the  relation  between  classical  and  constructive  forma¬ 
lized  systems  of  mathematical  analysis.  Pane ly ,  to  the 
question  whether  there  exists  such  a  calculus  (construc¬ 
tive  in  a  definite  sense) ,  which  formalizes  the  mathema¬ 
tical  analysis,  the  non-contradiction  of  which  would  be 
proved  and  which  one  could  "submerge"  (exactly  as  the^ 
classical  arithmetic  of  rational  number  is  submerged  in 
the  constructive  arithmetic  of  the  same  numbers)  the  clas¬ 
sical  mathematical  analysis,  proving  thereby  its  non¬ 
contradiction.  Naturally ,  B.  Ya.  Palevich  did  not  succeed 
in  finding  an  answer  to  this  question,  the  difficulty  of 
which  is  evident  from  the  entire  history  of, modern  mathe¬ 
matical  logic.  He  'did  show,  however,  that  even  in  one  of 

B.  Ya.  Pal e v i c h ,  Incompleteness  (Theorems , in  Systems 
with  the  Garnap  Rule  and  fheir  Applications.  Disserta¬ 
tion,  (Moscow, '  -i  • 


1  the  strongest  of  the  heretofore-developed  systems  of 
constructive -mathematical  analysis  (that  of  W.  Aokermann, 
the  proof  of  non-contradiction,  of  which  has  been  fully 
demonstrated  by  the  author)  there  exists,  no  ".correct” 
model  for  the  system  S,  of  classical  analysis  (without 
Carnap’s  rule),  considered  by  B.  Y.a,  .Falevich  ("correct, 11 
1,6, ,  satisfying  definite  requirements,  which,  incidental- 

> lft  are  quite  natural).  And  a  constructive  analysis,  in  . 

!  the  sense  of  Ackeruiaim,  is  thus  incapable  of  duplicating 
the  contents  of  classical  mathematical  analysis, 

8,  'I'he  second  Go e del  theorem,  namely  concerning 
the  provability  of  non-contradiction  of  calculus  by  means 
of  this  calculus  itself,  engaged  the  attention  of  not  only 
B.  Y&»  Falevich,  but  also  of  A..  S.  Ye senin-Y ol 1 pin.  His 
results,  reported  at^the  Third  All-Union  Mathematical 
Congress  (see  also  4_J/)  consist  of  the  following, 

I)  An  example  is  constructed  of  a  formula  that 
expresses  the  non-contradiction  of  a  system  which  at  the 
same  time  is  no  less  provable  .in  this  system,  This  simple 
example  shows,  that  formulations  of  the  second  G-oedel.  theo¬ 


rem  the. concept  of  "numerical  expressibility"  of  the  pre¬ 
dicate,  which  is  sufficient  for  Gcedel’s  first  theorem, 
is  insufficient  for  the  formulation  of  the  second  theorem. 

II)  It  was  established  that  it  is  impossible  to 
prove  in  the  w -non-contradictory  calculus,  satisfying 
conditions  I  of  G-oedel1  s  theorem,  a  formula  that  states 
that  "if  this  calculus  is  non-contradictory,  then  it  is 
also  i*j -non— contradictory, "  and  constructive  in  the  way 


required  in  Goedel's  second:  theorem. 

9«  The  principal  problem  connected  with  "logical 
calculi"  formalized  theories)  pertains  to  their  relation¬ 
ship  to  contentful  models,  or,  in  other  words,  interpreta¬ 
tions.  Essentially,  a  formal  system  is  necessary  precisely 
in  order  to  help  clarify  (and  refine)  the  contents  of  the 
theory  formalised  with  its  aid.  The  most  important  value 
of  theorems  on  incompleteness  and.  on  incompletability  is 
due  to  the  fact  that  they  clarify  the  limits  of  the  capa¬ 
bilities  of  such  a  formalization.  On  the  other  hand,  it 
roust  be  noted  that  for  a  broad  class  of  Incomplete  (and 


1.  S.  G.  Kleene,  Introduction  into  Meta-Mathematics,  Mos 
cow,  Foreign  Literature  Press,  1947,  Section  41. 


s  incomple table )  regular  calculi,  considered  by  V.  A.  TJspeii- 
skiy  it  is  possible  to  indicate  algorithmically  in 

them  an  unsolvable  formula.  <|j?  such  that  is  con- 

tentfully  true,  but  not  derivable*  (The  incompleteness  of 
the  calculus  therefore  does  by  no -means  denote  the  impos¬ 
sibility  of  establishing  a  contentful  truth  (or  falsity) 
of  a  formula  which  is  not  solvable  in  this  calculus . 

;  The  circle  of  problems  connected  with  the  relation... 

!  between  formal  theories  and  their  contentful  model  per¬ 
tains  to  the  field  of  semantics,  the  scope  of  which  is 
getting  more  and  more  segregated  into  a  special  part  of 
mathematical  (and  general)  logic*  The  theory  of  models 
is  being  developed,  however,  also  in  the  fora  of  a  cer¬ 
tain  mathematical  theory,  closely  related  with  modern 
algebra.  Engaging  in  our  country  with  such  a  theory  was 
A.  I.  Mal'tsev,  on  whose  work  we  shall  now  dwell  briefly. 
We  shall  note  as  a  preliminary  only  that  these  works  have 
the  character  of  classical  mathematical  researches,  no • • 


longer  i-conhected 

The  ordered  system  ■^$5  *■**•*  4*  ***  )j  ,  whe-re 

A  is  a  non-empty  set,  and  \fks  is  a  -place  predicate  on 
A,  is  o&lled  by  A.  X.  Mal'tsev  a  model.  The  type  of  the 
model  [ll!  is  called  a  row  of  natural  numbers f  ■ 

corresponding  to  the-  number  of  argument  places  in  the'  pre¬ 


dicates  of  the  model  ‘M  .  From  now  bn  we  shall  under¬ 
stand  by  class  of  models  the  class -of  single-type  models, 
which  contain  together  with,  any  of  their  term  all  the  iso¬ 
morphic  ones.  We  fix  a  certain  type  !.$**?.  %»•«•%» '  and 
consider  the  class  Q  of  all  models  of  this  type.  We  cons¬ 
truct  a  formal  system  corresponding  to  this  class.  '  F or 


this  we'  take  a  sequence  of  object  symbols 
a.  sequence  of  symbols  for  the  .variables.!  a 

sequence  of  predicate  symbols  **«p  #fe,,  where  [J| 

is  a  symbol  of  the  ■%  -place  predicate.  We  call  an  axiom 
a  closed  formula  of  the  narrow  calculus  of  predicates, 
compiled  of  these  symbols.-  For  an  arbitrary  fixed  axiom 
and  an  arbitrary  fixed  model  from  Q,  the  following  ques¬ 
tion  is  raised  in  a  natural  manner:  ' Is  'this  axiom  ful¬ 
filled  in  this 'model  or  . not?  One  can  specify  a  certain’ set 
of  axiom's,  having  certain  properties  and  ask:  how  is  it 
possible  to  characterize  the  class  of  all  these  and  only 
these  models  (from  Q),  in  which  all  these  formulas  are 


satisfied?  The  question  car*  also  he  stated  inversely.  1 
Separate  in  class  Q  of  all  models  of  a  given  type  a  cer¬ 
tain  subclass  of  models,"'  having  certain  special  algebraic 
properties  and  ask:  do  we  axio&atize  this  subclass  or  — 
a  narrower  question  — ■  do  we  axiom&tize  this  subclass  with 
the  aid  of  axioms  of  a  certain  concrete,  type?  for  example* 
a  sufficient  condition  of  the  repreaentabillty  of  a  cer¬ 
tain  model  of  a  certain  class  It  by  a-  model.,  in  the  form  of — 
a  shb-stralght  product  of  K  —  non-expandable  K  models 
was  found  by  A.  1,  M&l’teov  in  /  45 J  in  the  following 


form:  the 
axioms  of 


class  K  should  be  axiom&tisable 
two  types: 


\r. 


xth  the  aid  of 


where?  la  any  of  the  quanto  re,  and  {»(*,» 
formula  made  up  of  expressions  of  the  form  1  **& 

only  with  the  aid  of  the  operations  j#»  V; 

!  .  . . .  V*«49 Uu  ‘ 


(13) 

a. 


is 


(14) 

where  •>  5B'iJE»*.  *  »u>  5*)  is  a  formula  compiled  of  the  expres¬ 
sions  of  type.  _  .  *k*  with  the  aid  of  the  ope¬ 

rations  1$  .  V  i  “«  _ 

In  jT 46w/  A.  I.  Mal’tsev  proved  the  following  theo¬ 
rem:  in  order  that  a  finite' axiomatizable  class  of  models 
be  closed  relative  to  taking  cf  homomorphism,  it  is  neces¬ 
sary  and  sufficient  that  it  be  axi omat izable  with  the.  aid 
of  axioms  of  the  type  (3-3)  * 

In  £  52 A.  I.  Mal’tsev  introduced  the  concept  of 
pseudo-axxomatizability  such  that  any  axi omat i zed  class  is 
found  to  be  pseudo-axiomatizable ,  but  not  vice  versa.  In 
the  same  reference  [  52 A.  1.  Mal'tsev  found  a  sufficient 
condition  for  having  a  pseudo-axiomatized  class  become 
axlomatlzable.  It  was  found  that  when  this  sufficient  con¬ 
dition  is  satisfied,  a  pseudo-axiomatizabi e  class  is  axio¬ 
ms  tizable  only  with  the  aid  of  axioms  which  are  written  in 
the  Skol'em  normal  form. 

An •  ordered  system  /(,..<)>  where  A  is  a 

non-empty  set  and  h  is  a  j'% -place  operation,  is  called 
an  algebra,  for  any.  place  operation  it  is  possible 
to  define  in.  a  natural'  manner  j  («?*f  tjh place  predicate  |  . 

by  putting  %,  ...,4^,  ftjni  The  algebra 

becomes  a  model.  The  inverse  operation  is  not  always  .  . ’ 


149 


i  possible.  Prom  the  model  it  is  obviously  possible  to 
make  an  algebra  if  and  only  if  for  any  basic  predicate 
;|t:  the  axiom  of  existence  and  single -value  dness  is- 
satisfied  ■  *  . 


» «^8»  •*»»  >  y) sS* 

.  •  •  •  -  . - . ,  - . ; . ■:  •  (15)... 

’•For  classes,  of  algebras  the  questions  also  arise  of  axio- 
matizability  with  the  aid  of  axioms  of  on®  form  or  another. 
In  /  44 _/  A.  I.  Mal'tsev  found  two  algebraic  criteria  of 
axicmat inability  with  the  aid  of  conditional  identities, 
i.e.,  formulas  of  the  type: 


:  y*t  .v.  » ts  # . . .  «%;**■•  j.  ■ 

where  ,?»*  ^aoi'  are  polynomials  in  the  varia¬ 
bles  ;*i *..*»  *«•  Any  non-close d  formula  of  the  narrow  cal¬ 

culus  of  predicates^ 

¥#§^0 riding  to  a,fi%Irla; 
dered  as  a  derivative  predicate  on  any  of  the  algebras 
of  this  class.  But  by  far  not  any  such  formula,  will  re¬ 
present  an  operation  in'  the  sense  of  axiom  (15).  In 
51 _/  A.  I.  Mal’tsev  established  a  general  form  of  ope- 
rations,  obtainable  with  the  aid  of  formulas  of  narrow 
calculus  of  predicates,  for  the  case  of  algebras  eharac- 
terizable  with  the  aid  of  axioms  of  type-  (14) .  In  the 
same  paper  f  is  given  an  abstract  of  characteristic 
of  predicates,  representable  by  conjunctions  of  formulas 
of  narrow  calculus  of  type  (14). 

10.  'From  the  point ‘of  view  of  algebraic  applica¬ 
tions,  of  great  interest  is  the  Goebel  theorem  concerning 
the  completeness  of  the  narrow  calculus  of  predicates. 

The  point  is  that  with'  the  aid  of  this  formula  it  is  pos¬ 
sible  to  prove  many  theorems  concerning  theorems  of  alge¬ 
bra,  making  it  possible  to  obtain  immediately  entire  se¬ 
ries  of  algebraic  theorems.  A  source  of  such  theorems 


concerning  theorems  is,  above__all ,  a  general  theorem  ob¬ 
tained.  by  A.  I.  Mal'tsev  /  7_Z  in  1941  with  the  aid  of  the 
results  of  his  work  , of  1956  £  devoted  to  a  generali¬ 

zation  of  the  G-oedel  theorem.  The  theorem  of  A.  I.  Mai' 
tsev  reads  as  follows:  For  an  infinite  system  of  formulas 
of  narrow  calculus  of  predicates,  admitting  the  relation--- 


of  identity  and  an  arbitrary  set  of  symbols  for  indivi-  * 
dual  objects  and  predicates,  to  be  compatible  it  is  neces¬ 
sary  and  sufficient  that  each  finite  subsystem  of  the 
given  system  be  compatible,  -  , 

A  considerable ' number  of  algebraic  local  theorems 
can  be  derived  frojaJjhis  principal  local  theorem.  In.  the 
same  reference  ^7  7 /J  this  formula,  was  applied  to  the  solu¬ 
tion  of  certain  problems  in  group,  theory  which  at  that 
time  were. net  yet  solved.  •  '•••  .  A 

^  inis  theorem,  was  also  used,  by  A,  I,  Mal’tsev  (in 
-  3S J)  mid  by  A.  A.  Vinogradov  (in  j  */>  ^  the' 
Theory  of  ordered  groups.  ' 

To  prove  concrete  local '  theorems  .  of  algebra,  it  is 
usually  necessary  to  introduce  auxiliary  constructions . 

'-n  L  A.  l,  Mal’tsev  derived,  from -the  basic  local 
'Theorem  three  more  particular  local  theorems,  which  do  not 
■equire - th^se  auxiliary  constructions.  In  the  same  re fer¬ 
ric®  /  32_/  one  of  these  theorems  was  applied  to  the 
heory  of  ordered  groups. 

Another  general  theorem  of  the  same  .kind  as  the  .ba¬ 
de  local  theorexa^of  A,  I,  Mal'tsev  was  obtained  by  Yu*  iu 
ihikha.no vich  /  1 J‘  through  a.  generalisation  of  the  scheme 
i  pjoof  of . one  of  the  theorems  on  theorems  of  A,  Robin- 
on.  ^  -he  theorem,  proved  by  Yu*  A.  Shikhano vi ch ,  con- 
istea  of  the  following*  let  us  take  an  arbitrary ,  seq¬ 
uence  of  axioms  ■  * 


If-,...  , 

■  U7) 

c  inductively  define  with  the  aid . of  (.1.7)  a  new  sequence 

«*  fJCjJi,  J  4k  M  V&  **  *•'}  4 *  *  •  *  J" 

9  dehote  the  class  of  axioms *.*}  by  P„  fhen: 

■theorem  .1*  If  a  certain  definitely-axicmatizable' 
lass  .of  models,  'definable  by  -  the  axiom.  Y,  contains,  any 
model,  then  it  contains  also  any  X.  model,  where  n  is 
constant  that  depends  on  T,  2'10  u 

Theorem  2.  If  there  exists  a  model  for  X  ,  but  not 
or  P,-  for  a  value  of  if  as  large  as  desired,  then  the  class 
is  not  axioinatised  with  the  aid  of  a  finite  number  of 


A.*  Robinson.  -On  the  Meta-Mathematics  of  Algebra.  1951 
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axioms. 

With  the  aid  of  this  theorem  Yu.  A.  Shikhanovich 
[\J  obtained  several  new  examples  of  theorems  analo¬ 
gous  to  the  Robinson  theorem. 

13.  Algebra  of  Logic  and  Its  Generalizations1* 

1.  The  simplest  part  of  mathematical  logic,  and 
furthermore  the  earliest  among  all  other  of  its  sections, 
is  the  algebra  of  logic.  This  is  precisely  why  it  appeared 
for  a  long  time  that  no  interesting  unsolved  problems  re¬ 
mained  in  it.  However,  in  the  last  decade  interesting  and 
difficult  problems  were  exhibited  in  this  field,  and  a  num¬ 
ber  of  new  results  and  papers  began  to  increase  rapidly, 
perhaps  faster  than  in  many  other  branches  of  mathematical 
logic.  This  j,s ^connected  aboye,a^li with  the  fact  that  with 
the  rigorous  growth  of  automatization  and  telemechanization 
of  industry,  the  role  of  those  problems  which  the  theory 
of  relay-contact  circuits  has  raised  increased,  and  this 
theory  has  been  using  algebraic  logic  for  a  long  time. 

Many  of  the  problems  in  this  theory  are  found  to  be  impos¬ 
sible  to  solve  by  previously  known  methods  and  required 
the  development  of  new  ones,  including  also  methods  in 
algebraic  logic,  Furthermore,  the  appearance  of  ever  more 
and  more  new  types  of  electric  circuits  (electronic,  mag¬ 
netic,  etc.)  and  the  complication  of  those  previously 
known,  requiring  an  adequate  mathematical  representation 
of  functions  and  their  elements,  has  given  rise  to  the 
necessity  of  engaging  also  in  such  cases,  in  which  the 
initial  functions  are  not  ordinary  negation,  disjunction, 
and  conjunction,  but  various  Other  functions.  This  in 
turn  has  made  it  necessary  to  study  various  multiple¬ 
valued  generalizations  of  ordinary  algebraic  logic. 

Work  in  these  latter  directions  began  in  our  coun¬ 
try  already  in  1950  —  1951.  ihe  initial  points  of  this 
work  were  the  lectures  by  P.  S.  Novikov  at  the  Mescow  Uni¬ 
versity  in  the  fall  of  1950,  in  which  he  formulated  many 

Tl  Written  by  A.  V.  Kuznetsov,  edited  by  A. A.  Yanovskaya. 
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problems  in  the  field  of  algebraic  logic  and  indicated  i 
certain  approaches  to'  their  solution,  as  well  as  the. 
diploma  work  of  Yu,  I,  Yanov  (spring  1951,  guided  by  A, 

A,  Yanovskaya) ,  connected  with  his  analysis  of  the  re¬ 
sults  contained  in  the  article  by  Rosser  and  Turquette 
’'Many -Valued  Logics." 

One  of  the  questions  raised  by  P,  8.  Novikov  was 
~j  as  follows:  what  are  the  necessary  and  sufficient  eondi-.. 
tions  in  order  thaj  from  among  the  functions :#t> •*»  ®V' 

of  algebraic  logic  '*  one  could  obtain  any  other  function" 
of  algebraic  logic  by'  superposition  (i«e,,  by  insertion 
of  functions  in  a  function  or  by  insertion  of  variables 
in  a  function).  He  also  showed  in  his  lectures  that  the 
necessary  conditions  for  the  latter  'are,  for  example,  the 
following:  1)  .The  equality  %(t ,t)  =  t  is  not  true 
for  all.  f*»l,  2,  . . a.  ;  2)  the  equality  ;  (f , . , .  ,f  )=  f  is 

not  true  for  all;  i*»  f,  ‘  2,  3)  at  least  one  of  the .  func¬ 
tions  Sf  2,  , , is  seif-dual,  i«e.,  it  does  not 

. satisfy  the  identity  • 

{*i»  * .77  (*|, 

(  * 

Soon  later  a  graduate  student  of  P.  S.  Novikov,  S,  V,. 
Yablonskiy  solved  this  question  for  the  case  n  =  1,-  show- 
ing  that  in  this  case  the  conjunction  of  the  three  neces¬ 
sary  conditions,  indicated  by  P.  S*  Novikov,  is  also  a 
sufficient  condition.  *  In  the  spring  of  1951  S.  V.  Yab- 
lonskiy  solved  the  problem- completely,  proving  .the  follow¬ 
ing  theorem:  In  order  to  be  able  to  represent  with  the 
aid  of  the  functions  of  algebraic  logic  any 

function  of  algebraic  logic"7 ’-it  is  necessary  and  suffi¬ 
cient  that  for  this  system  of  functions  the  conditions 
1)  —  3).  of  P.  8.  Novikov  be  satisfied,  and  in  addition 
the  following  additional  two:  4)  at  least  one  of  the 
functions  •  is  not  representable  through 

the  functions  n  smfi'  5)  at  least  one  of  the  func¬ 
tions  is  different  from  the  constants 

1.  That  is,  such  functions,  the  arguments  of  which  assume 
values  t  (truth)  and  f  (false)  and  the  values  of  which 
(functions')  can  also  he  these  t  and  f.‘ 

2.  Reported  on  the  Seminar  on  Mathematical  Logic  at  the 
.Moscow  State  University  at  the  end  of  November  1950. 


‘t  A  f  and  is  no|  representable  in  terms  of  the  functions” 
and  i*Vf:  By  representability  of  a  function  [#•  in 

terms  of  functions  ■ Ti*. .*•.* .  we  understand  here  the  pos¬ 
sibility  of  obtaining  the  function  from  the  functions 

/#«..  ._»«#*  by  superposition;  If  »  ,as  is  customary  *  the  pro¬ 
perty  of  the. set  of  functions  )#  is  expressed 

by  the ! fact  that  One  can  represent  through  them  all  the 
■{  remaining  functions,  and.  if  this  property  is.  called  fune-i_ 
tional  completeness  and  if  it  is  noted,  that  by  identify¬ 
ing  (conditionally)  the  truth  (t)  with  one  and  falseness 
(f)  with  aero,  we  find  that  the  representability  of  the 
function  through  x  and  ’ & ss y  is  equivalent  to  its  line¬ 
arity  according  to  I*  I.  55h.egal.kin  £  2_J ,  i.e. ,  in  the 
sense  of  a  ring  of  residues  m.od  2',  and  the^representabi- 
lity  of  the  function  in  terms  of  0,  1,  zy  d<  and  *yjf 
is  equivalent  to  its  mo.notonocity  *  (if  one  assumes,  as 
usual,  that  _©<  f), '  than  the  theorem  assumes  the  following 
form;  for  a  functional  completeness  of  a  set  A  of  func¬ 
tions  of  algebraic  logic  it  .is  necessary  and  sufficient 
that  A  not  be  included  in  (or  equal  to)  either  of  the 
following  sets:  l)  (The  set  of  such  f#',-  that;'<8»(0,  . ..* 

2)  the  set  of  such  that  ,.,t  |)-»|;  3)  the  set 

of  self-dual  functions ;. 4}  the  set 'of  linear  functions; 

5)  the  set  of  mono tonic  functions.  Later  on  A.  Y.  Euzne- 
tsov  showed  .that  these  five  sets  cannot  be  replaced  in 
the  theorem  by  any  others  and  have  the  theorem  remain, 
true.  She  latter  is. connected  with  the  fact that  these 
five  sets  and  only  these  five  are  the  so-called  pre- 
complete  closed  sets  of  functions  of  algebraic  logic. 

Here  the  closure  (functional)  of  a  set  B  denotes  that  any 
function  represented  through  functions  from  B  also  belongs 

1.  This  formulation  of  the  theorem  is  close  to  that 
given  by  S.  V.  Yablonskiy  in  his  lecture  at  the  Seminar 
on  Mathematical  Logio  at  the  Moscow  State  University  on 
1?  March  1951.  _In*1952  3.  V*  Yablonskiy  published  this 
theorem  in  L  3  J. 

2*  After  identifying  t  with  1,  and  f  with  0,  the  conjunc¬ 
tion  x  &  y  becomes  a  multiplication  xy  mod  2. 

3.  More,  accurately monotonic  non-ciminishability ,  or, 
in  other  'words,  isotopy. 

4.  See  theorem.  3)  of  item  4. 


to  B.  A  set  B  is  called  e 

pre-complete  when  J-®  all  the  functions  from  B  and 

Moscow  Mathematical  Socie  y  ^ioular  case,  when  in  addi- 
Kolmogorov  considered  the  P  functions  in  other  or 

tion  to  substitutions  o.  ceitain  tun  ftlB0  th0  sub. 

Certain  variables  : In  a  fu  f4nction  during  the  superpo- 

stitution  of  constants  mt  foregoing  theorem  he  ob- 

sition.  As  a  consequence  of  the  foregoi^  &  ^  A  #f 

tained  the  following  theorem,  i  lete  relative  to 

functions  of  algebrgio  logic  InA  sufficient  that 

such  superpositions,  **  *Sl0ast  oney nonlinear  function 
there  be  contained  m  ne<  xt  was  soon  noted  that 

and  at  least  one  non-monoton  gkiy>  is  contained 

this  theorem,  proved  by  3.  •  *  form)  in  the  book  by  Post, 

(although  in  a  somewhat  dif  *  ^  hut  which  was  unknown 

which  was  published  as  early  Oblonskiy  is  simpler  and 

to  us.  True,  the  P*;°°f  Pf  *  Stained  this  theorem  as  a 
shorter  than  that  o  o  ,  closed  sets  of  functions 

corollary  of  a  survey  o,  all  the  A#  V.  Kuzne- 

ssr*  “•  ;=™.’ar;u. .. . - 

as  a  corollary.  f  , tht  of  jost-Yablonsfciy )  was 

2.  lbSef  Snetsov  to  include  the  case 

somewhat  generalized  By  *  v  functional  construction 

(S.mrYlSoneW?SZ't7)  i®  t0  °f 

TTATv7KSSetBOY,  f^°atenee3emrThree-ValuedV0alcu- 

lonskiy  “On  Functional  Completene 

lua“  to  tie  terminology  of  the 

2.  Weakly  complete,  accorain^ 

paper  by  A.  V.  Kuznetsov  £  ^  of  the  Mathema- 

4.  This  proof  was  pub  (i958) ,  18  -  20. 

tical  Institute  imeni  S^/..-OV,  u 
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1  functions  which  are  defined  in  a  set'  I*  2, . . . ,  ~ 

in  that  sense,  that  the  arguments  of  the  functions  assume 
all  values  from  £*  and  the  values  of  the  function  itself 
also  belong  ,  to  .  £*•  It  was  found  that  also  for  the  case  of 
a  function  of  such  a  k- valued  logic  the  sane  holds:  for 
the  set  A  of  (any)  functions  of  k-valued  logic  to  he  com¬ 
plete  it  is  necessary  and  sufficient  that  A  not  be  inclu- ' 
ded  (or  equal  to)  in  either  case  of  the  pre-conplete  . 
closed  sets  of  functions  of  k -valued  logic.  It  remained 
only  to  find  all  the  ^re-complete  closed  sets.  In- 1953- 
d.  Y.  Yablonskiy  /.  6_/ .  obtained  a  list-,  of  all  the  pre- 
complete  closed  sets  for  the  case  k  =  3  (their  number  was 
found  to  be  18) ,  and.  formulated  this  result^*  in  the  form 
of  a. theorem,  '*  analogous  to  the  Post-Yablonskiy  theorem. 

A  simpler  and  compact  form  was  obtained  for  this  list  by 
A.  V.  Kuznetsov,  who  leaned  on  the  concept,  which  he-' 
introduced  already  in  the  spring,  of  1951,  of  retention  of 
the  predicate.  ,  Concerning  the  function  $(*„  . x»)  .  one 
says  that  it  retains  the  predicate  P (xv . , . ,  xji,  if  the 
formula  '  ■  '  • 

•  •  ■»  P(*u>  *«>  *  •  •»  ^ (^*]i  *  •  •» 

**i>  *  •  • »  *m)>  ®  «  ^21 1  •  *  •  *  ^»i)i  •  <  *(*„,  ■Taji  <  •  •  i  3tm)) 

is  true  for  all  values  of  the  variables  xij  («=  1.2.  .. n; 

1,2,  _  The  set  of  all  functions  which  retain  the 

■predicate -P. is  called  the  class  of  retention  of  the  pre¬ 
dicate  P.  It  is  obvious  that  for  any  predicate  the  class 
of  it's  retention  is  a  closed  set.  Those  five  sets,  which 
enter  into, the  Post-Yablonskiy  theorem,  are  classes -of  re¬ 
tention  of  the  following  predicates  (defined  on 

{0,  f»:  x~0,  x  +  y,;xi-y**z+u,  x^y 

(respectively),  where  the'  sum  is  taken  to  be  a  sum 

1.  8.  Y.  Yablonskiy.  Problems  of  functional  Completeness 
in  k-valued  Calculus.  Abstract  of  dissertation,  Moscow, 
1955. 

2.  A  complete  pro, of  of  it  is  found  in  the  dissertation  of 
8.  Y.  Yablonskiy,  published  in  Trudy  matem  in-ta  im.,  Stek- 
lova  (Yorks  of  the  Mathematical  Institute  imeni  Steklov) , 
51,  (1958). 
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'mod  2  *  end  the  18  classes  from  the  theorem  of  lablonskiy; 
for  three-valued,  logic  are  classes  of  retention  of  the 
following  18  predicates  (defined  on 

acxs *it  %qkif 

;  (x  **  *')  ss  {$  ** i)t  zm»i\j  y**i,  **fV»®*Vy**. 

where  i  is  a  parameter  thaF simame'  the  '  values  6,  1, . and  2, 

4  while  the  sum  is  taken  in  mod  3..  "Already  in  1951  A*  V* 
Kuznetsov  proved  that  any  pre filled  closed  set  of  func¬ 
tions  of  k-ralued  logic  is  a  class  of  retention  of  a  cer¬ 
tain  predicate,  which  depends  (for  on  not  more  than 

k  arguments*  From  this  he  obtained  the -upper  estimate, 
for  the  number  Fa  of  pre-oomplete  closed  sets :  /fy  <  #*.  ■ 
However,  attempts  to*  find  an  exact  estimate  of  the  number 
and,  furthermore ,  to  obtain  their  total  list  for  a  gene¬ 
ral  k -valued  case  entail  great  difficulties.  A.  V.  Kuz¬ 
netsov  and  3.  V.  Yablonakiy  have  constructed  a  series  of 
families  of  pre-complete  closed  sets,  which  generalise 
the  preceding  examples  to  a  k-valued  ease.  These  inclu¬ 
ded  the  classes  of  retention  of  the  following  predicates: 
*|£.  where  E  is  not  empty  and  differs  from  {0,  I , . . . ,  k —  1}; 
?{*t)*’S>  where  f-  is  such  a  function,  that  the  substi¬ 
tution  -  ■  ...  . 

/  0  I  2  ...  ft-!  \  : 

\«?C 0)  (p(0  !)/ 


is  such,  that  all  those  (independent )  cycles,  into  which  it 
breaks  up,  have  the  same  length,  equal  rbo  a  certain  simple 
number;  any  predicate  of  partial  order  *  P(x,y),  satisfy¬ 
ing  the  condition 

(£*)  <*)  p  (*»  i?>  $  (£$)  (*)  *  (*.  y); 

any  predicate  of  the  equivalence  type  which  differs  from 
x  —  y  or  from  the  identically  true  one.  More  complicated 
examples  we  re  also  constructed.  However,  the  number  of 
these 1 2 3  classes  did  not  increase  very  rapidly  with  increasing 
k«  And  only  in  1955  did  A*  V.  Kuznetsov  succeed  in  point¬ 
ing  the  way  towards  proving  that  where  *  tends 

1.  Reported  to  the  Spminar  on  Mathematical  Logic  at  the 
Moscow  State  University  by  A.  V.  Kuznetsov  on  26  May  1951. 

2.  That  is,  reflexive,  transitive,  and  anti-symmetrical. 

3.  That  is,  reflexive,  symmetrical  and  transitive. 
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‘  to  0  with  the  increasing  k.  j 

Searches  for  a  list  of  pre-cOnplete  closed  classes 
and  an  estimate  of  the  number  are  important  in  connection 
with  the  problem  of  perfecting  algorithms  for  the  prob¬ 
lem  of  recognition  of  completeness  (of  finite)  sets  of 
functions,  of  k -valued  logic.  The  very  existence  of  such 
an  algorithm,  a  single  one  for  all  k,  was  proved  already 
in  1951  by  A.  V.  Kuznetsov,  *  although  the  initial  ver¬ 
sion  of  this  algorithm  was  little  suitable  in  practice,  , 
owing  to  the  cumbersoaeness  of  the  derivation.  As  to  the 
problem- of  recognizing  the  pre-completion  of  sets  of 
functions,  it  is  still  unknown  whether  there  exists  a 
single  algorithm  for  all  k.  A.  Y.  Kuznetsov  £  3 _J  proved 
in  1956  the  .existence  of  an  algorithm  corresponding  to 
this  problem  for  each  fixed  k,  and  the  proof  is  non¬ 
constructive. 

Also  investigated  was  the  question  of  what  number 
®k»  is  maximal  for  all  possible  cardinalities  of  inde¬ 
pendent  sets  o.?£  functions  of  k-valued  logic.  .,  Here  th.eh.jj 
set  A  is  called  independent  if  no  function  $>£  <4  can  be 
represented  through  other  functions  from  A.  It  is  ob¬ 
vious  ( A . Y . JLCu z n e't  so  v}_  that  S.  Y.  Yablonskiy 

shewed  (£  3 _f  and  £  ? _J  that  !**«*4  (an  example  of  a  • 
complete  independent  set  of  four  functions: 

{£>,  I,  jry,  Jt-f  jr  +  *j)v  6<«a<7  (example:  {0, 1,-2,  «#»{*.  y),  ' 

I,  y+  1)4-2,  I),  where  the  addition 

is  in  mod  3). 

The  difficulties  connected  with  the  absence  of 
sufficiently  convenient  general  criteria  of,  completeness 
of  sets  of  ''functions ,  •  raise  an -interest  also  in  various 
particular  problems,  connected  with  an  examination  of 
sets  of  a  definite  type.  These  problems  above  deal  with 
(functional)  completeness  of  (universal)  algebras . -  An 
algebra  .  V  with,  operations  f,, is  called  complete 
(or  weakly”  complete)  if  the  set  *  is  complete 

(or,  respectively,  weakly,  complete')'"  *  as  a  set  of  functions. 

1.  Reported  on  the  Seminar  on  Mathematical  Logic  at  the 

Moscow  State__University ,  26  May  1951.  Mentioned  by  S.  Y. 
Yablonskiy  £  6 __/•  '  „  : 

2.  In  the  sense  of  A,_Y.  Kuznetsov  £  3  _J ;  see  also 
footnote  3  on  p.  104  /  of  source__/. 
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'it  is  easy  to  note  that  no  groups,  rings,  or  lattices  i 
(which  have  more  than  one  element)  can  he  complete*  How¬ 
ever,  as  noted  already  in  the  spring  of  1951  hy  A.  V, 
Kuznetsov  (who  generalized  the  well  known  theorem  of  I. 

I „  Shegalkin  concerning  the  completeness  of  the* set 
■|ft  xy,  *-►  yfscd?)}},  a  ring  of  residues  of  integers  in  mod  k 
is  weakly  complete  when  and  only  when  k  is  a  simple  num- 
^her*  In  1955" A*  Y.  Kuznetsov  proved  the  following  gene- 
1 ralization  of  this  theorem:  for  weak  completeness  of  a 
ring  it  is  necessary  and  sufficient  that  it  he  finite, 
simple,  with  non-zero  multiplication,  *  He  then  proved 
that  for  weak,  completeness  of  a  group  it  is  necessary  and 
sufficient  that  it  he  finite,  simple,  and  non-Ahelian. 

Both  these  theorems .were  found  to  be,  as  soon  noted  hy 
A,  V,  Kuznetsov,  particular  cases  of  the  thorem  for  quasi¬ 
ring  (in  the  sense  of  A,  I»  Kal’tsev),  analogous  to  the 
first  of  these.  In  1956  A.  V.  Kuznetsov  noted  that  any 
finite  structure  after  adding  'to  the  number  of  its  opera¬ 
tion  the  operation  i*^| is  equal  to  1  (unit  of 
the  lattice)  for  x  —  y  and  is  equal  to  0  (null  of  the  p 
lattice)  'for  *¥£  becomes  a  weakly-complete  algebra.2, 

4.  ’  In  addition  to  the  usual  completeness  and  weak 
completeness  there  were  investigated  also  other  types  of 
completeness  (in  the  more  general  meaning  of  the  word,. 

She " general  statement  of  the  problem  of  completeness  was 
given  in  the  lectures  of  A.  V.  Kuznetsov  on  algebraic 
logic,  delivered  by  him  at  .the' Moscow  State  University  in 
the  fall  of. 1957.  He  laid  the  groundwork  for  a  general^ 
concept  of  operations  of  closure  for  subsets  of  ascertain 
fixed"  set  K,  and  with  this  the  operation  jj#..  defined  for. 
all  !  A  c  Af ,  is  .called,  as  usual,”*  the  closure  operation,' 
if  it  has  the  following,  properties:  .. 

iVAcMjCJ&f  (exteriorness,  or  extensiveness) . 

2°.  I(J))-*  M1  '  (idempotenoy) . 

3?.:  if;  AC  8,  then  |4}£fj8j  (iso  tonicity) . 

1.  Shat  is,  not  for  all  elements  a  and  b  of  the  ring 

ah  =  0.  . 

2.  Reported  at  the  Seminar  on  Algebraic  Logic  at  the  nos¬ 
cow  State  University, in  December  1956. 

3.  G,  Birkhoff*  Lattice  Theory,  Moscow,  ^Foreign  Literature 
Press ,  1352. 
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The  set  A  is  called  closed  if  A  is 

called  complete,  if  MI* A/,  A  is  called  pre-complete,  if 
it  is  not  complete,  but  for  any  element  <f^M\A  the 
set  is  already  complete.  The  aggregate  %  (of 

certain)  subsets  of  the  set  M  is  called  criteria!  •£.£  for 
any  AC  Hi  the  following  holds:  A  is  complete  when  and 
only  when  there  does  not  exist  for  It  such  a  B,  that 
<4Cflg  tR.  The  aggregate  M  Is  called  completely  crite¬ 
ria.!  if  it  is  criteria!,  but  no  regular  part  of  it  is 
criteria!.  All  these  concepts  are  defined  with  respect 
to  given  sets  K  and  operations  of  closure  of  its  subset. 
All  these  concepts  are  defined  with  respect  to  subsets 


relative  to  the  set  K.  and  its  closure  operations. 

jj'roro  these  definitions  one  naturally  obtains  (A. 
V.  Kuznetsov)  the  following  theorems: 

1)  The  aggregate  of  all.  incomplete  closed  sets,  is 
criteria!. 

2)  If  there  exists  a  finite  criteria!  aggregate 
then  there  exists  also  a  finite  fully  criterial 

aggregate 

3)  -If  there  exists  a  fully  criterial  aggregate, 
then  it  is.  unique  and  coincides  with  the  aggregate  of 
all  pre-ccmplete  closed  sets, 

From  among  the  less  general  theorems  proved  by  A. 
V.  Kuznetsov,  let  us  mention  here  the  following  two. 

a)  let  If  be  a  certain  closed  (in  the  sense  of 
items  1  and  2}  set  of  functions  of  k-valued  logic,  and 
the  closure  [A]  (where  A C M\  is  a  set  of  all  functions 
from  M,  represented  through’ the-  function  from  A;  let 
there  exist  a  complete  set  B,  not  containing  the  func¬ 
tions  which  depend  on  more  than,  n  arguments ;  then  the 
aggregate  of  ail  classes  of  retention  of  predicates  dif¬ 
ferent  from  I-I,  defined  on  |0V  j,  2, , A—  !f  and  which 
depend  on  not  more  than  'IP  'arguments,  as -a  finite  cri¬ 
teria!  aggregate. 

b)  Let  M  be  a  set  of  all  functions  of  K-valued 

logic,  and  let  the  closure  ,  Ml  (A^M)  he  the  set  of 
all  such  functions  that  (for  -  #}’  there  exist 

such  functions  #*6^  and  such  a  system  of  func¬ 

tional  equations,  which  uniquely  defines  a  (n  +  1)'  term 
collection  of  functions  and,  in. addition 

to  the  signs  of  these  defined  functions  and  functions 


: "belonging  to  A,  it  does  not  contain  any  other  signs  of  i 
functions;  *  then  for-  completeness  of  the  arbitrary  set 
\Bc,M  it  is  necessary  and  sufficient  that  the  algebra 
with  the  element  0,  1,  2,  /.  ♦,  k-1  and  operations  belong¬ 
ing  (as gf unctions)  to  B  have  no  non- trivial  automor¬ 
phisms,"* 

Another  interesting  example  occurs  when  M  is  the 
set  of  all  the  functions  of  (ordinary)  algebraic  logic,. 
'and  the  closure  jF|4j;  is  a  set  of  all  those  fimctionsf#_|M; 
which  can  be  obtained  from  the’  functions  belonging  to  A 
by  inserting  the  variables  into  the  function.  It  is  found 
that  the  set  of  all  symmetric  functions-*  is  found  to  be 
complete  even  in  this  sense.  Indeed,  G,  H ,  .Povarov  calls 
/  11_/  the  function  •  ••.**) 1  ^uasi-symmetrical  with  res¬ 
pect  to  weighting  /  <8b.  •.* (weights  ascribed  to  the 

variables),  if  there  exists  such- a  symmetrical  function  S 


that 


S 

% 


*  *  * 


9- 


As  noted  by  V.  N.  Roginskiy  (see  S,  If.  Povarov  /  11_/) * 
any  function  of  algebraic  logic  '#1^,,. .,aQ;  is  quasi 
symmetrical  with  respect  to  weighting  jl,  2*  4, 


Another  case  is  considered  by  8,  V,  Yablonskiy  in 
Z"9 J  and  3.1  M  is  the  same  as  in  the  preceding  exam¬ 

ple,  and  the  closure  i|4}  is  a  set  of  all  those  functions, 
which  are  constant  or  are  obtained  from  functions  belong¬ 


ing  to  A  by  substitution  of  constants  and  substitution  of 
variables,  when  equal  variables  cannot  be  substituted  in 
the  place  of  different  ones.  Sets  closed  in  this  -sense 
are  called  by  3.  "V.  Yablonskiy  invariant.  Be  gives  the 
following  examples  of  invariant  sets:  the  set  of  all  li¬ 
near  functions,  the  set  of  all  symmetric  functions,  the 


1.  Compare  with  theorems  III  and  IV  of  item.  5  of  Section 
8  of  the  present  article. 

2.  We  note  that  non-trivial  automorphism  is  the  retention 
by  all  the  operations  of  the  algebra  of  a  certain  predi¬ 
cate  of  the  form  (»)•»»  y,  where  /.$(*)  is  a  mutually- single - 
•valued  function  different  from  x. 

3.  A  function  is  called  symmetrical,  if  it  does  not  change 
under  any  rearrangement  of  its  arguments. 


set  of  all  mono tonic  functions ,  the  set  of  all  functions”/ 
that  depend  on.  not 'more  than  n  variables.  He  then  proves 
that  the  cardinality  of  the ,  aggregate  of  all  invariant 
sets  of  functions  (if  they  cannot  have  arguments  differ- 


nt  from  xi> 


•)  equals  the  cardinality  of  the  con¬ 


tinuum;  the  .same  holds  also  for  the  aggregate  of  only 
those  invariant  sets  Q,  for  which  |,  Here 

.  . 

is  the  number  of  functions  from  Q  which  depend 
on  *lt  S.  V.  Yablonskiy  shows  that,  with 


increasing  n.  for  any  invariant 


tends 


without  increasing  to  a  limit  that  lies  in  the  segment 
[I,  2],  .and  if  then  lim  £&$«,(). 

5.  Certain  theorems,  which  hold  for  k~va3med .lo¬ 
gics,  are  carried  over  also  to  so-called  infinite-valued 
logics.  lims,  let  us  take  the  case  when  K  is  a  set  of 
all  functions,  which  are  defined  in  the  set  2  (finite  or 
infinite);  in  that  sense,  that  the  arguments  assume'  all 
values  from  2  and  , the . values  of  functions  also  belong  to 
S,  and  the  closure  ;  f.4)  is  a  set  of  all  functions  repre¬ 
sented  through  functions  from  A.  As  proved  already in 
1951  by  A.  Y.  Kuznetsov,  no  matter  what  2  may  be,  there 
exists  such  a  set  of  functions  #|Af,  which  is  complete, 
but  in  which  all  the  functions  with  the  exception  of  one 
depend  on  a  single  argument,  (In  the  -general  case  in  the 
proof  of  this  one  uses  the  selection  axiom,  hut  it  is  not 
required^when  2  is  fully  ordered,  or,  for  example,  con¬ 
tinual  ).  *  The  class’  of  retention  of  predicate  *€<£'. 
where  .E'CE,  and  is  not  empty,  is  also  a  pre-complete 


closed  set  for 


such  S’  and 


However,  in  the  case 


of  an.  infinite  2  there  no  longer  exists  any  finite  com¬ 
plete  set,  or  any  finite  criterial  aggregate,  this  being 
connected  with  the  fact  that  II  is  not  denumerable. 

It  is  therefore  interesting  to  consider  certain 
intermediate  cases  between  k-.valued  logic  and  such  infi¬ 


nite  -value  d  ones.  One 


of  such  cases  was  the  sub- 


1,  Reported  at  the  Seminar  on  Mathematical  Logic  at  the 
Moscow  State  University,  26  May  1951. 


ject  of  a  paper  by  3.  V.  Yablonskiy  at  the  Seminar  on  f 
Mathematical  logic,  held  at  the  Moscow  State  University 
on  23.  October  1957. 

3.  V«  Yablonskiy  considers  an  example,  when  the 
foregoing  set  S  is  a  natural/  series,  'and  seeks  such 
closed  sets  ;PdM,  which  satisfy  the  following  condi-  . 
tions :  1)  P  is  denumerable ;  2)  for  any  natural  k  there 
exists  such  s.  j PjfZP* .  which  is  homomorphically  mapped  on  u. 
the  set  of  all  functions  of  k -valued.  logic.  Such  P  he 
called  limiting  logics,  (Homomorphic  mapping  of  one  set 
of  functions  on  another  is  called  here  by  3,  Y«  Yablon- 
skiy  such  a  mapping,  under  which  sets  of  arguments  of 
functions  from  these  two  sets  are  placed,  in.  mutually- 
unique  correspondence,  the  image,  of  the  function  is  a 
function  of  the  corresponding  arguments,  .and  the  image  of 
the  result  of  the  superposition'  is  a  result  of  the  cor¬ 
responding  superposition  of  the. images.  Homomorphism  in 
both  directions,  as  usual,  is  called  isomorphism),  S.  Y. 
Yablonskiy  gives  simple  examples  of  limiting  logics  and 
then  constructs  a  continual  family  of  pairwise  non-iso¬ 
morphic  limiting  logics, 

6.  Many  other  problems  of  algebraic  logic,  in 
which  we  are  engaged  here,  are  more  directly  connected 
with  the  theory  of  relay-contact  circuits  or  other  devi¬ 
ces  of  relay  action  and  usually  arise  under  the  influence 
of  its  needs.  Being  unable  to  discuss  in  this  article  all 
the  investigations  in  this  field,  we  shall  touch,  only  upon 
certain  of  these  the  results  of  which  pertain  to  the  al¬ 
gebraic  logic  itself,  and  not  only  to  its  applications. 

Among  investigations  of  this  kind  are  those  devoted 
to  problems  of  functional  separability  and  so-called  unre¬ 
peated  superpositions.  Inve s t igat i ons  of  these  problems 
began  in  our  country  in  1951  and  were  caused  by  an  evalu¬ 
ation  of  various  difficulties,  which  arise  in  the  study  of 
bridge -type'1*  contact  circuits.  The  starting  point  was 
the  remark,  made  at • the  Seminar  on' Mathematical  logic  of 
the  Moscow  State  University  by  P.  S,  Novikov,  on  the 


1.  That  is  to  say,,  not  obtained  from  trivial  ones  by 
merely .parallel  and  series  connections,  adequately  repre¬ 
sented  by  operations  of  disjunction  and  conjunction. 


p»«  ++  ***' 

absence  of  the  mathematical  proof  of  the  fact,  verified  '• 
hy  many  ears  experience  and  stated  many  times  by  V.  I. 
Shestakov  in  his  lectures,  that  even  for  the  simplest 
bridge  circuits,  the  corresponding  function 

M(&,b,cA,e)~udVaceVfciVfo  cannot  be  represented  through 
functions  of  two  arguments  in  such  a  way  that  in  the  ex¬ 
pression  serving  for  its  representation  not  one  of  tnef 
letters  would  be  encountered  more  than  once, 

The  impossibility  of  such  a  representation, 
called  by  A.  V.  Kuznetsov  the  unrepeated  superposition,- 
was  soon  proved  by  the  latter.  With  this,  a«  v.  jvuzne  — 
tsov  proved  more  for  the  function  M(a,b,c,d,e) :  it  can¬ 
not  be  represented  by  an.  unrepeated  superposition  in  terms 
of  functions  of  a  smaller  number  of  arguments  than  the 
function  itself.  The  function  with  this  property  are 
called  ( functionally )  non- separable •  Then  A.  V.  Kuzne¬ 
tsov  proved  a  more  general  theorem  on  non-separaeility  of 
any  function  from  a  certain  sufficiently  broad  class  oi 
functions,  connected  with  bridge  circuits.  *  The  results 
of  A.  V.  Kuznetsov  are  ,b.ase:d  on  the  following  lemma;  in 
order  for  a  subset  .  of  a  set  of  arguments  of 

functions  of  algebraic  logic  ♦(*»♦•••»*«)  to  be  select¬ 
able  in  the  sense  of  the  existence  of  such  functions  ^ 
and  %’  that  • 

4>  (Xj,  .  .  .  ■  (*{j*  **  *  )  5"irw)i  *  *  •«  **»)« 

where  all  indices  i. ,...,i  are  different),  it  is  neces¬ 
sary  and  sufficient  that  from  the  function  with  all 

possible  substitutions  of  zeroes  and  units  at  the  place 
of  all  the  variables  from  this  subset,  one  obtain  not  mo^e 
than  two  different  functions  of  the  remaining  arguments, 
later  A.  V.  KUsnetsov. noted  that  this  proposition  is  gene¬ 
ralised  in  case  of  functions  of  Jc-valued  logic,  if  the 
'‘zeroes  and  units"  are  replaced  in  them  oy  "the  values 

1.  He  ported  at,  the  Seminar  on  Mathematical  logic  at  the 

Moscow  State  University,  October  1951.  rublisned  in.  lue 
■.forks  of  the  l-ist hems. ti cal  Institute  imsni  o^e^-LOV  51 
(1953),  186  — .200,;  . 

2.  A  proposition  close  to  this_was  published  in  1954  by 
G-.  !>!.  Povarov  in  reference  (_  1  ~J ,  for  the  first  time  al¬ 
though  after  it  was  reported  by  A.  V.  Kuznetsov • 
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0,  l,...,k~l,"  and  the  words  "not  more  than  two"  are  re-  i 
replaced  by  the  words  '-'not  more  than  k.  In  the  case  of 
a  function  of  infinite-valued  logic,  all  the  subsets  of 
the  arguments  are  selectable.' 

A.  V,  Kuznetsov1*  proved  several  propostions  con¬ 
cerning  the  selectable  subsets  of  functions  of  algebraic 
logic,  including  the  following:  ..  • 

1)  If  A  and  B  are  partially  intersecting^ (lie. ,  ..... 

and  are  not  empty)  the  j electable  sets 

of  -the  arguments  of  the  function ; $*j  thenMlffk  AUMtflisMi 
and  IMS#.;  are  also  selectable.  J 

2)  For  any  function,  the  selectable  sets  fora  a 
lattice  relative  to  inclusion.*  - 

3)  If  the  sets  and  j|;  ere  selectable  in 

a  function  JfcA  which  depends' essentially  on.  all 

its  arguments,  then  \  # .(ar,  $ o&n  be  obtained  from  one 
of  the” following  functions il^xVyV  *♦  *  +  » £ *Y 
replacing  the  variables  with  their  negations. - 

These  propositions  are  not  generalised  in  the  case 
of  k-value$  logic.  Thus,  for  example,  as  noted  by  A.  T» 
Kuznetsov/'*  the  function  y, «,  * -k 

is  such  that  the  sets  j  ff/&F  and  Lilt* are  selectable, 
and  their  intersection*  ffj/ttj !  is  not  selectable.  _  In  the  ■ 
same  place  A.  V.  Kuznetsov  proves  that  any  two  represen¬ 
tations  of  the  functions  of  algebraic  logic  in  the  form 
of  non-repeated  superpositions  through  non- separable  func¬ 
tions  are  in  a  certain  sense  almost  identical  and  indi¬ 
cates  then  a  way  of  selecting,  from  among  all  such  repre¬ 
sentations,  in  a  definite  sense,  the  canonical  ones,  which 
are  now  found  to  be’  unique  for  each  function.  Inciden¬ 
tally  he  considers  cases  when  the  function  ■♦(*>»  >«*>y»);Oan 
be  represented  in  the  form  . 

where  all  the  indices  ;  1/  «..«■,  \ti  are  different ; 
is  one  of  the  following  three  functions :  f.?5k :&3.jb;.  *'+''!£ ' 

In  the  case  when  I  $(*«  *$**!?»,  the  function  /fT  is'  called  a 
lit- function,  in  the  case  wlienVfffii)  «* »' Sfjf -it  is  called  a 
lA*  function,  while  in  the  case  of  it  is  called 

a  .«*■  function.  A.  T.  .Kuznetsov  proves  that  the  set  of 

T.  Published” in  the  Works  of  the  Mathematical  Institute 
iroeni  Steklov  51  (1958),  205  —  211. 

.2.  Ibid.  ~~  . 
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r *>  functions,  the  set  of  functions,  and  the  set  of 
<*> functions  do  not  intersect  pairwise,  G-.  F,  Povarov 
flj  proved  that  any  symmetrical  function  of  algebraic 
logic,  different  from  the  functions 

****  * '  *  xn-  xt*%  -  -  *  *n’  xt  +"*a  +  ♦ 


and  of  their  negations,  is  non-separable. 

1.  G-.  IT*  Povarov  investigated  also  many  other 

questions  concerning  symmetrical,  monotonic,  and  related 
functions  of  algebraic  logic.  Prom  the  results  he  ob¬ 
tained  we  shall  mention  here  the  following. 

1°.  In  order  for  the  function  #(*„  ,  xj:  to 


trical, 


necessary  and  sufficient  that  the 


following  two  identities  be  satisfied  for  it: 


${*(,  *v  ■  •  - ,  **)»  #  (**,  at**  ...  ,  ar„)  (ar4,  ra.  ...»  an,  xt). 


The  functions  $  and  are  called  "of  the  saiae 
type"  if  &'  can  be  obtained ' from  if,  and  •  f  can  be  ob¬ 
tained  from  <S>  by  substitution  of  variables  of  their 
negations.  The  single-type  relation  is  of  interest,  \ 
since  the  single-type  function  differs  little  when  repre¬ 
sented  through  various  functions,  among  which  is  x,  and 
also  in  the  realization  by.  contact  circuits  or  similar  • 
circuits,  and  can  be  readily  replaced  by  another.  G-.  N. 
Povarov  showed  (for  functions  of  algebraic  logic): 

2°.  The ‘number  F  of  types- of  functions  of  n 
variables  is  estimated  to  be 

’  2 j.A 

Sfigr  <  ^  +  W)ZTF  * 


where  • .  tends  to  0  with  increasing  n, 

5°.  The.  number  of  types  of  symmetrical  functions 
of  n  variables  is  equal  (for  j»>  1) 

r+2® +  2^-i«-i 

■  C  * 

4° .  The  number  of  functions  of  n  variables,  which 
are  of  the  same  type  as  the  symmetrical  ones,  is  equal ^ 

1.  Published  in  references  /  4,  5,  6__/'. 

2.  Eero  and  henceforth,  ■■(<*}  will  denote  the  integral  por¬ 
tion  of  the  number  *  . 
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<for!»>l>  :  '  .  _  .  1 

8.  A,  A .  Marker  In  Ms  paper  /  53 J  considers  the 
question,  of  estimating  'the  inversion  complexity  of  finite  . 
systems  of  functions  of  algebraic  logic.  ;  Here  the  ."inver-r 
sion  complexity”  of  a  system'  of  functions-  /  *.*.*,>  i® 

called  the  least  of  the  numbers  {«  such  that  there  ex¬ 
ists  a  system.  , •  **  ;pi  representations  of  given 

j  functions  in  terms  of  la?,  «f  and  \t.Sf  £,>  in  vrhich  the  num-i,... 
1  her  of  different- negated  su'bformiilas  (i.e..,  those  directly 
under  a  negation  sign)  is  equal  to  -A.  A,  Markov 

proved  that  the  greatest  of  the  inversion  complexities  of 
a  system  of  m  functions  of  n  variables  is  equal  to  D(n) 
for  ...m>  1.  and  pd(P(n.+  1))  for  m  -  .1,  where  'pd(r)  has^a 
value  r  1  when  2*0.  and.  a  value  of  0  when  r  =  0,  while 
D(r)  is  the  so-called  binary  dimension  of  the  number  r, 
defined  by  A.  A.  Markov  as  the  least  of  such  natural  nttm-_ 
bars  ,  that  :  t <  2V  (i.e» » (f) ** .1  *0?  ** ^  ^  ; 
In  addition,  A.  A.  Markov  introduced  the  concept  of  sign- 
variability  of  the  function  ,%r  giving  this  name  to  the 
largest  of  the  possible  numbers  of  reversals  of  the  value 


ots 


upon,  monotonic  change'  of  the  values  of 
,  increased  by  unity  (for  a  more  accurate 


of  the  function 

all  its  argument,  -  .  . 

definition  see  /  53  /) «  and  proved  th©  following  theorem. 

£*~  •'*««/  •  .....  •  -i.'-  /  ♦  ...  j* 


the  ’  inversion  complexity  of  a  function 
system  -  -consisting  -of  a  single  function  i. 


(i.e. ,  of  a 
is  eoual  to 


where 


is  the  sign  alternation  of  th® 


pd(D(A\t  (#))), 

function  f 

9.  The ’problems  solved  in  the  Harkov  paper  /  53  J , 
which  is  discussed  in  the  previous  item,  serve  as  examples 
of  a  broad  class  of  so-called  problems  of  minimisation,  or 
in  general  problems  of  simplification  of  various  means  of 
representation  of  functions  of  algebraic  logic  and  esti- 
-mates  of  to  what  extent,  in  a  maximum  fashi£n,  they  can  be 
simplified  in  a  certain  respect  or  another.  By  minimi¬ 
zation  one  means  precisely  the  maximum  simplification, 

.  In  means  of  representation  (or  in  other,  words,  realization) 
of  functions  of  algebraic  logic  are  meant  to  be  various 
types  of  expressions  of  algebraic  logic,  relay-contact,  or 
other  circuits,  etc.  She  problems  about  which  we  speak 


1."  See  A.  A.  Markov  /  53 J ,  for  example,  with  respect  to 
reducing  the  number  of  negations. 
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have  been  extant  in  technology  for  a  long  timei  The  atten¬ 
tion  of  our  mathematicians  was  attracted  to  them  under  the 
influence  of  many  lectures  by  V.  I.  Shestakov  at  the  Mos¬ 
cow  State  University  ,  the  lectures  of  P.  3.  Novikov  on 
algebraic  logic  (Moscow  State  University,  fall  1950),  who 
formulated  many  questions  more  accurately,  and  the  lectures 
of  G-.  N,  Povarov  (at  the  Moscow  State  University  and  the 
Mathematics  Institute  imeni  Steklov),  who  investigated  the 
problems  connected  with  the  estimates  given  in  the  works 
by  Shannon. 

Prom  among  questions  of  this  kind,  the  first  to  at¬ 
tract  attention  of  our  mathematicians  were  questions  of 
simplification  and  minimization  of  disjunction  normal 
forms  (BNP).  Among  the  Soviet  mathematicians,  the  concept 
of  the  abbreviated  DNF  was  first  introduced. (1951)  by  a 
student  of  P.  _S.  Novikov,  S.  V.  Yablonskiy,  who  defined 
in  reference  /~3_/  this  form  with  the  aid  of  an  algorithm 
by  which  it  is  obtained  from  the  perfected  BNP,  and  who 
applied  it  to  the  investigation  of  monotonic  functions. 

Soon  after  this,  A.  Y.  Kuznetsov  engaged  in  the  study  of 
abbreviated  BNP,  and  he,  on  the  basis  of  another,  more 
direct  definition  of  these  forms,  illustrated  their  signi¬ 
ficance  to  many  problems  in  the  theory  of  contact  circuits, 
particularly  for  questions  connected  with  a  so-called  non¬ 
repeating  circuit  and  the  problem  of  generalization  of  the 
principle  of  duality  for  two  dimensional  circuits  (proving 
the  impossibility  of  its  generalization  for  non-planar 
circuits),  *  In  connection  with  this  circumstance ,  ob- 

1* i  An~analogous  concept,  differently  defined  and  named, 
was  contained  in  one  paper  by  Black,  lithographed  in  Chi¬ 
cago  in  1938,  as  turned  out  later,  and  it  was  considered, 
almost  simultaneously  with  S.  V.  Yablonskiy,  by  Quine  (pub¬ 
lished  in  the  U.S.A.  in  1952).  See  Works  of  the  Mathema¬ 
tics  Institute  imeni  Steklov  51  (1958). 

2.  These  results  were  first  reported  in  the  fall  of 
1952  at  the  Seminar  on  Elementary  Problems  of  Mathemati¬ 
cal  Logic  in  Moscow  State  University  (see  Ibid,  pp. 

174  __  185). 
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’  served  by  Quine,  that  the  abbreviated  DOT?  sometimes 
admits  of  a  further  simplification  (owing  to  the  fact 
that  some  of  its  terms  are  absorbed  by  disjunction  of  the 
remaining  terms) ,  the  concept  of  minimal  DOT?  came  into 
use.  A  minimal  DOT,  and  also  the  related  so-called  blind- 
alley  DOT  engaged  the  considerable  attention  of  8.  V. 
Yablonskiy  and  his  students  (Yu.  I.  Zhuravlev,  1.  Yerma- 
:  kova*  and  others).  3.  V,  Yablonskiy  gave  a  geometric  . 

'  form1*  to  the  investigations  of  the  DOT  (and  general 
functions  of  algebraic  logic),  at  which  each  group  of  n 
values  of  the  arguments  of  the  function  •*>**>)  was 

assigned  a  vertex  of  a  unit  n-dirnmensional  cube,  and  to 
the  function  itself  - —  the  set  of  all  the  vertices 
of  the  cube, . corresponding  to  those  groups  of  n 
for  which'  and  to  each  DOT  of  the  function 

—  a  certain  covering  of  the  set  £*  by  a  system  of 
so-called  intervals  of  the  cube  (i.e»,  vertices,  ribs, 
faces,  etc.).  The  concept  of  a  rank  of  an  interval  is- 
introduced,  on  the  problem  of  minimization  reduces  to 
finding  siich  a  covering,  the  sum  of  the  ranks  of  whioh- 
is  a  minimum,  v/ith  this,  he  considers  also  that  case, 
when  the  function  .  is  defined  not  for  all 

groups  of  n  values  of  the  argument,  but  only  for  a  cer¬ 
tain  set  A  of  these  and  upon  suitable  simplification' of 
the  representation  of  its  expressions  by  algebraic  logic 
(which  equals  to  it  on  A)  the  latter  can  be.  replaced  by 
others,  not  equal  to  them  outside  A  (but  also  equal  to  the 
functions  I  on  A) . 

Such  functions  were  considered  earlier  in  .several 
papers  by  V.  N*  Roginskiy' (see,-  for  example,  /  1 _/) . 

S.  V.  Yablonskiy  has  adopted  for  the  consideration  of  such 
functions  the  concept  of  separability  of  sets,  taken  over 
from  the  descriptive  theory,  of  sets  (see  Sections  2  and 
8).  Using  this  constant,  Yu.  I.  Zhuravlev  solved  com¬ 
pletely  several  problems  connected  v/ith  minimization  of 
such  (not  everywhere  defined)  functions  [_  2 _J.  Inciden- 

1.  These  results  were  first  reported  in  the  fall  of  1952 
at  the  Seminar  on  Elementary  Problems  of  Mathematical 
logic  in  Moscow  State  University  (see  Ibid.  pp.  174  — 
185).  p.  23  —  27  and  143  —  157  (paper  by  Yu.  I. 
Zhuravlev. 


^incidentally  Yu.  I.  Zhuravlev  obtained  a  criterian  which  • 
permits  recognizing  whether  a  certain  system  of  intervals 
of  the  cube  covers  a  certain  interval,  i.e.,  whether  a 
given  term  of  a  certain  given  3»TF  is  absorbed  by  the  ag¬ 
gregate  of  its  remaining  terms.  Quite  recently  Yu.  I. 
Zhuravlev  succeeded  in  defining  a  new  canonical  (in  the 
sense  that  it  is  uniquely  determined  from  the  function) 

.DET,  which  is  much  simpler  in  many  cases  than  the  abbre-  - 
‘ viated  DNF,  but  which  still  is  such  that  all  minimal  DNF 
are  obtained  by  its  simplification  (if  it  is  no t^ minimal). 

A  new  relatively  simple  algorithm  ..£ oaMshe  cons¬ 
truction  of  an  abbreviated  i>NF,  ana  from  .it  all  minimal  ^ 

DNP  (and  also  the  analogous  conjunctive  normal^fonns  (CNF)) 
was  recently  constructed  by  Ye.  K.  Yoyshvillo.  In  the 
first  part  of  this  paper  (the  finding  of  the  abbreviated 
DNP)-  this  algorithm  is  related  to  the  well-known  algorithm 
of  Nelson,  but  differs  substantially  in  a  more  rational 
method  of  opening  the  bracket  (when  going  from  the  CNF 
to  the  DNP)  with  the  aid  of  a  unique  operation  introduced 
hy  Ye.  K.  Yoyshvillo,  so-called  carrying  gut side  the  ver¬ 
tical  line,  used  in  the  second  part  of  the  algorithm. 

Ihe  difficulties  as  well  as  the  possibilities  of  over¬ 
coming  these  difficulties (in  the  sense  of  cumbersomeness 
and  laboriousness),  arising  in  the  opening  of  the  brackets 
with  respect  to  the  distributive  properties  ,je re.  investi¬ 
gated  earlier  also  by  S._Y,_Yablbnskiy  ^  10_J  in  his  joint 
work  with  I.  A.  Chegis  /  ljf  devoted  to  the  theory  of  the 
so-called  tests  for  electric  circuits,  i.e.,  such  sets  T 
of  groups  of  n  values  of  variables, ■ which  for  a  given  cir¬ 
cuit  are  such,  that  in  order  to  verify  the  correclyaess  of 
the  circuit  it  is  enough  to  verify  the  function 
which  realizes  this  circuit  on  T.  To  open  the  brackets  he 
'proposed  a  unioue  geometric  Eiethod,  based  on  the  use  of 
the ' so-called  sieve,  related  to  the  known  sieve  operation 
in  descriptive  theory  of  sets  (see  Sections  -2  and  8  of  the 
present  article).  As  noted  by  8.  V.  Yablonskiy,  there  is 
a  close  relation  between  the  minimization  of  the  tests  and 

1  Ye.  K.  Yoyshvillo.  Method  of  Simplifying  Forms  of  Ex¬ 
pressions  of  Functions'  of  Truth.  Nauchnyye  doklady  vysshey 
shkoly,  filosofskiye  nauki  /  Scientific  Papers  of  the  High¬ 
er  Schools,  Philosophical  Science s_J  No.  2  (1958). 
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the  minimization  of  the  DNP,  and  consequently  many  re¬ 
sults  pertaining  to  the  construction  of  tests  can  be 
carried  over  to  the  construction  of  minimal  and  blind- 
alley  HITS'*  .  • 

10.  From  among  the  results  in  the  field  of  mini¬ 
misation  connected  with  estimates  of  the  extent  to  which 
it  is  possible  to  simplify  a  given  type  of  representation 
of  a  function  of1  some  class,  one  of  the  first  results  in  .. 
our  coUntry  was  the  following  one  of  S.  Y.  Yablonskiy. 

In  /  5_/  Yablonskiy  gave  such  a  method  of  representing 
linear  functions  of  algebraic  logic  in  terras  •  at,  xy  and 
*V!r.  for  which  (in  the  representation  of  a  function  of 
^variable s) .  the  number  of  (variable)  letters  is  less  than 
•grtV  later  on  V.  K.  Korobko  gave  in  /  !_/  a  method  of 
representing  symmetrical  functions  in  terms  of  xy  and 


xW>  in  v/hich  the  number  of  letters  is  less  than 

9,375  [!g,  nj 


3.  I.  Finkov  investigated  the  representations  of  such  func¬ 
tions  of  algebraic  logic,  which  assume  values 

of  1  only  on  a  small  number' of  collections  .  of 

values  of  arguments,  and  showed  /  1__/  that  for  any  such 
function  there  exists  a  representation  in  terms  of  x,.xy  ' 
and  xVy>  which  has  not  more  than  2?i-f letters. 

Investigations  of  estimates  of  .more  general  charac¬ 
ter,  concerning  the  representation " ( realization)  of  func¬ 
tions  (or  other  objects,  the  number  of  which  is  estimated) 
by  various  means  from  a/  sufficiently  broad  class ,_were  the 
ground  work  ..for  the  work  of  0.  B.  Lupanov  /  1,  3 _J *.  For 
the  quite  general  case  considered  in  them  (generalized  .cir¬ 
cuits,  constructed  from  a  definite  stock  of  elementary 
means),  0,  3.  lupanov  .gave  a  lower  estimate  of  the  comple¬ 
xity  of  the  minimal  representations,  which  generalizes  the 
well-known  estimate  of  Shannon  for  the  representation  of 
♦functions  of  algebraic  logic  by  contact  circuits. 

R.  Ye.  Krichevskiy~*  considered  a  ease  of  represen¬ 
tation  of  the  function  of  k -valued  logic  of  n  variables  in 
terns  of  a  function  of  an  arbitrary  given  finite  set,  and 
obtained  a  generalization- to  that  case  of  the  well-known 


1^  Printed  in  the  collection  "Problemy  kiber.netiki 
/Problems  of  Cybernetics _/,  Ho.  2. 


estimate  of  Riordan  an<|  Shannon  for  representations  of 
the  functions  of  algebraic  logic  in  therms J X,  sy-  and 
jjty'gV]  Indeed,  R.  Ye.-  Krlohevekiy  showed  that '  the  num-. 
ber~of  letter-,  variables  in  the  representation  of  a  certain 
(poorly  representable)  function  should  be  greater  than 
f/i_\  A*  .  '  ... 

)  A1  *7  «  ±n  O  with  i n*  0* 


i-A  . v  where  tends  to  ,0  with  increasing  n.  .  0* 

B.  Lupanov,  obtaining  a  corresponding  upper  estimate,  re-u 
oently  showed  that  this  estimate  is  asymptotically  exact 
for  k*  «  2.  R.  Ye.  Kriehevskiy  considered,  .j an  the  other 
hand,  a  generalisation  of  his  estimate  to  the  case  of 
representations  obtained  by  superposition  of  arbitrary  ob¬ 
jects  of  a  certain  nature*  An  example  of  such,  differing 
from  the  ordinary  one,  are,  for  example,  superpositions 
of  contact  circuits,  put  into  consideration  in  1951  by 
A.  V«  Kuznetsov^- *_and  contained  also  in  the  paper  by  B. 

A,  Trakhtenbrot  4_/ . 

11.  We  gave  above  several  examples  of  this  deve¬ 
lopment  and  generalization, .  to  which  algebraic  logic  is 
subjected  more  and  more  in  recent  years,  particularly  un¬ 
der'’  the  influence  of  questions  which  arise  in  its  appli¬ 
cations.  ■ This  process  of  development  of  algebraic  logic 
went  far  beyond  the  limits  of  its  previous  boundaries 
(Boolean  algebra  and  propositional  functions)  and  inter¬ 
twines  with  numerous  other  fields  of  mathematics t  general 
theory  of  functions,  for  example,  functional  constructions 
in  k -valued  and  infinite -valued  logics),  general  algebra 
(for  example  question  of  functional  completeness  of  uni¬ 
versal  algebras  and  the  use  of  the  general  concept  of 
operations  of  closure),  topology,  and  combinatorics  (the¬ 
ory  of  contact  and  other  circuits  and  other  means  of  rea¬ 
lisation  of  functions  of  algebraic  logic,  superposition 
of  arbitrary  objects,  etc.).  bre  give  a  few  other  exam¬ 
ples. 

■  One  of  such '  examples  is  the  theory  of  matrices  on 
Boolean  algebra,  developed  (in  connection  with  the  appli¬ 
cation  of  circuit  theory)  principally  in  the  papers  by  A. 
a.  Bunts  /  1,  3,  4y\.  from  among  the  other  papers  in  this 
field;  we  mention  the  work  by  K.  L.  Tsetlin  [_  3_J  and  Gr.  N 

l7  in  the  paper  delivered  to  the  Seminar  on  Mathematical 
logic  in  Moscow  State  University,  October  1951. 


Povarov  /" 3_/.  4.  V.  Kuznetsov  proposes'1'*  to  carry  out  ! 

many  considerations  not  in  the  algebra  of  matrices  on 
Boolean  algebra,  but  in  the  algebra  that  is  isomorphic 
to  it  of  relations,  and  outlines  certain"'  constructions  _ 
connect ed„v/ith  this.  G-.  N.  Povarov  in  his  papers  [_  10 J 
and  /  14 J  considers  matrices  on  algebras  of  more  gene¬ 
ral  form"  than' Boolean  algebra,  on  so-called  nuraeroids.  : 
Here  a  numeroid  is  called  an  algebra  by  two  organizations,:. 
—  addition  and  multiplication,  of  which  the  multiplica-  r 
tion  is  distributive  relative  to  addition,  and.  both  ope¬ 
rations  are  associative  and  commutative  and  such  that  . 
there  exists  such  a  unique  element  0 , ,  that1; 0+2»“*4-0*b;X,-  . 
and  such  a  unique  element  1,  that  I  -xm  :x*i**x.  Matrices 
on  such  numefoids  (an  example  of  which  is  the  natural 
series  with  ordinary  addition  and  multiplication)  and 
the  so-called  quasi-minors  of  these  matrices,  are  used 


by  G.  IT.  Povarov  for  the  analysis  of  circuits  and  graphs. 

Other  examples  are  the  various  formalisms  that  are 
being  built  up  for  problems  connected  with  so-called 
multi-step . relay-contact  circuits- (or  other  circuits  Of 
relay  action,  i.e.,-  in. .general  finite  automatic  machines). 
In  such  circuits,  the  elements . (relays)  assume  states 
which  depend  not. only  on  the  input  variables,  but  also 
successively  changing  with  them.  In  this  connection  the 
work  of  the  circuit  is.  described,  for  example,  by  a  se¬ 
quence  of  n-term  sets  of  functions  of  algebraic  logic, 
i.e.,  n-dimensional  vectors  of  Boolean  algebra.  With  this, 
the  time  is  represented  by  means  of  an  integer  parameter, 
explicitly  written  our  or  else  simply  appearing  aa  the 
number  of  the  place  in  a  sequence  of  vectors.  It  is  this 
particular  way  that  is  being  followed  by  several  authors. 
Among  such  papers  we  mention  those  by  V.  I.  Shestakov 
l  8  —  12,  14 ~J\ 

Shestakov  calls  sequences  of  the  above  kind  proces¬ 
ses  and  he  investigates  both  the  ways  of  obtaining  the 
corresponding  process  from  the  equations  corresponding  to 
the  circuit  (and  to  the  input  process)  (system  analysis)., 
as  well  as  the  reverse  ■ —  obtaining  the  equations  from  -the 
process  (system  synthesis).  . 

1 ~  it  the . end  of  the  article  in  the  Works  of  Mathematics 

Institute  imeni  Steklov  51  (1958),  217  —  220. 


Many  authors  consider  the  concept  of  operator,  cor¬ 
responding  to  a  given  finite  automaton  (multiple-contact 
circuit) .  This  is  the  operator  which  converts  the  input 
process,  which  is  ''given  out"  hy  the  cirtuit  (output  pro¬ 
cess).  Questions  on  a  class  of  all  such  operators  were 
investigated  by  Yu.  Tj.  Medvedev  in  /  8 J  and  by  B.  A. 
Trakhtenbrot  in  /  13J 7.  Continuing  this  investigation, 

Bi  A.  Trakhtenbrot  came  to  the  conclusion  in  1957  *  that 
it  is  advisable  to  use  in  these  questions  the  formalism 
of  calculus  of  predicates.  With  this,  the  sequence  of 
n-dimensional  vectors  is  replaced  by  n  predicates  of  one 
numerical  argument.  In  the  operators  themselves  (reali¬ 
zable  in  finite  automata)  are  formulas  with  variable  sin¬ 
gle-place  predicates,  quantors  obtained  from  them,  and 
limited  quantors  obtained  from  object  (numerical)  variables. 
B.  A.  Trakhtenbrot  constructed  an  algorithm,  which  permits, 
by  means  of  any  such  formula  (which  contains  only  one  free 
object  variable  —  the  number  of  the  step)  to  obtain  equa¬ 
tions  which  describe  the  operators  specified  by  this  for¬ 
mula. 

This  is  essentially  one  of  the  examples  of  the 
broadening  of  algebraic  logic  towards  the  calculus  of  pre¬ 
dicates.  It  is  precisely  here  that  the  operations  of  the 
calculus  of  single-place  predicates  with  quantors  obtained 
from  them,  that  is  being  brought  into  the  sphere  of  alge¬ 
braic  logic.  Algebraization  of  these  quantors  is  facili¬ 
tated  by  the  fact  that  the  problem  of  solvability  has  been 
solved  for  this  calculus. 

This  path  of  expanding  algebraic  logic  is  related  to 
another  tendency,  defined  not  so  much  by  the  need  of  appli¬ 
cations,  as  by  the  very  development  of  modern  general  al¬ 
gebra,  particularly  the  theory  of  general  algebraic  sys¬ 
tems  and  in  particular  the  theory  of  models.  This  second 
tendency  consists  of  an  algebraic  approach  to  all  concepts 
and  operations  of  the  calculus  of  predicates  and  the  rela¬ 
ted  problems,  consist  of  algebraization  of  the  calculus  of 
predicates  itself  with  subsequent  application  of  the 

T.  Reported  at  the  Seminar  on  Mathematical  Logic  *  Moscow 
State  University,  15  May  1957. 
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resultant  formalism  to  problems  in  algebha  itself.  This 
pendency  is  found,  for  example,  in  many  papers  of  A,  I. 
Mal’tsev,  including  those  which  were  already  treated  in 
Section  12  of  this  article. 


Conclusion 

1.  As  already  noted  in  the  introduction,  our  sur¬ 
vey  does -not  pretend  to  be  complete.  Many  papers  pertain¬ 
ing  to  the  field  of  mathematical  logic  or  its  applications 
were  not  touched  upon  here.  Hot  always  could  we  stop  to  .a 
sufficient  degree  on  the  history  of  the  considered  prob¬ 
lems.  We  left  aside  for  the  time  being  questions  pertain¬ 
ing  to  mathematical  linguistics  and  the  associated  prob¬ 
lems,  arising  in  the  creation  of  information  machines  or 
machines  for  the  translation  of  one  language  into  another. 

We  did  not  treat  papers  devoted  to  philosophical  problems 
of  mathematical  logic.  We  completely  avoided  the  problems 
related  with  the  history  of  mathematical  logic  and  mathe¬ 
matics.  Certain  of  these  problems  we  shall  attempt,  cur¬ 
sorily,  to  supplement  in  this  conclusion,  which  is  una¬ 
voidably  therefore  quite  spotty. 

2.  Works  in  the  field  of  mathematical  linguistics 
were  carried  out  principally: 

1)  ■  In  the  Division  of  Scientific  Research  of 
Applied  Mathematics  (OPM)  of  the  Mathematical  Institute 
imeni  Steklov  under  the  leadership  of  A.  A.  Lyapunov.  Par¬ 
ticipating  in  this  work  were  0.  S.  Kulagina,  I.  A.  Mai’ chuk, 
and  T.  N.  Moloshnaya,  who  developed  algorithms  for  trans¬ 
lation  from  French  into  English  and  many  theoretical  prob¬ 
lems  connected  with  their  compilation. 

2)  At  the  Seminar  on  Mathematical  Linguistics  of 
the  Moscow  State  University,  under  the  leadership  of  V.  V. 
Ivanov,  P.  S.  Kuznetsov,  and  V.  A.  Uspenskiy.  Papers  were 
delivered  at  the  seminar  also  by  R.  L.  Dobrushin,  T.  H. 
Moloshnaya,  I.  A,  Mel'chuk,  0,  S.  Kulagina,  I.  I.  Revzin, 

V.  A.  Purto,  and  S.  K.  Shaumian. 

3)  In  the  joint  group  on  machine  translation  of 
the  First  State  Pedagogical  Institute  for  Foreign  Languages 
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under  the  leadership  of  V.  Yu*  Rozentsveyg  and  I.  I.  Rev z in. 
The  joint  group  began  to  publish  a  "bulletin*  (seven  is¬ 
sues  were  published) ,  ' in  whioh  are  printed  stenographic 
reports  of  the  sessions,  and  also  articles  and  communica- . 
tions  on  mathematical  linguistics. 

4)  Problems  of  machine  translation  are  being  deve¬ 
loped  in  the  Institute  of  Precision  Mechanics  and  Computa¬ 
tional  Technology  of  the  USSR  Academy  of  Sciences  and  in 
the  Laboratory  of  Electric  Simulations  of  the  All-Union 
Institute  of  Scientific  and  Technical  information. 

'  5)  Since  1956,  the  Leningrad  University  has  had  in 

operation  an  all-university  seminar  on  the  theory  of  ma¬ 
chine  translation  under  the  leadership  of  N.  D.  Andreyev. 
Participating  in  it  were  staff  members  of  the  Mathematical- 
Mechanical,  Philological  and  Eastern  faculties.  The  semi- 
nar  engaged  in  researches  both  on  the  general  theory  of 
machine  translation  and  on  the  compilation  of  particular 
algorithms.  * 

One  of  the  first  to  engage  in  mathematical  linguis¬ 
tics  in  the  USSR  was  A.  N.  Kolmogorov,  who  already  in  the 
twenties  formulated  a  definition  of  the  case  as  a  class  of 
logical  relations  that^are  equivalent  to  each  other 
(in  a  definite  sense). 

G.  S.  Kulagina  (a  student  of  A.  A.  Lyapunov)  formu¬ 
lated  </4_/  the  principal  premises  of  set-theoretical  con¬ 
cepts  of  language,  which  served  as  the  basis  for  further 

work  in  this  field.  '  , . 

The  concept  of  0*  S«  Kulagina  is  found  to  be  parti- 
cularly  useful  in  the  study  of  so-called  simple  languages, 
which  represent,  however,  only  a  simplified  model  of  real 
languages. 

Certain  definitions,  pertaining  to  the  study  of 

T.  Note~added  in  proof.  In  March  1958  there  was  organized 
at  the  Leningrad  University . an  experimental  laboratory  for 
machine  translation,  where  these  researches  are  being 
carried  out .  • 

2 .  See  Bulletin  of  Joint  Group  on  MaoMjie_  ^ransJntij3n, 

No.  5,  Article  by  V.  ATUspenskiy  /  15,  l6.y  and  R.  L. 
Lobrushin  /_  16_7.  , 
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non-simple  languages,  were  given  by  V »  A.  Uspenskiy  and 
R.  L.  RobrusMn. 

The  abstract  model,  introduced  by  0.  S.  Kulagina  for 
the  purpose  of  formalization  of  certain  grammatical  cate¬ 
gories,  was  found  to  be,  as  frequently  happens  in  mathema¬ 
tics,  applicable  in  a  broader  sense  than  was  originally 
thought;  as  noted  by  V.  V.  Ivanov,  certain  aspects  of  this 
modal  can  be  used  for  the  construction  of  the  theory  of. 
meaning  of  linguistic  expressions;  V.  A.  Uspenskiy  made 
analogous  remarks  on  the  use  of  the  constructions  of  0#  S«  . 
Kulagina  in  phonology. 

Significant  for  further  research  was  the  concept, 
introduced  by  0.  S.  Kulagina,  of  the  configuration  (which 
in  some  sense  is  the  refinement  of  the  concept  of  "word 
combination" ).  Roughly  speaking,  a  configuration  is  such 
a  finite  sequence  of  elements,  which,  without  disturbing 
the  understandability ,  can  be  replaced  by  a  single  element 
(resultant).  With  such  a  replacement  ("abbreviation")  the 
length  of  the  phrase  is  naturally  reduced.  In  order  to 
establish  a  definite  sequence  of  abbreviations,  which  must 
be  carried  out  in  a  phrase ,  the  configurations  are  classi¬ 
fied  by  ranks.  ..  _ 

I.  I.  Rev z in  /  2,  3 J  applied  the  theory  of  configu¬ 
rations  to  the  formalization  and  refinement  of  several  con¬ 
cepts  of  traditional  syntax;  it  was  found  here  that  in  the 
construction  of  a  syntax  in  terms  of  configurations  it  is 
impossible  to  bring  into  consideration  such  phrases  as 
"it  freezes"  (so-called  "impersonal"  clauses)  in  general 
any  single-element  clauses. 

3,  In  connection  with  the  problem  of  constructing 
information  machines  (for  such  sciences,  for  example,  as 
chemistry,  where  the  volume  of  information  is  particularly 
large),  capable  not  only  of  storing  and  issuing  information, 
but  also  by  logically  processing  the  information,  the  crea¬ 
tion  of  an  artificial  "machine  language"  becomes  quite  ur¬ 
gent#  We  speak  here  of  the  construction  of  a  formalized 
•  language  with  an  exact  indication  of  its  contentful  inter¬ 
pretation  and  constructive  definition  of  intelligence  (and 
not  only  regular  construction)  of  the  phrases  of  this, 
language.  The  principles  of  such  a  language  —  algorithms 


177 


of  definition  of  intelligence  of  its  phrases  for  the  sim¬ 
plification  of  a  particular  bi’anch  of  chemistry  (synthetic 
organic  chemistry)  have  been  constructed  by  V.  K.  Finn 
together  with  D.  G.  Lakhuti  and  G.  E.  Yleduts.  D.  G.  ' 
Lakhuti  and  V.  K.  Finn,  on  the  basis  of  these  works,  attempt 
to  formulate  the  principle  of  constructive  logical  semantics. 
'  4,  Researches  connected  with  mathematical  logic  in 

the  field  of  general  logic  were  the  subject  of  papers  deli¬ 
vered  at  the  Seminar  on  Logic  at  the  Institute  of  Philoso¬ 
phy  Academy  of  Sciences,  USSR.  Inasmuch  as  the  papers  of 
A»  A.  Zinov'yev  *  contain  detailed  information  on  the  work 
of  this  seminar,  we  permit  ourselves  to  note  here  only  that 
the  seminar  paid  great  attention  to  problems  of  logical  ana¬ 
lysis  of  knowledge  of  connections  (works  of  A.  A.  Zinov'yev, 
V.  K.- Finn,  and  D.'  G.  Lakhuti)  and  is  different  from  the 
simpler  knowledge  of  relations. 

Concerning  various  views  on  modern  mathematical  logic, 
a  paper  was  delivered  by  S.  A.  Yanovskaya  (20  December  1956) 
on  philosophical  readings,  at  the  Institute  of  Philosophy 
Academy  of  Sciences  USSR,  the  contents  of  which  is  reported 
in  the  note  by  D.  G.  Lakhuti  /  1 J  and  N.  I»  Styazhin  /  3_/* 

Problems  of  philosophical  character,  pertaining  to 
mathematical  logic,  were  dealt  with  also  by  the  students  of 
S.  A.  Yanovskaya;  B.  V.  Biryukov,  A,__D.  Getmanov.  B.  Yu. 

Pil * chak  CzJ  and  Nv  I.  Styazhkin  /  1,  2,  3 _/.  The  remarks 
of  N.  I.  Styazhkin  /  2,3 _/  are  devoted  to  an  interpretation 
of  logical  antinomies,  as  evidencing  the  invalidity  of  cer¬ 
tain  idealizing  assumptions  (for  example,  the  fact  that 
objects  of  a  considered  object  region  represent  absolutely 
solid  unchangeable  bodies,  retaining  their  individuality  as 
they  are  included  in  any  set  of  objects).  Emphasizing 
that  "dialectical  materialism  requires  resolution  and  not 
fetishization  of  contradictions"  and  that  "dialectical  con¬ 
tradiction  has-  nothing  in  common  with  formal-logical  con¬ 
tradiction,  i.e. ,  contradiction  of  such  a  kind,  for  example, 

37  3ee”the  paper  by  A.  A_^  Zinov'yev  in  "Voprosy  filosofii" 
l_  Problems  of  Philosophy  /,  j2,  (1958). 

2.  See  A.  A.  Zinov'yev  /  I ;  see  also  his  paper  in 
"Voprosy  filosofii",  2  (1958) . 
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as  a  quantity  which  is  both  zero  and  not  zero  simultaneously 
and  in  other  words,  quietly  bearing  with  such  a  delicate 
situation"  (/  3 p.  92)  Styazhkin  notes  the  following. 
Styazhkin  notes  that  the  resolution  of  the  antinomy  is 
attained  not  by  a  simple  foregoing  of  coarsening  proposi¬ 
tions,  but  the  refinement  of  such,  based  on  dialectical- 
materialistic  principle  of  concreteness  of  truth.  The  new 
contradictions  that  arrive  thereby  are  resolved  in  turn 
with  the  aid  of  further  refinement,  and  thus,  the  problem 
of  formalization  of  any  contentful  theory  leads  to  the  need 
for  considering  this  theory  in  its  variation  and  development, 
ie.e,  from  the  point  of  view  of  the  dialectical  logic. 

Devoted  to  a  criticism  of  the  attempt  of  logicism 
(Russell  and  his  followers)  to  reduce  mathematics  to  logic 
is  an  article  by  A.  D,  Getmanova.  The  success  of  the  logi¬ 
cal-mathematical  calculus  constructed  by  Russell  and  v/hite- 
head  in  Principia  Mathematica  is  particularly  instructive 
from  the  point  of  view  of  dialectical  materialism,  because 
it  was  indeed  with  the  aid  of  Principia  Mathematica  that 
further  development  of  science  has  proved  the  unrealizability 
of  the  premises  of  Russell  that  mathematics  can  be  reduced 
to  logic.  Actually,  while  the  purely  logical  part  of  sys¬ 
tems  of  the  type  of  Principia  Mathematica  (the  Kq  calculus 
of  D.  A.  Bochvar)  is  reducible  to  the  narrow  calculus  of 
predicates  (with  equality),  for  which  the  Goedel  theorem 
on  completeness  is  true,  the  entire  system  as  a  whole  (in¬ 
cluding  the  arithmetic  of  natural  numbers  with  recursive 
functions)  is  known  to  be  incomplete  (and  incompletable) 

(the  Goedel  theorem  on  incompleteness).  In  other  words, 
while  logical  constants  (negation  "no,"  conjunctions 
"and,"  "or,"  "if.. .then,"  quantors  "all"  and  "exists,"  and 
the  identity  relation)  are  uniquely  defined  (in  models) 
by  axioms  and  rules  of  the  purely  logical  part  of  calculi 
of  the  Principia  Mathematica  type,  it  follows  from  the 
Goedel  theorem  on  incompleteness  that  it  is  impossible  to 
define  uniquely  arithmetic  terms  by  means  of.  logic  even 
through  the  mathematization  of  the  latter,  realized  in  fact 
by  Russell  and  Whitehead. 

B,  V.  Biryukov  dealt  with  the  clarification  of  the 
logical-mathematical  work  of  G.  Prege  (particularly  his 
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theory  of  sense  and  meaning,  and  also  his  fight  against 
subjectivism  in  logic) . 

5,  Certain  problems  of  the  history  of  the  creation 
and  development  of  mathematical  logic  have  been  the  topic 
of  communications  and  papers  by  G.  Ruzavin  and  F«  I. 
Styazhkin.  N.  I.  Styazhkin  £  1 J  engaged  particularly 
with  the  history  of  mathematical  logic  in  pre-revolution¬ 
ary  Russia  (P.  S.  Boretskiy,  S.  0.  Shatunovskiy,  I.  V. 
Sleshinskiy,  Ye.  L.  Bunitskiy,  N.  A.  Vasil* yev,  M.  S.  '  d--.: 
Volkov,  N.  N.  Parfent'yev,  and  others),  the  semantic  para-' 
doxes  among  the  middle  age  scholasticists,  and  an  analy¬ 
sis  of  Boole's  logical  ideas.  It  was  found  in  particular 
that  although  the  algebraic  logic  constructed  by  Boole 
actually  was  closer  to  a  Boolean  ring  than  to  a  Boolean 
algebra,  it  nevertheless  is  neither  one  directly,  but  the 
secret  of  the  success  of  the  methods  used  by  Boole  himself 
requires  explanation  (which  is  indeed  noted  by  N.  I. 
Styazhkin. )  , 

With  respect  to  the  semantic  paradox  of  the  type 
"liar" . (for  example  something  like  the  following;  in  a 
volume  are.  written  only  two  propositions  p^  and  .Pg»  P-^  ^-s 
a.  fixed  true  statement,  and  p  says  ’'only  p^  is  true"; 
it  is  required  to  determine  whether  Pg  is  true  or  is  it 
false),  considered  by  Albert  of  Saxony  and  John  Buridan 
(16th  century) ,  an  interesting  observations  is  made  by 
IT.  I.  Styazhkin  on  how  Buridan  eliminates  paradoxes  by 
using  the  so-called  "paradoxical  consequences,"  (which  are 
obtained, for  example,  by  adding  auxiliary  premises  of  the 
type  "Socrates  said"  and  the  interpretation  of  a  paradox 
as  denoting  merely  that  Socrates  could  not  have-  said  such 
a  phrase). 

6.  General  problems  of  axiomatics  and  its  history 
were  treated  by  Yu.  A.  Rozhanskaya  and  S.  A.  Yanovskaya. 

In  note  /_  15 _/  ( 1953),  Yu.  A.  Rozhanskaya,  leaning 
on  concepts  she  introduces,  those  of  x-equi valence  (certain 
generalized  quantor  concepts  of  similarity  of  two  sets) 
and  x-type,  proves  (purely  set-thebretically)  the  equiva¬ 
lence  of  the  following  two  definitions  of  completeness  of 
the  systems 

(A)  A  system  of  axioms  is  complete  if  One  cannot 
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add  to  it  a  single  axiom,  expressed  in  terms  of  the  same 
relations,  without  stopping  it  either  from  being  compatible 
or  from  being  independent. 

(B)  A  system  of  axioms  is  complete,  if  any  two. of 
its  interpretations  are  isomorphic. 

Devoted  to  the  question  of  the  history  of  axioma- 
tics  Was  a  paper  by  S*  A.  Yanovskaya  at  the  Third  All -Union 
Mathematical  Congress  /  29 _/ c  The  paper  considers  the 
question  of  why  geometry,  even  in  Euclid’s  time,  was  cons¬ 
tructed  axiomatically ,  whereas  an  axiomatic  construction 
of  the  arithmetic  came  into  practical  use  only  from  the 
time  of  Peano  (i.e.,  the  end  of  the  19th  century).  The 
hypothesis  proposed  by  Yanovskaya  a|  an  answer  to  this 
question  consists,  roughly  speaking  ',  of  the  following. 

The  discovery  of  the  irrationality  was  not  the  consequence 
of  axiomatic  construction  of  geometry,  but  to  the  contrary, 
it  preceded  the  latter.  The  basis  of  this  discovery  lies 
in  the  Pythagorean  theorem,  empirically  observed  by  operat¬ 
ing  with  a  compass  and  rule,  and  in  the  assumption,  based 
on  the  idealization  of  the  same  operation,  of  the  existence 
of  an  ideally  exact  square.  However,  this  discovery  invi¬ 
ted  the  conclusion  that  the  geometric  problems  can  best  be 
solved  not  by  calculation,  but  by  construction.  The  point 
is  that,  just  like  arithmetic,  geometry  was  needed  above 
all  as  a  set  of  instructions  for  action,  as  an  operator 
science,  which  has  constructively  developed  general  methods 
( algorithms )  of  solving  entire  classes  of  homogeneous  geo¬ 
metrical  problems  (or  the  ‘'mass  problem"  corresponding  to 
each  such  class:  such  as,  for  example,  "divide  (an  arbi¬ 
trary!)  segment  in  two").  But  unlike  the  algorithms  of 
arithmetic,  where  one  always  proposes  a  potential  realiza¬ 
bility  of  any  natural  number,  algorithms  that  solve  the 

1.  Por  a  detailed  report  see  Istoriko-matematicheskiye 
issledovaniya  /  Historical-mathematical  Researches _/,  XI. 
The  motivation  of  this  hypothesis  required  the  use  of  so 
much  historical-mathematical  and  historical-philosophical 
material,  that  the  author  had  to  forego  the  clarification 
of  other  questions  indicated  in  /_  29 _J • 
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mass  construction  problems  depend  specifically  on  the 
instruments  that  can  actually  be  used.  . 

The  problem  of  solving  a  problem  of  construction 
cannot  even  be  formulated,  if  one  does  not  agree  before¬ 
hand  what  instruments  can  be  used:  what  operations  are 
proposed  to  be  directly  realizable,  although  in  practice, 
possibly,  they  are  not  always  such.  Solution  of  the  prob¬ 
lem  consists  thus  of  reducing  it  to  problems  that  are  ^  . 
assumed  to  be  solved,  and  the  algorithm,  which  solves  the 
mass  geometric  problem  by  construction  is  already,  unlike 
the  algorithms  of  the  arithmetic  of  natural  numbers,  a 
reducibility  algorithm.  The  postulates  of  Euclid  indeed 
formulate  exactly  the  problems  that  are  assumed  by  him  to 
be  already  solved.1*  In  particular,  the  fifth  postulate 
discusses  when  one  can  consider  the  problem  of  finding  the 
point  of  intersection  between  two  lines  solved.  Euclid 
did  not  accidentally  formulate  this  postulate  in  such  a  way, 
that  the  criterion  that  recognizes  whether  the  problem  of 
finding  the  point  of  intersection  of  two  given  (arbitrary ! ) 
straight  lines  is  solvable  has  in  a  certain  sense  the 
following  effective  character:  recognize  whether  the  con¬ 
dition  of  this  criterion  (pertaining  to  a  sum  of  certain 
two  angles)  is  satisfied,  possibly  by  means  of  simple  cons¬ 
tructions  with  a  compass  and  rule  in  a  limited  portion  of 
a  plane . 

But  after  the  postulates  were  already  formulated, 
and  thus  in  such  a  way  that  one  should  have  begun  the 
exposition  of  geometry  from  them,,  the  conversion  of  the 
latter  into  a  deductive  axiomatic  theory  could  become  and 
did  become  a  natural  successive  stage  in  the  history  of 

geometry.  # 

The  development  of  geometry  as  a  deductive  science, 
unlike  arithmetic  which  remains  essentially  an  operative 

l7  ”lt  goes  without  saying  that  the  problems  considered 
solved  were  not  arbitrary,  but  only  those  which  persons 
frequently  encountered  in  practice  and  for  the  solution 
of  which  (in  ordinary  cases)  correspondingly  instruments 
were  already  available. 
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science,  *  was  thus  due  to  the  peculiar  operative  character 
of  geometry's  to  the  circumstance  that  the  algorithms  of 
the  *' principles 11  of  Euclid:  are  not  absolute,  "but  reducibi- 
lity  algorithms. 

The  difficult  problems  (Connected  with  the  axiomatic 
theories,  such  as  the  question  of  methods  of  recognition 
of  derivability  or  non-derivahiiity  of  anything  in  such  a 
theory,  requires  for  its  solution  -the  development  of  a 
general  theory  of  algorithms.  But  even  problems  in  the 
history  of  axiomatic s  are  made  clearer  to  some  extent  in 
the  light  of  the  theory  of  algorithms. 


1.  In  the  "Principles”  arithmetic  is  included  in  geometry, 
since  arithmetic  operations  are  realizable  with  a  compass 
and  rule.  However,  as  shown  by  I.  G.  Bashmakova  /  1 _/, 
the  arithmetic  of  abstract  numbers  is  proposed  by  Euclid 
in  his  construction  of  the  theory  of  measure-numbers,  which 
are  constructed  with  a  compass  and  rule. 
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